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Exercise 1. Show that for a sequence of probability measures (P,,),en on C([0, 1]):

Ve > 0:limlimsup sup 0 'P, ( max_|f(s) — f(t)] = 5) =0

=0 nooo t€[0,1-4] SE[t,t+0]
implies for the modulus of continuity w(6)

Ve > 0: limlim sup P, (ws(0) > €) = 0.
=0 pnooco

(4 points)

Exercise 2. Let (S, d) be a metric space and #(S) the Borel-c-algebra of S. Form,n € N

let T,,, T, m, T and T}, be r.v.’s with values in (S, %#(S)). Show that 7}, 4 T asn — oo, if
the following conditions hold:

(@ VYm e N: 1), ,,, 4, T, as n — oo.
() T, & T asm — oo,
(¢) limy, o0 lim sup,, ,  P(d(Tym,T) > ¢) =0 foralle > 0.
Hint: Use the Portemanteau theorem, $6.1.4 (v). For a closed set F' C S define d(z, F') :=

inf{d(z,y),y € F}, B.(F) := {x € S : d(x,F) < ¢} and for rv.’s X, Z use that

P(Z € F) <P(d(X,Z) > e) + P(X € B.(F)). (4 points)

Exercise 3. Let (17});>0 be a Brownian motion as defined in $2.1.7 on a probability space
(Q, o7, IP). For an interval [a, b] C [0, c0) define the variation

n

‘/[a:b}(W) = sSup Z |Wtz - Wtifl |

neN,a=to<..<ta=b 73

(a) Lett; := a + ~(b—a),i € {0,...,n} be a uniform partition of the interval [a, b],
n € N. Show that

n
Z|mi—Wti_1|2E>b—a as n — oo.

=1



(b) Define M*(n) := max;—1,__, |W;, — Wi,_,|. Show that

77777

1 n
W, — W, . |?
M*(n) ;‘ t; 1‘471‘ )

‘/[a,b} (W) 2

conclude that (W});c[q, has unbounded variation on [a,b] a.s.: Viap (W) = oo ass.
Hint: For a sequence of real rv.’s (X, )nen, the following characterisation holds:

X, B Xasn = o if and only if for every subsequence (X, )ien there exists a

further subsequence (X, )ien such X, 2% X oas | — . ]
t ! (4 points)

Exercise 4. Let (11;);>0 be a Brownian motion, 1+ € R and ¢ > 0. Define the r.v.
Sy = exp (ut + ocWy) .

(a) Calculate the mean and the variance of S; for ¢t > 0.
(b) Calculate the probability density function of S; for ¢ > 0.

(c) Under which condition is S; a martingale with respect to the canonical filtration gen-

erated by the Brownian motion? .
(4 points)
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