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Exercise 1. (a) Let (Xt)t∈R+ , (Yt)t∈R+ be real-valued stochastic processes on some prob-
ability space (Ω,A ,P) with a.s. right-continuous sample paths. Show that they are
indistinguishable if and only if they are versions of each other.
Hint: For the nontrivial part, define a set Nt = {ω : Xt(ω) 6= Yt(ω)} for any t > 0,
and consider the set N =

⋃
t∈Q+ Nt.

(b) Find an example of two processes that are not indistinguishable, but versions of each
other. (4 points)

Exercise 2. (a) Let (Ω,A ,P,FT) be a filtered probability space, T countable and τ a r.v.
with values in T ∪ {∞}. Show that τ is a stopping time if and only if {τ = t} ∈ Ft

for all t ∈ T.

(b) Let τ and σ be stopping times. Prove the following claims:
(i) τ ∧ σ = min(σ, τ) and τ ∨ σ = max(σ, τ) are stopping times.

(ii) If τ, σ > 0, then τ + σ is a stopping time.
(iii) If s ∈ R+, then τ + s is a stopping time.
(iv) For s ∈ R+, τ − s is generally not a stopping time. (4 points)

Exercise 3. Let (S, d) be a Polish space equipped with its Borel-σ-algebra B(S) = σ(O ⊆
S : O open) and let P be a probability measure on (S,B(S)). Prove that the set

D :=
{
B ∈ B(S) : ∀ε > 0 ∃K ⊆ B compact, B ⊆ O open, such that P(O \K) 6 ε

}
is a σ-algebra over S. (4 points)

Exercise 4. (a) Let P := {N(µ, σ2
n);n ∈ N} be a family of normal distributions on

(R,B) with common mean µ ∈ R and individual variances σ2
n > 0. Show that P is

uniformly tight if and only if (σ2
n)n∈N is bounded.

(b) Let (S, d) be a metric space and A ⊆ S. Show that the family of Dirac measures
QA := {δa : a ∈ A} is uniformly tight if and only if A is relatively compact.

(4 points)
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