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Exercise 1. Show that for a sequence of probability measures (Pn)n∈N on C([0, 1]):

∀ε > 0 : lim
δ→0

lim sup
n→∞

sup
t∈[0,1−δ]

δ−1Pn
(

max
s∈[t,t+δ]

|f(s)− f(t)| > ε

)
= 0

implies for the modulus of continuity wf (δ)

∀ε > 0 : lim
δ→0

lim sup
n→∞

Pn(wf (δ) > ε) = 0.

(4 points)

Exercise 2. Let (S, d) be a metric space and B(S) the Borel-σ-algebra of S. Form,n ∈ N
let Tn, Tn,m, T and Tm be r.v.’s with values in (S,B(S)). Show that Tn

d−→ T as n→∞, if
the following conditions hold:

(a) ∀m ∈ N: Tn,m
d→ Tm as n→∞.

(b) Tm
d→ T as m→∞.

(c) limm→∞ lim supn→∞ P(d(Tn,m, Tn) > ε) = 0 for all ε > 0.

Hint: Use the Portemanteau theorem, $6.1.4 (v). For a closed set F ⊆ S define d(x, F ) :=
inf{d(x, y), y ∈ F}, Bε(F ) := {x ∈ S : d(x, F ) 6 ε} and for r.v.’s X , Z use that
P(Z ∈ F ) 6 P(d(X,Z) > ε) + P(X ∈ Bε(F )).

(4 points)

Exercise 3. Let (Wt)t>0 be a Brownian motion as defined in $2.1.7 on a probability space
(Ω,A ,P). For an interval [a, b] ⊆ [0,∞) define the variation

V[a,b](W ) := sup
n∈N,a=t0<...<tn=b

n∑
i=1

|Wti −Wti−1
|.

(a) Let ti := a + i
n
(b − a), i ∈ {0, ..., n} be a uniform partition of the interval [a, b],

n ∈ N. Show that

n∑
i=1

|Wti −Wti−1
|2 P→ b− a as n→∞.



(b) Define M∗(n) := maxi=1,...,n |Wti −Wti−1
|. Show that

V[a,b](W ) >
1

M∗(n)

n∑
i=1

|Wti −Wti−1
|2,

conclude that (Wt)t∈[a,b] has unbounded variation on [a, b] a.s.: V[a,b](W ) = ∞ a.s.
Hint: For a sequence of real r.v.’s (Xn)n∈N, the following characterisation holds:
Xn

P−→ X as n → ∞ if and only if for every subsequence (Xnk
)k∈N there exists a

further subsequence (Xnkl
)l∈N such Xnkl

a.s.−→ X as l→∞.
(4 points)

Exercise 4. Let (Wt)t>0 be a Brownian motion, µ ∈ R and σ > 0. Define the r.v.

St = exp (µt+ σWt) .

(a) Calculate the mean and the variance of St for t > 0.

(b) Calculate the probability density function of St for t > 0.

(c) Under which condition is St a martingale with respect to the canonical filtration gen-
erated by the Brownian motion?

(4 points)
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