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Exercise 1. A function f ∈ C2(Rd,R) is called superharmonic, if for all x ∈ Rd, ∆f(x) =∑d
i=1

∂2f
∂x2i

(x) 6 0. In this case the following inequality holds for all balls Br(x) ⊆ Rd,
r > 0, x ∈ Rd (no proof required):

f(x) >
1

λd(Br(0))

∫
Br(x)

f(y)dλd(y). (1)

(a) For a measurable function f : Rd × Rd → R and Rd-valued independent r.v.’s X , Y
with f(X, Y ) ∈ L1 show first that there holds E[f(X, Y )|Y ] = g(Y ) with g(y) =
E(f(X, y)).

(b) Conclude that for a superharmonic function f on Rd and (ξi)i>0 i.i.d. uniform r.v.’s
on B1(0), f(Sn) is a (σ(ξ1, ..., ξn))n>1-supermartingale, where Sn = x+

∑n
i=1 ξi.

(c) In the case d = 1, prove the assertion from (b) without using (1). (4 points)

Exercise 2. (a) Let F be a filtration and (Xn)n∈N a positive F -supermartingale. Let
0 < a < b < ∞ and βa,b the number of upcrossings associated with (Xn)n∈N. Use
Dubin’s inequality ($3.1.11) to prove the inequality

Eβa,b 6
a

b− a
Emin

(
X1

a
, 1

)
. (2)

(b) Prove that if a positive supermartingale (Xt)t∈N attains the value zero, then it is zero
for all times afterwards.
Hint: Use Dubins’ equality in the limit a → 0 to show that with probability 1, there
is no upcrossing of the interval [0, b) for any b > 0. (4 points)

Exercise 3. Give a proof of Kolmogorov’s 0-1-law based on martingale theory:

(a) Let (Fn)n∈N be a filtration and F∞ :=
∨
n∈N Fn. Show that for A ∈ F∞, we have

E[1A|Fn]
a.s.−→ 1A as n→∞.

(b) Let (Xn)n∈N be a sequence of independent r.v.’s. Consider the natural filtration
(Fn)n∈N with Fn = σ(Xk, k 6 n) and the tail σ-algebra G =

⋂
n∈N σ(Xk, k > n).



For A ∈ G , deduce that P(A) = E[1A|Fn]
a.s.−→ 1A such that P(A) ∈ {0, 1} holds.

(4 points)

Exercise 4. Let (Xn)n∈N be an integrable {super/sub-}martingale. Show that for every
stopping time τ , the stopped process Xτ = (Xτ

n)n∈N, defined by Xτ
n = Xτ∧n for any n ∈ N

is again an integrable {super/sub-}martingale. (4 points)
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