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Chapter 1

Measure and integration theory

§01 Measure theory

§01.01 Notation. For =,y € R we agree on the following notations || := max {k € Z: k € (—0,z]}
(integer part), = v y = max(z,y) (maximum), = A y = min(z, y) (minimum), = = max(x, 0)
(positive part), = = max(—z,0) (negative part) and || = 2~ + 2" (modulus).

(a) Forc ¢ Rand A € R := Ru{+oo} = [ oo] WesetA = A nfeo], A =
An[-oo,c], A :=An(c,o], A =An[- ooc) .= A\{c}, and A :—Au{+oo}

(b) Forbe R and a € R, we write [a, b]] [a,b]"Z, [a, bD = [a,b)"7Z, (a,b] := (a,b] nZ,
and (a, b)) := (a,b) N Z. Moreover, let [n] := [1,n] and [n) := [1,n) forne N = Z_,.

(¢) 2 # # denotes a nonempty set, 2 the set of all subsets of €, and 2%, := 22\ {}. A setis
called countable if it is at most countable infinite, meaning either finite or countably infinite.
The cardinality of a set A is denoted by | A/, its complement in 2 by A° := Q\A € 2% and
we agree on & = ;. 4. o

§01|01 Classes of sets
$01.02 Definition. A class of sets & < 2% is called
N-closed (closed under intersections) or a w-system if A n B € & whenever A, B € &,

o-n-closed (closed under countable intersections) if ﬂne]N A, € & for any sequence (A,)
of sets in &,

nelN

u-closed (closed under unions) if A U B € & whenever A, B € &,

o-u-closed (closed under countable unions) if | J, . A, € & for any sequence (A4,),., of
sets in &,

\-closed (closed under differences) if A\B € & whenever A, B € &, and
closed under complements if A°:= Q\A € & for any set A € &. O

§01.03 Remark.

(a) If & < 2% is closed under complements then de Morgan’s rule (i.e. (|JA)° = (JA)
1mpl1es immediately the equivalences of U-closed and Nn-closed, as well as of o-uU-closed
and o-n-closed.

(b) Let & < 2 be \-closed. Then & is n-closed. If in addition & is o-U-closed, then & is
o-n-closed. Any countable (respectively finite) union of sets in & can be expressed as a
countable (respectively finite) disjoint union of sets in & . o

$01.04 Definition. A class of sets & < 2% is called

semiring if (i) & € &, (ii) for any two sets A, B € & the difference set A\ B is a finite union
of mutually disjoints sets in &, and (iii) & is n-closed;
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ring, if (R1) e &, (R2) & is \-closed, and (R3) & is u-closed;
o-ring, if & is a o-u-closed ring;

algebra, if (A1) Qe &, (A2) & is \-closed, and (A3) & is U-closed,;
o-algebra, if & is a o-U-closed algebra;

Dynkin-system or A-system, if (D1) Q2 € &, (D2) & is closed under complements, and
(D3) |H,.e A, € & for any choice of countably many pairwise disjoint sets (A,),
iné&. O

§01.05 Remark.

(a) Sometimes the disjoint union of sets is denoted by the symbol 4. Note that this is not
a new operation but only stresses the fact that the sets involved are mutually disjoint.

(b) For any Q # ¢ the classes {(F, 2} and 2% are trivial examples of algebras, o-algebras
and Dynkin systems. Trivial examples of semirings, rings and o-rings are {(¥} and 2.

(c) A (set-)ring Z equipped with the symmetric difference A as addition and the intersec-
tion N as multiplication forms an Abelian algebraic ring (Z, A, N).

(d) A class of sets o« < 2 is an algebra if and only if Q) € &7, and .7 is closed under
complements and N-closed.

(e) A class of sets .o < 29 with Q) € .o/, which is closed under complements and o-N-
closed is a o-algebra.

(f) Let 2 < 2% be a Dynkin-system. The condition (D2), i.e. ¥ is closed under com-
plements, can be equivalently replaced by the apparently stronger condition (D2’)
B\A € 2 forany A,B € 2 with A < B, since each Dynkin-system satisfies also
(D2’). Indeed for A, B € 9 with A € B the sets A and B’ are mutually disjoint and
B\A = (AW B) € 2.

(g) Every o-algebra also is a Dynkin-system. The converse does not apply because (D3)
is required only for mutually disjoint sets. For example let Q = {1,2,3,4} and ¥ =
{,{1,2},{1,4},{2, 3}, {3,4},Q2}. Then Z is a Dynkin-system but is not an algebra.

O

01.06 Illustration.
(i) Every o-algebra also is a Dynkin-system, an algebra and a o-ring.

(i1) Every o-ring is a ring, and every ring is a semiring.
(iii) Every algebra is a ring. An algebra on a finite set (2 is a o-algebra.

Fig. 01 [§01] Inclusions between classes of sets & < 2%,

o-u-closed N-closed
WQ e&

Dynkin-system

\ % closed

u-closed

semiring

N
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The Figure 01 [§01] was created based on Klenke (2020, Fig. 1.1, p.7). o

$01.07 Lemma. A Dynkin-system 9 < 29 is n-closed if and only if it is a o-algebra.

§01.08 Proof of Lemma §01.07. In the lecture course EWS. o

§01.00 Lemma. Let & < 2% be a class of sets. Then

o(&) = ﬂ{%:MQTZ is a o-algebra and & < o } and
0(&) = ﬂ {.@: 2 < 2% is a Dynkin-system and & < .@}

is the smallest o-algebra, respectively, Dynkin-system on ) containing &. & is called generator,
and o(&) and 0(&) is called the o-algebra and the Dynkin-system generated by &, respectively.

§01.10 Proof of Lemma §01.09. In the lecture course EWS. o

$01.11 m=-A\-Theorem. Let & < 2% be n-closed. Then o(&) = 6(¢) and also o(&) = D for any Dynkin-
system 9 < 2% with & < 9.

§01.12 Proof of Theorem §01.11. In the lecture course EWS. o

$01.13 Definition. Let & < 2 and A € 2%, be an arbitrary class of subsets, respectively, nonempty
subset of €. The class &, := é”|A =& nA:={Bn A Be&} < 29 of subsets of () is called
trace of & on A or restriction of & to A. o

§01.14 Remark. If & is a semiring, (o-)ring or (0-)algebra then & is a class of sets of the same type as
&, however, on A instead of (2. For a Dynkin-system this generally does not apply. Moreover,
we have (&) L = o(&),). o

§01.15 Reminder.

(a) Let & be a metric (or topological) space and & the class of open subsets in . The o-
algebra := 0(0) that is generated by the open sets ¢ is called the Borel o-algebra
on 8. The elements of %, are called Borel sets or Borel measurable sets.

(b) In many cases, we are interested in the Borel o-algebra = %, over R", where R"

is equipped with the Euclidean distance d(z,y) = ||z — y|| = \/ Zie[[n}] (; — y;)? for
T = (xi)z'e[[n]], Yy = (yi)ie[[n]] eR.

(¢) For a = (a;)icfn): b = (bi)ie[n] € R we write a < b, if a; < b; for all i € [n]. For
a < b, define the open rectangle as the Cartesian product (a,b) := Xiepag(a;, b;) =
(a1,b1) x (ag,by) x -+ x (an,b,). Analogously, we define [a,b]|, (a,b] and [a,b).
Moreover, we set (—0, b) := Xiepuj(—0, b;) and (—0, b := Xigpay(—00, b;].

(d) The Borel o-algebra %" is generated by any of the classes of sets:
()& ={Ac R": Ais closed}; (ii) & = {A < R": Ais compact};
(iii) & := {(a,b): a,be Q",a < b}; (iv) & := {[a,b]: a,be Q",a < b};
(V) &5 :={(a,b]: a,be Q',a < b}; (Vi) & := {[a,]b): a,be Q',a < b};
(vil) & = {(—o0,b]: be Q'}; (viii) & := {(—00,b): be Q"};

(ix) &y := {(a,0):a € Q"} and (x) &g := {[a, 0): a € Q"}. (Exercise).

(e) We denote by := % the Borel o-algebra over the extension R := [—c0, 0] of the

real line by the points {40} where in R the sets {—c0} and {o0} are closed, and R is
open. In particular, = B = # n R is the Borel o-algebra over R. For ¢ € R and

Probability theory 3


https://sip.math.uni-heidelberg.de/vl/ews-ws23/
https://sip.math.uni-heidelberg.de/vl/ews-ws23/
https://sip.math.uni-heidelberg.de/vl/ews-ws23/
https://creativecommons.org/licenses/by-nc/4.0/deed.de

Chapter 1 Measure and integration theory §01 Measure theory

o-algebra o/ < 2R we write o, = "R, o = "R.., o, = nR.,and
= NnR.. O

§01|02 Set functions
01.16 Definition. Let & < 2% and let i1 : & — R., = [0, 0] be a set function. We say that y is
monotone if pu(A) < p(B) for any two sets A, B € & with A < B,

additive if p(),q4) = 2. jefn] H(A) for any choice of finitely many mutually disjoint sets
A e &, jen], with | A €&,

j€ln]
o-additive if p1(\4, s A) = D] e £1(4,) for any choice of countably many mutually disjoint sets
Aeé&,jeN,with |4 A €&,
jelN
subadditive if p(A) < Zie[[n]] (A, for any choice of finitely many sets A, A, € &, j € [n], with
Ac | A,
j€ln]
o-subadditive if p(A) < D) jew H(4) for any choice of countably many sets A, A, € &, j € IN,
with A < U A/ o
jelN *

501.17 Definition. Let & < 2 be a semiring. A set function y : & — R., with ;(z) = 0 is called a

content if p is additive,

premeasure if u is o-additive,

measure if ;1 is a premeasure and & is a o-algebra, and

probability measure if 1 is a measure and p(Q) = 1.

We denote by 01(¢£) the set of all premeasures on (€2, &). A content p on & is called
finite if p(A) € R, for every A € & and

o-finite if there exists a sequence of sets (&), in & such that Q = | ;. & and p(¢) € R, for
all j e N.

We denote by 01,(£) and 90, (#) the set of all finite, respectively, o-finite premeasures on (2, &).
Moreover, for a o-algebra &7 < 2% we denote by 90 () the set of all probability measures on

(Q, o).

$01.18 Example.

(a) For A € 2% we denote by
:Q —{0,1} mit 1,){1}):=A and 1,'({0}) :=
the indicator function on A. For any o-algebra o7 < 2 and w € €) the set function
il 3 A 0(A) = Tuw) — {0,1}

is a probability measure on 7. , € MM (<) is called the Dirac measure at the point w.

(b) Let Q # J be countably infinite and let & := {A € 2% (|4| A |A°|) € Z.,}. Then & is an
algebra. The set function v : & — {0, 0} is given by v(A) = 0 for A € & with |A| € Z.,
and v(A) = oo for |A°| € Z.,. Then v is a content, but it is not a premeasure. Indeed, v is
not o-additive, since v(Q) = coand ), __, ¥({w}) = 0.

Probability theory
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©

(d)

Let Q # ¢J be countable and let p : Q — R.,. Then p : 2% — R., with A — p(4) :=
D eq P(W)0,(A) is a o-finite measure on 2 ie. € M (2%). We call p the mass function of
1. The number p(w) is called the mass of u at point w. Remember, if in addition p satisfies
D eo P(w) = 1 then p € 9, (2%) is a discrete probability measure. If p(w) = 1 for every
w € €2, then (@ := > _, 0, is called counting measure on Q2. Evidently, if € is finite, then
so is p € M, (2%). If Q < R then for each w € (2 the dirac measure 9, € 9, (%), and hence
i, ¢, € M, (#) are also called discrete measures on (R, %).

For arbitrary measures y, v € (<) the set function

vHp: 3A— (v+up)A) i=rv(A) + uA) e R,

1S a measure. o

§01.19 Lemma. Let & be a semiring and let p be a content on &. Then the following statements hold.

(1)

(ii)

If & is a ring, then p(Au B) = u(A) + u(B\A) and (B) = u(An B) + pu(B\A), hence
W(A U B)+ (A~ B) = u(A) + u(B) for any two sets A, B € &.

1 is monotone. If & is a ring, then j1(B) = p(A) + u(B\A) for any two sets A, B € & with
Ac B.

(ii1) p is subadditive. If  is o-additive, then i is also o-subadditive.
(iv) If & is a ring, then Zjem p(A) = pWieA) < Wen 4)) for all n € N, and hence

v)

ZJ.E]N 1(A;) < (e Aj), for any choice of countably many mutually disjoint sets A; € &,
jEIN,Wifh L-i_‘J AjECf)@.

jelN
If & is a ring, then for any n € N and (A;),, in & with (|
exclusion formulas (Poincaré and Sylvester) hold:

plJa)= D (D) wa) and p) 4y = > (=D a4,

i€[n] IGQHZ]] €l i€[n] IGQ[[Z]] €L
# #

A) € Ry, the Inclusion-

i€[n]

§01.20 Proof of Lemma §01.19. (i), (ii) and (iv) are given in the lecture, (iii) and (v) are exercises. ©

§01.21 Notation. We agree on the following conventions.

(a)

(b)

A sequence (x,,) . in R is called increasing (respectively decreasing), if z,, < 2,41 (re-
spectively z,, 11 < z,,) for all n € IN. If an increasing (respectively decreasing) sequence
(), 1s convergent, say = lim,,_,, x,, then we write =,, | = (respectively =, | x) for
short.

A sequence (A,) . in 29 is called increasing (respectively decreasing), if A, S Api1
(respectively A, .1 < A,,) forall n € IN. We call

A, :==liminf A, := U ﬂ A, = U {ﬂ {A:meN.,}:neN} and

n—0o0
nelN melN.,
A" :=limsup A,, := ﬂ U A,,

—00
" nelN melN.,,

limes inferior, respectively, limes superior of the sequence (A,), .. The sequence (A,,)
is called convergent, if A, = A" =: A. In this case we write lim,, ... A,, = A for short.

nelN

An increasing (respectively decreasing) sequence (A,) . in 2 is convergent with A :=
lim, o A, = |, o An (respectively A := lim,,_,, A, = [, . An)- In this case we write
A, 1 A (respectively A, | A).

Probability theory
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(¢) For functions f,g : Q — R we write |/ < ¢if f(w) < g(w) for any w € Q. Analogously,
we write f > 0 and so on. A sequence (f,) ., of functions on (Q is called (poiniwise)
increasing, or briefly isotone (respectively, (pointwise) decreasing, or briefly antitone) if
fn < fni1 (respectively, f,.1 < f,) for all n € IN. We denote by

f.i=Tlim inf f,, := sup {inf { f,,: m € N, }: n e N} and

[o=Tlimsup f, ;= inf {sup {fr: me N.,}: ne N}

n—a0

the limes inferior, respectively, limes superior. The sequence (f,),. is convergent if f, =

ne

f* =: f, that is, the pointwise limit exists everywhere. In this case we write lim [, = |.

n—0o0

An isotone (respectively, antitone) sequence (f,,),_ is convergent with f := lim,,_,, f, =
Sup,,cn fn (respectively, f := lim,, 4 f,, = inf,en f,). In this case we briefly write f,, | [
(respectively, [, | f). O.

§01.22 Definition. A content ;4 on aring Z < 2¢ ig called

lower semicontinuous if lim,, o, 11(A,) = pu(A) for any A € # and any sequence (A,,),  in Z
with A,, T A.
upper semicontinuous if lim,, ., p(A,) = u(A) for any A € % and any sequence (A,,), _, in Z

with 11(A,,) € R, for some (and then eventually all) n € N and A, | A.

-continuous if lim, o p1(A,) = 0 = p(J) for any sequence (A,,), ., in Z with u(A,,) € R.,

for some (and then eventually all) n € IN and A,, | .

nelN

§01.23 Remark. In the definition of upper semicontinuity, we needed the assumption p(A,) € R,
since otherwise we would not even have ¢J-continuity for an example as simple as the counting
measure ¢ on (N, 2%). Indeed, A, := IN., | & but { (4,) = oo for all n € V. o

$01.24 Lemma. Let ;1 be a content on the ring Z < 2%. Consider the following five properties. (pl)
is o-additive (and hence 1 € IN(#) is a premeasure), (p2) | is o-subadditive, (p3) p is lower
semicontinuous, (p4) p is J-continuous, (p5) p is upper semicontinuous. Then the following
implications hold: (pl)<(p2)<=(p3)=(p4)<=(p5). If u is finite, then we also have (p4)=(p3).

§01.25 Proof of Lemma §01.24. is given in the lecture. D
§01.26 Example (§0/.18 (b) continued). v 1s a J-continuous content, but it is not a premeasure. o

§01.27 Definition.

(a) A pair (€2, .o7) consisting of a nonempty set € and a o-algebra &7 < 29 is called a measur-
able space. The sets A € o7 are called measurable sets. If ) is at most countably infinite
and if &7 = 2%, then the measurable space (2, 2) is called discrete.

(b) A triple J{YMEAN is called measure space if (§2, /) is a measurable space and ;1 € ()
1s a measure on o7 .

(c) If in addition p(Q) = 1, then (£, <7, ) is called a probability space and p € M (<) a
probability measure. In this case, the sets A € &7 are called events.

2026/04/14
§01|03 Measure extension

§01.28 Lemma (Uniqueness). Let (S, .2/) be a measurable space, let & < </ be a n-closed generator
of of and let |1, v € M (o) be two o-finite measures on <7, which agree on &, that is,

6 Probability theory
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(2C) p(E)y =v(E)forall E € &.

Assume in addition that

(uC) there exist sets (E,),. in & with | J, . €, = Q and p(€,) € R, for alln € IN.
Then v and v agree also on <f .

If p,v € M (/) are two probability measures on <7, then (UC) is not needed.

§01.29 Proof of Lemma §01.28. is given in the lecture. D

§01.30 Remark. In other words under the assumptions of Lemma §01.28 a o-finite measure y € 9, (<)
is uniquely determined by its values u(E), F € &. The uniqueness without (uC), the existence
of the sequence (&,) ., does generally not apply, even if y € 91,(=) is a finite measure on
</ . In this case the total mass () is generally not uniquely determined. Let 2 = {1, 2} and
& = {{1}}. Then & is a n-closed generator of 22. A probability measure p € I (o) is
uniquely determined by the value p({1}). However, a finite measure is not determined by its
value on {{1}}, as 4 = 0 and v = ¢, are different finite measures that (¢C) agree on &'. o

$01.31 Definition. A set function 1 : 2% — R., is called an outer measure if (oM1) 1*(z) = 0,
(oM2) 4t is monotone, and (oM3) p* is o-subadditive. A set A € 28 is called W -measurable if

(AN B) 4 (A~ B) = 1 (B) forany B e 2%.
We write o(y) := {A € 29 Ais (-measurable}. o

§01.32 Remark. Since p'(@) = 0 we evidently have €2 € o(x). As p* is subadditive it follows that
A € o(w) if and only if (A ~ B) + pi*(A° ~ B) < i (B) for any B € 2. o

0133 Lemma. Let & < 2% be an arbitrary class of sets with 5 € & and let 1 - & — R., be a set
function with () = 0. For A € 2% define the set of countable & -coverings F of A:

U(A) ={F < &: F is countable and A < | J 5 F}
Define the set function

B 0 , U(A) = ;
(2 2% — Reg with A pi(A) := < inf { Z W(F): Feu(Ad)y , UA) # &.

Fes

Then (1 is an outer measure. If in addition (v is o-subadditive, then p* and | agree on &, i.e.
W(E) = pu(E) forall E € &.

§01.34 Proof of Lemma §01.33. is given in the lecture. D

§01.35 Lemma. If i* is an outer measure, then o(1) is a o-algebra and the restriction of |1t on o(1) is
a measure, i.e. || € M (o).

o1

§01.36 Proof of Lemma §01.35. is given in the lecture. o

$01.37 Extension theorem for measures. Let & < 29 be a semiring and let n : & — R., be an
additive with () = 0 (content), o-subadditive and o-finite set function. Then there exists a
unique o-finite measure [i € MM (o)) such that [t and p agree on &, i.e. [L(E) = u(FE) for all
Eeé.

§01.38 Proof of Theorem §01.37. is given in the lecture. o

Probability theory 7
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01.39 Example.
(a) There exists a uniquely determined measure X" on (R", %") with the property that X'((a, b]) =
[ Tiepg(bi — @) for all a,b € R with a < b. P is called Lebesgue measure on (R', ")
(see lecture Analysis 3).

(b) Let F : R — R be monotone increasing and right continuous. There is a uniquely de-
termined measure p, on (R, %) with the property that p,((a,b]) = F(b) — F(a) for all
a,b e R with a < b. is called Lebesgue-Stieltjes measure on (R, %) (Exercise). If in

addition lim, ., (IF(z) — IF(—z)) = 1, then p, is a probability measure. o

§01.40 Definition. Let (€2, .o/, ;1) be a measure space.
(a) Aset N € o is called a p-null set, or briefly null set, if u(~N) = 0. By

= U {QN: N € o is p-null set}

we denote the class of all subsets of p-null sets.

(b) Let p(w) be a property that a point w € ) can have or not have. We say that p holds s-
almost everywhere (ji-a.e.) if there exists a y-null set N € N, such that p(w) holds for every
we Q\N = N°. If A € & and if there exists a p-null set N such that p(w) holds for every
w € A\N, then we say that p holds p-almost everywhere on A. If p = P € 9 () is a
probability measure then we say that p holds IP-almost surely (IP-a.s.) respectively IP-almost
surely on A.

(c) The measure space (£2,.27, ) is called complete, if N, < <7 . o

141 Remark. Let (Q, .7, ;) be a o-finite measure space. Due to Theorem §01.37 there exists a
unique smallest o-algebra .o/ > o7 and an extension [i of 11 to o7 such that (€, o , [t) is complete
where &/ = o(6) with & = o/ UN, = {AUN:Ae o/, NeN,} and Ji(Au N) = pu(A) for any
Ae o/ and N e N.. o

01.42 Definition. Let (2, o7, ;1) be a measure space and B € .27 On the trace o-algebra <7, we define
a measure by p1,(A) := u(A) for A € o7 with A < B. This measure is called the restriction of
ito B. =

§01.43 Example. The restriction )\, of the Lebesgue-Borel measure A on (R, %) to [0, 1] is a proba-

bility measure on ([0, 1], %&,,), i.e. A, ,; € M, (%,.,). More generally, for a Borel set B € % we

call the restriction )\, the Lebesgue measure on B, i.e. \, € M (5,). o
2026/04/17

§02 Integration theory

§02|01 The integral

§02.01 Reminder. Let (€2, .27, ;1) be a measure space and let (8,.7) be a measurable space.
(a) A function f : Q) — 8 is called o7 -.-measurable (or, briefly, measurable) if

=N ={f1(S):Ses}c .

If f is measurable, we write [ : (Q,.o/) — (§8,.7). We denote by M(+,.7) the set of
all &/ -./-measurable functions. If . = Z; is the Borel o-algebra on § then we write
M () := M(«, %) for short. If p = P € 9 .(«) is a probability measure then f € M(«,7)
is called ((8, .)-valued) random variable. The o-algebra o(f) is called the o-algebra on ()
that is generated by f. This is the smallest o-algebra with respect to which f is measurable.

8 Probability theory
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(b) The identity map id, : Q — Q is &7-</ -measurable. If &7 = 2% or ¥ = {7, 8}, then
any map f : Q — 8 belongs to M(«..#). The indicator function 1, for A € 2 belongs to
M(«,2¢1) if and only if A € &7

(c) A measurable function f : (Q,.o/) — (8,.7) is called

numerical if (8,.7) = (R, A), briefly f € M(«) := M, (/) = M(#, D),

positive numerical if (8,.) = (Ra, &), briefly f € M_,(«/) := M, (¢) = M(«/, Z.),
real if (§,7) = (R, A), briefly [ € M(«) := M, («) = M(«, %),

positive real if (8,.7) = (Rs,, B.,), briefly [ € M_ () := M, () = M(«,%.,).

ForanyBl,B e<95’W1thBlgB we agree on M, («/) © M, (¢/), e.g. M, (#) S M., («) <

M ) or M(«/) € M(«). If the preimage (€2, .<7) is irrelevant we also write shortly M =

M), M., = M>0( ), M = M(«), and M_, := M_,(«). If (f,,),. 1S @ sequence in J\/E
then sup, .y fn» infnew fos f. := lim inf f,, and f* := lim sup f, belong also to M (see
n—a0

n—aoo
lecture EWS).

(d) A real map f € M(«) assuming only finitely many values is called simple or elemen-
tary. If f € M(«) is simple then there is an n € IN and mutually disjoint measurable
sets (A;),,; in & as well as numbers (a;),,, in R such that f = >, 11 a;1, . We denote by
M7 («) and M_,(«/) the set of all simple, respectively, positive simple functions on (Q o).

Itf = Zie[[n]] a;l,; and f = Zze[[m]] bjlp, are two representations of f € M (), then
Zie[[n]] ajp(4;) = Zze[[m] b;pu(B;) (check it!).

(e) Let f € M_,(«) be positive numerical. Then there exists an isotone sequence of simple
functions (f,), ., in MZy(«) such that f,, 1 f (see lecture EWS).

nelN

(f) For functions f, g € M(«) we write [/ < ¢ if f(w) < g(w) forany w € Q and [ < ¢ p-a.e.
if there is N € N, such that f(w) < g(w) for any w € N° (see Definition §01.40). o

§02.02 Theorem. For each measure . on a measurable space (Q, o) we call integral with respect to
(1t the uniquely determined functional |, : M., () — R., satisfying the following properties:

(1) U (af + bg) = al,(f) + bl,(g) forall f,ge M.,()and a,b e R.,, (linearity)
(12) 0,(fo) 1 L.(f) forall (), 1 f in Moy(«), (monotone convergence)
(13) 1,(1,) = p(A) forall A e <. (normed)
For each f € M_,(«) we call \WACI = 1,(f) the integral of f with respect to . For A € of we
write shortly = §(f1,) du. f is called p-integrable, if § f dp € R, o

§02.03 Proof of Theorem §02.02. The theorem summarises the main result of this section; its proof
takes place in several steps. We first show in Theorem §02.05 the uniqueness result and then
explicitly state in Theorem §02.09 a functional [, : M_,(#) — R., for which we verify the re-
quired conditions (I1)-(I3). In summary, we then show therewith in Theorem §02.09 the existence
result. =

$02.04 Notation. For f € M_,(«) and A € o/ we write shortly - fdu = §, f(w)p(dw) as
well as /o(f1,) =\, fdp =1, flw)p(dw). TP e M, (7)isa probablhty measure then we call
the uniquely determmed funct1ona1 =1, : M,(«) — R., expectation with respect to P, ©

§02.05 Uniqueness theorem. The integral is uniquely determined.

Probability theory 9
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§02.06 Proof of Theorem §02.05. is given in the lecture. o

Reminder §02.01 (d) allows the following definition to be made since the defined value EL( f)
does not depend on the chosen representation of f.

§02.07 Lemma. The mapiu : Ms(«#) — R, given by
f= 2 aly, = L(f) = )] a4y
i€[n] i€[n]

is normed, positive, linear and monotone:

(i) T,(1,) = pu(A) for every A € o, (normed)

(i1) E(af +bg) = aﬁ#(f) + biu(g) forall f,ge M_(#) and a,b € R.,, (linearity)

(i) T,(f) <T.(g) forall f,g e M) with f < g. (monotonicity).
§02.08 Proof of Lemma §02.07. Exercise. o

§02.09 Existence theorem. The functional |, : M., () — R., with

=

= 0(f) == sup {L.(9): g € Wi, g < f}

is an integral with respect to L, that is, it shares the properties (11)-(13) in Theorem §02.02:

(i) 0,(1,) = pu(A) forevery A e o, (normed)
(i) 1,(f) <1,(g) forall f,g e M.,(«) with f < g, (monotonicity)
(i) 1,(f,) 1 0,(f) forall (f,), 1 f in Moy(). (monotone convergence)
(iv) I, (af +bg) = al,(f) + bl,(g) forall f,g € M.,(«) and a,b € R, (linearity)

(with convention o - 0 = 0).

§02.10 Proof of Theorem §02.09. is given in the lecture. o

§02.11 Remark. By Lemma §02.07 (iii) we have the identity [ L(f) = 1 ,(f) forany f e M« Hence
[, is an extension of the map from M, («) to the set of positive numerical functions J\/LO o

§02.12 Comment. A measurable partition P := {A;: i € 7} < o7, of  is finite, if |Z| € IN, and hence
O # A€ of foreach A e P. If we set & := {P < & : P finite, measurable partition of Q }, then the
functional [, : M_,(«/) — R., given by (with convention oo - 0 = 0)

f—0(f —sup{z mff A):Pe 2}
Ae?P
shares also the properties (11)-(13) in Theorem §02.02, and hence it is an alternative but equivalent

representation of the uniquely determined integral with respect to . o

§02.13 Notation. For arbitrary measures i, v € (o) we write v < 1 if v(A) < p(A) for all A € o7 .
Evidently, v < p and p < v imply together p = v. o

§02.14 Lemma (Properties). Let (S, o7, i) be an arbitrary measure space and let ( f,,),_ be a sequence
in M_,(«).
(1) (Fatou’s lemma) pu( hm inf ) = S (hm 1nf fn) dp < hm 1nf S fodp = hm mf w(f.) and
in particular ,u(h?rzri glf An) hm g}lf u ) for every sequence (An),ox of sets in . If
W€ M (<) is finite, then also lim sup (A, < ( lim sup An).

n—0o0 n—0o0
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Let in addition f, g € ﬁ;o(d )

(iii) f = 0 p-a.e. ifand only if pu(f) = § fdp = 0. If u(f) € R, then f € R., p-a.e. and the
restriction of 1 on {f # 0} is a o-finite measure.

(iv) The set function

ol 3 A )= ) = [(Lf) du e o

is a measure on (§2, o). For all A € of with u(A) = 0 we have fu(A) = 0.

(v) If f < g (respectively f = g) p-a.e. then fu < gu (respectively fu = gu). The converse
holds, if (cl) f is p-integrable, or (c2) € M (<), or (c3) g € M (/) o-finite.
In particular, p(f) = § fdp < §gdp = plg) (respectively, p(f) = ,u(g)).

(vi) € M(«) is o-finite if and only if there is h € M, (/) with j1(h) € R., (u-integrable). In
particular, for each o-finite . € I, (/) there exists h € M, (/) such that hy € M () is
finite and hy shares the same null-sets as .

i) Y,en n({f =n}) < pp) < Zne]NOM({f >n}) and p(f) = § p({f = t})dt for every
f e M(«) with f € R, p-a.e.

§02.15 Proof of Lemma §02.14. is given in the lecture. D

$02.16 Definition. Let ;1 € 9%(«) be a measure on (€2, .7) and let f € M. («). Define the measure
v e M) by v(A) := p(1,F) for A € o . We say that [Jlf] := v has the density dv/dy = §
with respect to i, or briefly p-density. D

§02.17 Lemma (Properties). Let (), .o, j1) be a measure space and let v := fu € M(/) admit the
density dv/dp = f € M_(#).
(i) vig) = §gdv = §(gF) dp = p(gf) = £pul9) for every g € M.y(«).
(i) p = qu = q(fp) = (qf )y for every p := qu € M () with q € M_(«)

(i) Ifv € M (o) or u € M, (o) is o-finite then the j-density dv/du = T of v is unique up to
equality pi-almost everywhere.

(iv) Ifv € M (&) is o-finite, then dv/du = T € R., p-a.e.. The converse holds, if i € M, (7).
§02.18 Proof of Lemma §02.17. is given in the lecture. O

§02.19 Notation. If f € M(«) is numerical then /" := f v 0, [ = (=f), |[| = ff + f € M (@)
are positive numerical. o

$02.20 Definition. Let (2,.27, ;1) be a measure space and let f € M(«) be numerical.
(a) If f* or [~ is p-integrable, that is, (%) A p(f) € R, then we define the integral

R - [ £ |5 e-ne -

of f with respect to . where we use the usual conventions o + x = o0 and —0 + £ = —0
for all x € R.. In this case f is called p-quasiintegrable. The integral of f is not defined, if
p(f) = 0 = p(f).

Probability theory 11
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(b) If p(f)) € Rao, thatis, u(f9) v u(f) € Re,, then f is called p-integrable. The vector space
of all p-integrable rea/ functions is denoted by

. L) = L(Q, o, p) = {f € M(): (1)) € R}

The set of all p-integrable numerical functions is denoted by

. L' L. n) = {f € M) p(f]) € Rey ).
(¢c) Fors e R., define

£l = (nCsr )) and | f|| := inf {x € Roo: p({if| > =}) = 0}.

Fors € R.,, [ is called £ -integrable if || f|| - € R-.. The vector space of all £'-integrable
real functions we denote by

B - £ = L@ ) = {f € M@): £y € Rao}.

The set of all £ -integrable numerical functions we denote by

. L) = LQ. o ) = {f € M(@): ||f|l € Reo}.

For s € R.,, the map |||~ is a seminorm on £(1) (see Subsection §02/03 below), that is,

forall f,g € L(n)anda e R, 1) laflly = lallfllg, 2 1f +glle < [1flle + llglle
(s3) [|f|l; € R., and Hf||5 —0if f = 0 p-ae.

(d) Themap (-, ). : )x L’(n) — R with (f, g) — (f, 9): := p(fg) is a positive semidefinite
symmetric b111nearf0rm O

§02.21 Lemma (Properties). Let f, g € LH(Q, o ).
() Ifaf +bge M(«) for a,be R, then af + bg € L., 1) and ji(af + bg) = ap(f) + buu(g).

(linear)
(i) Let he M(«). If h = f p-a.e., then h is y-integrable and u(h) = p(f).
If |h| < |g| p-a.e. then h is p-integrable.
(iil) If f < g p-a.e., then pu(f) < pu(g). (monotone)
In particular if g € R., p-a.e., then u(g) € R., and (positive)
w{g=e}) < zu(g) forall € € R.,. (Markov inequality)
(v) ()] < p(f \). (triangle inequality)

(v) f=0p-ae.ifand only if u(f1,) = O forall A € <.

(Vi) If i € My(«) is finite and h € M(«) is bounded, hence ||h|| , := sup,.q |h(w)| € R.,, then
he L(w.

(vii) If u,v € M(7) then h € L'(n+v) ifand only if h € L'(n) n L'(v). In this case, (1 +v)(h) =
pe(h) + v (h).

(viii) If v = fpu wzth dv/dp = f € M_y(«) then g € M(«) is v-(quasi)integrable if and only

if gf € M(«) is p-(quasi)integrable. In this case v(g) = p(of) = {(gf)dp = §gd(Fu) =
§gdv.

§02.22 Proof of Lemma §02.21. is given in the lecture. o
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$02.23 Corollary (Properties). Let f, g € M(«/) and jn € M (7).
(i) Let s € R, f is L(n)-integrable if and only if |f|* is p-integrable. Moreover, if f is
L7 (n)-integrable then 1 ({|f| > || f||~}) = 0.

(i) Lets € Roo. || f||z = O ifand only if f = 0 p-ae.. If a € R then ||af| - = |a||| f]lo If f is
L -integrable and f = g p-a.e., then |f| € R, p-ae. and || f|| = gl =

§02.24 Proof of Corollary §02.23. Exercise. o

§02.25 Lemma. Let (2, .o/, 1) be an arbitrary measure space and f, g € M)
(i) (Holder’s inequality) Let 5,7 € R., with 1 + 1 = 1. Then pu(1fg)) < || f|| 9l -
(Cauchy-Schwarz inequality) If f, g € £ then [(f, )] < || f]l 2l gll -
(ii) If p € My(«) is finite, s € Ry and r € (0, s). Then w( )Y || fll oy < Y| £l 2y and
hence L'(1) < L'(p) (and L'(pn) < L'(w)).
(iii) (Minkowski’s inequality) For f + g € M(«) and any s € R.,,

[+ g”ﬁ < ”f“ﬁ + HQHL

§02.26 Proof of Lemma §02.25. is given in the lecture. =

§02.27 Lemma (Image measure). Let (2, 97) and (X, Z") be measurable spaces, let i € M(</) be a
measure and let X € M(«.2) be measurable. Let flull == 11 o X' € O (2) be the image
measure on (X, Z) of v under the map X. If h € mzo(%)t_hen w(h(X)) = p*(h). Consequently,
h € M(2) is *-(quasi)integrable if and only if h(X) € M(«) is p-(quasi)integrable. In this
case, p(h(x)) = *(h).

Fig. 01 [§02] Measurability implications.
(@) —— (X, 2)
h(X) € M) \ J heM@)
w-(quasi)integrable X -(quasi)integrable
(R, %)

In particular, if X is a random variable on (2, o/, P), then
f h(z)P” (dz) f hdP* = PY(h) = P(i(xX) = f h(X)dP — f B(X ()P (dw).
x Q
§02.28 Proof of Lemma §02.27. is given in the lecture. D

§02|02 Convergence criteria

§02.29 Definition. Let (§2,.o7, 1) be a measure space. We say that a sequence (f,,), in M) con-

verges to f € M(«)

nelN

p-almost everywhere (p-a.e.), symbolically f, > f, if lim sup, . |fn — f] = 0 p-ae.,
that is, there exists a py-null set N € &/ such that lim,, _,|f,(w) — f(w)| = 0 for any
we N :=Q\N.

p-a.c.

p-almost complete (p-a.c.), symbolically f,, —— f,if > u({|fn —fl>¢}ln A) € R., for
every A € & with u(A) € R., and for every € € R.,.

in ji-measure (or, briefly, in measure), symbolically f,, > f,if lim, o pn({| fu—f| > e}nA) =
0 for every A € &7 with u(A) € R., and for every ¢ € R.,.

Probability theory 13
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in £'(1) (or in s-th y-mean) for s € R.,, symbolically f,, £, f,if (fn).., and f in £(x) such

that lim,, || fr, — fl|z = 0.

If 1 1s a probability measure, then convergence in p-measure is also called convergence in prob-

nelN

ability. Sometimes we write briefly /, ~* f, f, = for f, — [ if the underlying measure
emerges from the context. o

§02.30 Remark. Convergence in £'(1) and convergence p-almost everywhere evidently determine the
limit up to equality p-almost everywhere. This also applies to convergence in p-measure, if
1 € M, () is o-finite. Indeed, if f,, & f and f, & ¢ then for every e € R., and A € < with
f1(A) € Re, (since |f — g < [f = ful + ]9 — faD)

p{lf =gl > e} 0 A) <u({lf = ful > €/2} 0 A) + p({lg = ful > €/2} 0 A) === 0.
and hence u({|f — g| > €} n A) = 0. Therefore, we have u({f # g} n A) = 0 making use
of {f # g} n A = Upen{lf — gl > 1/k} n A. Selecting A, 1 © with p(4,) € R, (since
p € M (o)) implies [ = g p-ae.. If u € M, (=) is finite, then lim,, o u({|f, — f| > €}) =0
for every € € R., and f, 2, f are equivalent. The last statement does not apply, if © € M ()
is o-finite. For instance, on (IN, ol Q}N) (see Example §01.18 (c) for the counting measure ()
for A, := N.,,n € N, we have {1, > ¢} = A, forevery e € (0,1) and {1, > ¢} = & for
every € € R.,. Since A4,, | 7, and hence ¢ (4. n A) | 0 for each A € &7 with ( (4) € R., (upper

Cu .
semicontinuous), we evidently have 1, — 0. On the other hand side, for each ¢ € (0,1) we
have ( ({1, > ¢}) = ¢ (An) = oo forall n € IN. o

§02.31 Lemma. Let (S0, .97, 1) be an arbitrary measure space.
(i) (Monotone convergence) Let f € M(«/) and let f, € L'(u), n € N. Assume f, 1 f p-a.e.
Then 1i(f,) 1 p(f) where both sides can equal 0.

(ii) (Dominated convergence) Let (f,), . in M(«/) be ji-a.e. convergent. Assume sup, .y | fn| <

nelN
p-a.e.

g p-a.e. with g € L'(1). Then there exists f € M (<) with f, — f, (fn),ex and f belong to
Ll(:u) and hmnaoo Blf = fal) = 0 as well as lirnnaoo 1(fn) = p(f). Ifg € Ls(ﬂ) fOl" S € R;l;

then (f,),.x and f belong to L'(1) and lim,,_, || f, — f|+ = 0.
(iii) (Scheffé’s theorem) Let f, f, € M_o(#), n € IN, be u-integrable. Assume f, 225 fand

n— £
(iv) (Theorem of Riesz) Let f, f, € L(n), n € IN, s € R.,. Assume f, LALAN foopf) =5
. . L ()
u(f17) if and only if fr == f.
(v) Let f, f, € M(«), n € IN. Then the following implications hold:

o2 f s fu e f = fa S5

If i € M (/) is o-finite, then we also have f, LN f=r LN f. Moreover, f, % f if
and only if for any subsequent of (f,,),_ there exists a sub-subsequence that converges to f
p-almost everywhere.

§02.32 Proof of Lemma §02.31. is given in the lecture. o

§02.33 Reminder. A sequence (f,), ., in £(x) is called (£'(1)-)Cauchy sequence, if for every ¢ € R,
there exists n, € IN such that |f, — fulls,, < e for all m,n € IN.,, symbolically
My, oo || fr = finll g = 0. Fors € RR.. keep in mind that every £'(1) convergent sequence by
applying Minkowski’s inequality (see Lemma §02.25 (iii)) is also a £'(1)-Cauchy sequence. o
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$02.34 Lemma. Lets € R., and let (f,),. be a £'(1)-Cauchy sequence. Then there exists f € L'(n)

£ (w) .
such that f, =5 f and there exists a subsequence of (f,), . that converges p-a.e. to f.

nelN

§02.35 Proof of Lemma §02.34. is given in the lecture. o
$02.36 Corollary. Let s € R., and let (f,) . be a L£'(n)-Cauchy sequence that converges ji-a.e. to

f € M(«). Then f belongs to £ (1) and f, Lo, f.

nelN

§02.37 Proof of Corollary §02.36. is given in the lecture. o

§02.38 Preliminaries. Let (€2, <7, ;1) be an arbitrary measure space and let f € M(«). f is p-integrable
if and only if for every € € R., there exists g € £.,(;1) :== £'(1) nM_,(«) such that N(\f|ﬂm>g}) <e
or in equal inf {/(|f|1,.,): g € Lo} = 0. Assume pu(|f]) € R.,. Setting g := 2|f] € Loo(n) w
evidently have {|f| = g} = {f = 0} U {|f| = o0} and hence applying Corollary §02.23 (11)
also (| f|1,-,,) = 0. We obtain the converse by exploiting (| f[) = (| f|120) + LU F L) <
e + u(g) € R.,, which in turn implies (| f]) € R.,. o

$02.39 Definition. A class of functions F < £'(n) is called uniformly ji-integrable if

inf {sup (I fLyp1s0): 9 € Eig(u)} = 0.
feF

If o € M, (=7) is finite, then uniform p-integrability is equivalent to the condition:

inf {sup (| f|120): @ € Reo} = 0. )
feF

§02.40 Remark.

(a) Let J be uniformly y-integrable and let € € R.,. A function g € L£.,(») is called e-majorant
if sup e (| f1155,) < €. Evidently, there exists a e-majorant g for F and every h € Loo(1)
with h > g is also a e-majorant for JF.

(b) A family (f;)iez in M(«) is called uniformly ji-integrable if the class {f; : i € T} is.

(c) Let F;, 4 € [n], be finitly many uniformly p-integrable classes in M(«). Then their union
F := Ujenp s 1s also uniformly p-integrable. Indeed, for every € € R., and e-majorant g;
for F;, i € [n], the function g; v --- v g, is a e-majorant for &F.

(d) Let F < M(«)and let g € L.(11) := L'(1) n M.y(«), s € R.,, satisfy | f| < g p-a.e. for all
f e F. Then F := {|f|": f e F} is uniformly u-integrable. For ¢ € R_, every e-majorant h
for {g°} is a e-majorant for F*, since u(|f "1 ;p-p) < p(g'l,-,y) < € forall f e J. o

§02.41 Lemma. Let (2,97, 1) be an arbitrary measure space.
() IfF < L'(n) is a finite set then F is uniformly y-integrable.
(i) If F,G < L'(n) are uniformly pi-integrable, then {f + g: fe F,ge S}, {f —g: feF,ge§}
and {|f|: f € F} are uniformly p-integrable.
(i) IfF < L) is uniformly p-integrable, and if, for any g € G < M(«), there exists an f € F
with |g| < |f|, then G < L'(n) is also uniformly y-integrable.

(iv) Let pn € M, (<) be finite, let s € R., and let F be bounded in L (1), that is,
sup {|| flg: fe 5’} € R.,. Then F is uniformly p-integrable.

§02.42 Proof of Lemma §02.41. We refer to the lecture EWS / Exercise. o
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§02.43 Theorem. Let (2, o7, 1) be an arbitrary measure space. F < M(«) is uniformly p-integrable
if and only if the following two conditions hold:

(ull) F is bounded in L'(), i.e. sup {pu(|f]): f € F} € Re,.

(ul2) For any ¢ € R., there are h € L) and 6 € R, such that for all A € </ holds the
implication: (i(h1,) < 0 = Sup peq p(|f|Ly) < €.

§02.44 Proof of Theorem §02.43. is given in the lecture. O

$02.45 Theorem. Let (2,97, 1) be a measure space, let s € R., and let (f,) . belong to £(n). (f,)
converges in L' (1) if and only if the following two conditions hold:

nelN

(CU) (|£fu]),o s uniformly p-integrable.
(C2) (f.),.n converges in ji-measure.

§02.46 Proof of Theorem §02.45. ,,=* in the lecture, for the converse we refer to Bauer (1992, Theo-
rem 21.4, p.142) o

§02.47 Remark. The Theorem §02.45 guarantees the existence of a £ (1)-integrable function under the

possible limits in p-measure of the sequence ( f,

O
")ne]N *

§02.48 Corollary. Let u € 9, (<7) be o-finite, let s € R., and let (f,), . belong to L'(n). Assume

.5 feM@)and (|f.]"),. is uniformly p-integrable. Then f € L£'(1) and f, £, f.

§02.49 Proof of Corollary §02.48. is given in the lecture. =

$02.50 Summary. Let (Q, .27, ;1) be an arbitrary measure space, let s € R.,, and let (f,) _. belong to
L' (1). The following statements are equivalent:
(C1) Thereis f € £(r) such that f, £, f.

(C2) (f.),n is @ £(n)-Cauchy sequence, i.e. lim,, ;0 || f, — f..

.= 0.
Jo
Assume in addition s € R., and p € 9 (&) is o-finite. Then (C1) and (C2) are equivalent to

©3) (/.

The limes in (C1) and in (C3) coincide.

*),n 18 uniformly p-integrable, and there is f € M(«) such that f, 57

Fig. 02 [§02] Implications of convergence criteria for a o-finite measure p € I, (o).

uniformly p-integrable
——————————— >

p-ac. . [,
fo = F g subsequence

% 1
N ,
A /
\ 7/
\ 7/
A\ 7/ . .
subsequence ~ uniformly p-integrable
A /

\ 7/
T
fll = f

The Figure 02 [§02] was created based on Klenke (2020, Fig. 6.1, p.159). o

§02|03 [*-Spaces

§02.51 Reminder. For s € R., and f,g € M(«) we have shown that || f — g|| ., = 0 if and only if
f = g p-a.e.. In this case we now consider f and g as equivalent. More precisely, for each
f € M(«) we introduce the p-equivalence class {f} := {g € M(#): g = f p-ae.} and hence

16 Probability theory
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{0}, = {geM(#): g=0p-ae}. Foranys e R., {0}, is a subvector space of £'(1). Thus
formally we can build the factor space

W= [“(n) := L. o, p) := {{f}, = f+1{0}: feLw}.

For {f} € L(n), define [[{f} ||, := |flly forany f e {f} . Alsolet u({f},) := pu(s) if this
expression is defined for f. Note that |[{f}, |, and ({f},) do not depend on the choice of the
representative f € {f} . Similarly, for {f} , {g}, € L’(+) define

<{f},n {g}#>f(u) = (f, g>ﬁ(u) = p1(fg)

with f € {f}, and g € {g} . o

§02.52 Lemma (Fischer-Riesz). Let (2,9, i) be an arbitrary measure space. (I(n), ||-||(,,) is @ Banach

space for any s € R.,. (’(n), (., e 18 a real Hilbert space.
§02.53 Proof of Lemma §02.52. we refer, for example, to Klenke (2020, Theorem 7.18, p.171) o

§02.54 Remark. Let (V,{-,-)) be a Hilbert space. Then the Riesz-Fréchet representation theorem
states, that a map F' : V' — R is continuous and linear if and only if there is an f € V' with
F(x) = {f,z) for all z € V. The uniquely determined element f € V is called representative
of F. In the next section we will need the representation theorem for the space £°, which unlike
[* is not a Hilbert space. The representation theorem still holds if V' is a linear vector space and
(-, - is a complete positive semidefinite symmetric bilinear form (complete semi-inner product)
(c.f. Klenke (2020) section 7.3). =

§02.55 Lemma. The map F : L'(1) — R is continuous and linear if and only if there is an f € L'(1)
with F(g) = pu(gf) for all g € L'(n).

§02.56 Proof of Lemma §02.55. we refer to Klenke (2020, Corollary 7.28, p.174) D

§03 Measures with density - Theorem of Radon-Nikodym

§03.01 Definition. Let v, ;1 € 91(«) be arbitrary measures on (2, <7 ).

: v is called absolutely continuous with respect to u, p-continuous, or dominated by fu,
if any p-null set is also a v-null set, that is, v(A) = 0 for all A € &/ with u(A) = 0. The
measures Mal3e 1 and v are called equivalent (symbolically p «» v), if v « y and p < v.

. is called singular to v or v-singular, if there exists a p-null set N € &7 such that
v(Q\N) = 0, or in equal v = 1v, thatis, v(A) = v(An N)forall Ae «.

. v is called rotally continuous with respect to p if, for any € € R., there existsa d € R.,
such that v(A4) < ¢ for all A € &7 with u(A) < 4. =

§03.02 Remark. Evidently, © 1 v if and only if there are €2, 2, € &/ with Q = Q, [, and p(Q,) =
0 = v(9,), and hence if and only if » | p. Consequently measures i, v € (<) with L v
are also called mutually singular. The condition ¥ = 1, means the support of the meassure
v is contained in N € /. Note that v « ;4 and v | p imply together v(Q,) = 0, and hence
v(Q) = 0. =

§03.03 Lemma. Let v,y € M (o/) be measures on (S, o). If v is totally continuous with respect to i,
then v <« p. If v € M, (<) is finite, then the converse also holds.

Probability theory 17
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§03.04 Proof of Lemma §03.03. is given in the lecture. o
Reminder. For measures p, v € MM (o) we write v < 1 if v(A) < p(A) forall A € o . o

§03.05 Lemma. Let v, € 9, (</) be finite measures with v < [, then there exists h € NM,,,(«/) such
that v = hpu.

§03.06 Proof of Lemma §03.05. is given in the lecture. D

§03.07 Theorem of Radon-Nikodym. Let € 9, (/) be a o-finite measure and let v € M(</) be a
p-continuous measure, i.e. v < ji. Then v has a density f = dv/du € M_,(#) with respect to p,
that is, v = t .

§03.08 Proof of Theorem §03.07. is given in the lecture. =

$03.00 Remark. Let p,v € 9, () be o-finite measures with v « p and let f = dv/dp € M., (#) be a
p-density of v. Then Theorem §03.07 implies directly the usual chain rules:

(a) If g € M(«) is v-quasiintegrable, then v(g1,) = pu(gf1,) forall A € o7 .

(b) If p € M () is a o-finite measure with p « v « y then —B HE g/’: [L-a.e..

(c) If h e M,,,(«/) with h = ) ji-a.e. then T peae.. o

§03.10 Example.

(a) Continuous probability measures on (]Rk, %’k) as studied in the lecture EWS are probability
measures dominated by the Lebesgue measure X with corresponding (Radon-Nikodym-)
density.

(b) Discret probability measures on a countable set ) introduced in the lecture EWS are proba-
bility measures dominated by the counting measure ¢, and the mass function corresponds to
the (Radon-Nikodym-) density. Similarly, if {2 € R then the discrete measure 1 € 9 (%)
with mass function p as in Example §01.18 (c) is absolutely continuous with respect to the
counting measure ¢, € 9, (#) with (Radon-Nikodym-) density p. D

§03.11 Lebesgue’s decomposition theorem. Let i, v € O, (<7) be o-finite measures on (2, 7). Then
there exists a unique decomposition v = 1, + v, of v into two measures v,,1, € M(a/) such
that vy, < and v, 1 p is the p-continuous, respectively the ji-singular part of v. Moreover,
y,y, € M (o) are o-finite, and v, v, € M, (7) are finite if and only if v € I (/) is finite. 1, has
a p-density du,/dp € M_,(«) with dya/d,u € ]R;O j-a.e.

§03.12 Proof of Theorem §03.11. is given in the lecture. o

End LE06
2026/05/06

§03.13 Remark. If f = dy/du € M., («) is a p-density of 1 as in Theorem §03.11 then the positive
real function f := 1, , € M, («) is also a u-density of 1, since f = f p-a.e. In other words

f € M_,(«) is also a version of the Radon-Nikodym density of 1, with respect to ;.. Consequently,
without loss of generality we chose here and subsequently a positive real version of the Radon-
Nikodym density. Furthermore, given f = di;/du € M., («) let us define a numerical function
L := fly + ooly € M., («) with u(N) = 0 = y(N°) where {L. = o0} = N and the Lebesgue
decomposition writes v = Ly + 1, _, v, i.e. forall A € & we have v(A) = p(1,L) + v(An
(L = }). :

§03.14 Definition. Let v, u € 9, («) be two o-finite measures on (€2, ), where v « ;1 does not neces-
sarily hold. Any positive numerical function L. € M_,(«) satisfying

p(L =) = 0and v = Ly + Ty _ v (03.01)

18 Probability theory
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is called density ratio (DR) of v with respect to u, or p-density ratio of v. For probability
measures a density ratio is also called likelihood ratio (LR). o

$03.15 Lemma. Let v,y € M, (<) be two o-finite measures. Then the pi-density ratio L € M_,(«) of v
is unique up to (v + j1)-a.e. equivalence.

§03.16 Proof of Lemma §03.15. is given in the lecture. o

Alternative formulation of the theorem of Radon-Nikodym

§03.17 Definition. Let (2, <7, u_) be a measure space and let ¥ < M(«) be a class of numerical func-
tions. Any function g € M(«) satisfying the following two conditions

(eSl) f<gu-ae.forall feT;
(eS2) if h e M(«) satisfies f < h p-a.e. forall f € F, then g < h p-a.e.

is called a pi-essential supremum over F, symbolically g = pi-ess sup ;. f. O

§03.18 Remark. The p-essential supremum can be seen as an extension of the usual concept of the
supremum. If F is countable and p € 9, (=) is o-finite, then g := sup,.s [ satisfies the con-
ditions §03.17 (eS1) and (eS2), and hence sup ey f = p-ess sup feF f p-a.e. In contrast, if for
example ' = {1,,,,z € B} with uncountable B € % such that A(B) € IR.,, then the A-essential
supremum and the usual supremum differ. Precisely, supjcs f = 1p # 0 = A-ess sup,s f.  ©

$03.19 Lemma. Let ju € M («7) and F < M(«). Then:
(1) g := p-ess sup .y f exists and it is ji-a.e. uniquely deterﬁined, that is, if g € M(«) is a
solution of Definition $03.17 (eS1) and (¢S2) then also § € NM(«) with u({g # §}) =
(ii) There exists a sequence (f,),  in F with g = sup, . fn p-a.e.
(iii) If F is increasing filtered (for all h, k € F exists f € F with f = h v k), then there exists an
isotone sequence (f,) . in F with f,, 1 g p-a.e..

nelN

§03.20 Proof of Lemma §03.19. We refer to Witting (1985, Satz 1.102, S.105). o

§03.21 Lemma. Let i, v € M, (<) be finite and mutually not singular measures on (), <7 ). Then there
is Q. € of with u(%2) € R., ands e R withelg p < 1 v.

§03.22 Proof of Lemma §03.21. The claim is shown in Klenke (2020, Lemma 7.46, p.184) with help
of the Hahn-decomposition for signed measures. An alternative proof of the claim is given in the
proof of Bauer (1992, Theorem 17.10, p.117) exploiting Bauer (1992, Lemma 17.9, p.114). ©

$03.23 Lemma. Let v,y € M, () be finite with v < p. Set F := {f € M_,(«) : fu < v}. There
exists g € M_,(«) such that g = j-ess SUp peg f p-a.e.and v = gu, that is, g is a version of the
w-density of v.

§03.24 Proof of Lemma §03.23. is given in the lecture. o

§04 Measures on product spaces

§04|01 Finite product measures

§04.01 Reminder. Let Z be an arbitrary nonempty index set and let (S,,.%), i € Z, be measurable
spaces. The set 8, := X,.7 8, of all maps (s,),, : Z — U;erS, such that s, € 8, for all i € 7 is
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called product space or Cartesian product. We identify the map ¢ — s, and the family (s,),,. If

8. = 8 for all i € T then we write S’ := 8., and in case n := |Z| € N also 8" := 8" for short.
For every J < 7 the map

I, :8 3s :=(s),,— (s

1 )es =15, €8,

i€l
is called canonical projection and in particular for j € Z the map
I =110 8, 35, 1= (s.)

i€l — Sj € Sj

is called coordinate map such that X;c7 & = (,.; IL7'(€,) forall & = 8, and i € 7. o

§04.02 Definition. Let Z be an arbitrary nonempty index set.
(a) Let (€2,.27) be a measurable space and for each i € 7 let &/ < </ be a o-algebra. The

o-algebra
/\ﬂzﬂ% and \/42%:2 o)
€l 1€l icT (=

is respectively the largest o-algebra on (2, that belongs to all <7, i € Z, and the smallest
o-algebra on (2, that contains all <7, 1 € Z.

(b) Foreachi € 7T let (8,,.7) be a measurable space. The product-c-algebra
%= Q
€l

is the smallest o-algebra on the product space 8, = X;c7 8, such that for every i € Z the
coordinate map I, : 8, — 8, is measurable with respect to .7;-.7, i.e. II, € M(8.,8); that is,

I = QS =\ om) = \/T}().
€T i€l i€l
If (8,.%) = (8,.7) for all i € Z, then we also write ." := ., and .7" := .%" in case
n := |Z| € IN. The family (II,) _, is called the canonical process on (8;,.%). o

Consider now the situation of finitely many measure spaces (8,,.7, j1.), ¢ € [n], where n € IN.

§04.03 Lemma. For every i € [n] let & be a generator of the o-algebra . on 8, and let (&,,),. be a
sequence in & such that €, 1 8,. Then the product-o-algebra .7, = @iew 7 is generated by
the class of sets {Xc[n) € € € &, € [n]}.

§04.04 Proof of Lemma §04.03. is given in the lecture. o

§04.05 Remark. Let . = {(4,8,} and & = {J}. Let & = .% be a o-algebra on S, containing at
least 4 elements. Then the class of sets {7 x F: E e &} does not generate the product-c-algebra
S ® .#,. Consequently, the restrictive assumption on the generator in Lemma §04.03 cannot
simply be dispensed with. On the other hand side by applying Lemma §04.03 the product-o-
Algebra ., = ®ie[[n]] & is generated by the class of sets {Xie[, &:: € € A, i € [n]} o

§04.06 Definition. A measure p1,, € 9M(.%,) on (8, -4, is called product measure if

Py (Xiepy €) = iy ([ ILHE)) = [ [ mie) for €€, ieln].

i€[n] i€n]

In this case we write (X, 14 := py,- If j1, = p for all i € [n], then we write 1" := ;. o
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§04.07 Lemma (Uniqueness of finite product measures). For every i € [n] let & be a n-closed generator
of the o-algebra .7 on 8, and let (uC) (&,),.x be a sequence in & such that 11.(€,) € R., for
every k € N and €, 1 8. Then there is at most one measure ji,, € M(,) on (8, A,) with

M[[,L]] Xieln] 8 H p(&) for &€&, ie(n].
i€[n]
§04.08 Proof of Lemma §04.07. is given in the lecture. o

§04.09 Remark. Under the assumptions of Lemma §04.07 follows immediately that for every i € [n]
the measure ., € MM, () is o-finite. O

§04.10 Notation. Fori € [2] let (S,,.%/) be a measurable space. Forall £ € §, x §,, s; € §, and s, € §,
we denote with & = {s€ 8,: (s1,s) e &} S S,0r & = {s€8,:(s,50) €&} = 8, respectively,
the s;-slice or sy-slice of €. O

§04.11 Lemma. Forall £ € . ® .7, 51 € 8, and sy € 8, we have &, € .%, und " € .7,.

§04.12 Proof of Lemma §04.11. is given in the lecture. =

§04.13 Remark. Due to Lemma §04.11 p,(€,) and p,(€*) are well-defined for all € € A ® .7, 51 € §,
and s, € §,. O

§04.14 Lemma. Fori € [2] let u, € I, () be a o-finite measure on (8,,.7). Then, forall € € ./ ®.%,
the map (i,(€) : 51— [4,(E,) and p,(€) = g — f4,(€ deﬁned on 8, respectively 8, is positive
numerical, that is, j1,(€.) € M_,(%) and j1,(€") € M. (&

§04.15 Proof of Lemma §04.14. is given in the lecture. o

§04.16 Theorem (Existence of a product measure). For i € [2] let i, € M, (%) be a o-finite measure on
(8., 7). Then there exists a unique product measure fi, on (8, ;). Moreover, ju, € M, ()

is also o-finite and 1, (11,(&.)) = py (E) = p,(11,(€)) for all € € H,.

§04.17 Proof of Theorem §04.16. is given in the lecture. o

§04.18 Remark. The last statement can easily be extended to a finite product measure. It should be
noted that the parentheses in the products can be arbitrarily rearranged. Formally we identify the
product sets 8, ,; x 8, und 8, as usual with help of the bijection (s, ,;,s,) — s,, = (5,),.;,;- The
agreed equality of the sets implies then directly the equality of the corresponding products of
o-algebras .7, , ® .7, and .¥, and the associative property (®ie[[m]] S ® (®ie[[n—mﬂ L) =
Repny 7 form € [n —1]. o

§04.19 Corollary (Existence of product measures). For i € [n] let . € 9, (%) be a o-finite measure on
(8., 7). Then there exists a unique o-finite product measure i, € M, (Z,) on (81, H,)-

§04.20 Proof of Corollary §04.19. is given in the lecture. D

§04.21 Remark. For measures that are not necessarily o-finite, it is still possible to prove the existence,
but no longer the uniqueness, of a product measure. =
§04|02 Projective family

§04.22 Reminder. If (2, 7;), ¢ € Z, are topological spaces, then the product topology 7 on €2, is the
coarsest topology with respect to which all coordinate maps I, : €2, — (), are continuous. o
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§04.23 Lemma. LetZ be countable, for every i € I let S, be a separable, complete metric space (Polish)
with Borel o-algebra B, := P and let B; be the Borel o-algebra with respect to the product
topology on 8; = Xez 8. Then 8, is Polish and By, = B, = Q);o; B In particular, By = B'
forn e IN.

§04.24 Proof of Lemma §04.23. We refer to Klenke (2020, Theorem 14.8, p.303) or Bauer (1992,
Theorem 22.1, p.151). o

§04.25 Definition. Let 7 be an arbitrary nonempty index set and for any J < 7 let I1; be the canonical
projection on (8;,.%). For any & € .7, II;'(€) € . is called a cylinder set with base 7.
The set of such cylinder sets is denoted by Z, := {II;'(£): € e.#} < .%. In particular, if
€, = Xjeg & € S, then 111 (€) € . is called a rectangular cylinder with base J. The set
of such rectangular cylinders will be denoted by Zf = {II;'(E,): &, = Xjes &, € %} < .. For
every ¢ € Z let § < .. The set of rectangular cylinders for which in addition &, € & for
all j € J holds will be denoted by 2" := {II;'(&,): &, = X;cr £,,6, € &,j € J} = .%. Write

KRN}

2 :=J{Z,: J T finite} and similarly define Z" and 2"". al

§04.26 Remark. Every Z, is a o-algebra, and Z is a algebra where ., = o(Z). Moreover, if every & is
n-closed, then 2% is also N-closed (Exercise). =

§04.27 Lemma. Foranyi € I let & < . be a generator of .¥,.
(1) S =0Xjer & :8,€8,j€T) for every finite J < 1.
(i) .7 = o(2") = o(2™").

(iii) Let (Al) p € M () be a o-finite measure on (8;,.7;), assume (A2) every & is N-closed,
and (A3) there is a sequence (&), in 25" with €, 1 8, and (&) € R, forall n € IN.

Then i is uniquely determined by the values j1(A) for all A € 25"

nelN

§04.28 Proof of Lemma §04.27. (i) and (ii) are exercises. (iii) follows immediately from §01.28, since
2" is a n-closed generator of ;. =

§04.29 Comment. The condition (A3) in Lemma §04.27 (iii) is fulfilled, if p € 9M;(.#) is finite and
S, € & for every i € Z (compare Lemma §01.28). O

§04.30 Notation. For 7 € K < Z themap I} : 8 3 5. = (s),c — (5),, = s, € 8, is called
canonical projection, where evidently 11, = IT,. =

§04.31 Definition. For every finite 7 < Z let B, € 9t (.%,) be a probability measure on (S,,.7).
The familiy {I;: 7 < Z finite} is called projective or consistent if B, = . o (IT5)~! for all finite
JcKcl o

§04.32 Remark. Let P € 9 (%) be a probability measure on (8;,.%). Since II, = II} o II, the
family {I?, := P o I1;": 7 < 7 finite} is consistent. Thus, consistency is a necessary condition for
the existence of a measure IP on the product space with I, := IP o II;'. If all the measurable
spaces are Polish spaces then this condition is also sufficient. o

§04.33 Kolmogorov’s extension theorem. Let 7 be an arbitrary nonempty index set and let S, be a
separable and complete metric space (Polish) with Borel o algebra %, := P for all i € T.
Let {I2,: 7 < T finite} be a consistent family of probability measures. Then there exists a unique
probability measure P € MM (B,) on (8;, B;) with B, = P o 11" for all finite 7 < L. P is called
projective limit.

§04.34 Proof of Theorem §04.33. We refer to Klenke (2020, Theorem 14.39, p.319) o
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§04.35 Definition. Let P € 91 () be a probability measure on (S,,.%) for all i € Z. A probability
measure B € M () on (SI, ) is called product measure of the B, i € Z, if

B(()IL'(E) =] [BE) for &€, jeJ <1 finite.

jeJ JeJ
In this case we write X)., P := B. If P = P for all i € Z then P’ := R and P" := I in case
n .= ‘I| e IN. m}

§04.36 Remark. Let 7 be an arbitrary nonempty index set. For every ¢ € Z let S, be a separable and
complete metric space (Polish) with Borel o-algebra %, := %, and I € 9 (%) be a probability
measure on (8,, %,). For every finite 7 < Z let I, := (X),., I be the finite product measure of the

P, j € J. Evidently, the family {I2: 7 < Z finite} is projective. Making use of Theorem §04.33

there exists a unique product measure B := &), F € 9 .(£,) on (8;, %;). Considering the

canonical process (II,),, under B, all coordinate maps II, are independent, i.e. 1. _/II. o

§04|03 Integration with respect to product measures

§04.37 Notation. Leth : §, x 8§, — 8, be amap. Forall s, € §, and s, € §, we denote by /1., : 8, — &,
with s, — h.(s,) := h(s,s,) and /i* : 8§, — &, with s, — R*(s,) := h(s,,s,), respectively, the
s,-slice and s,-slice of h. o

§04.38 Lemma. For i € [3], let (8,,.)) be a measurable space. For all h € M(# ® #,5),s, € 8, and
s, € 8, we have h, € M(+, %) and I* € M(+, ).

§04.39 Proof of Lemma §04.38. is given in the lecture. o

§04.40 Theorem (Tonelli). Fori € [2] let u. € MM, (#) be a o-finite measure on (8,,.%). Then, for every
h € M.o(#®%) the map i, (1) = sy — p,(h*) and p,(h.) = s1 — pu,(hs,) defined on 8, and 8,
respectively, is positive numerical, that is, i, (h") € M., (#) and 1,(h,) € M_,(#). Moreover, it
holds

(1 ® ) = i (00)) = [ (0psls) = [ [ hlon.sa)m (s fdse)
= [th (s = (o)

§04.41 Proof of Theorem §04.40. is given in the lecture. o

§04.42 Definition. Let (€2, .27, ) be a measure space, (8,.7) be a measurable space, and N € <7 be

an p-null set. A function h : N¢ := Q\N — 8§ is called u-almost everywhere defined and
o - -measurable if k() < o orin equal h € M(«/,#) with h|ye = h holds.

$04.43 Remark. If h,g € M(«) and h,g € R p-almost everywhere, then the function g — h is u-
almost everywhere defined and .o -Z-measurable. This holds in particular if ¢ and h are -
integrable. Now, if f is R-valued, I, pi-almost everywhere defined with p-null set N and </ - B-
measurable, then there exists f € M(«) with f|ye = = f. Evidently, for any other fa € M(«) with
f2 ~e = f we have f f2 [1-a.e.. Consequently, if f and hence f2, is furthermore - 1ntegrable
then we define for f the integral p(f) = §fdp := p(f) = p(f). Finally, if h,g € M
are pi-integrable, then h — g € M(«) is p-almost everywhere defined, &/ —@—measurable, and

p(h —g) = p(h) — p(g)- o
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§04.44 Corollary (Fubini’s theorem). Let (8,7, 1,), i € [2], be o-finite measure spaces and h €
L', ®m). Then pi,(h) = 81 v~ p,(h,) is j1,-almost everywhere defined and -9 -measurable,
and [, (1) : s — 1, (h*) is p,-almost everywhere defined and .7,-%8-measurable. It holds that

i 00)) = [ 06 ds2) = (1, @ ) () = [ sl ) = ()

§04.45 Proof of Corollary §04.44. is given in the lecture. D

§04.46 Remark. The last statements can be easily extended to finite product measures, as in Re-

mark §04.18. o
End LEO8
§04.47 Theorem. For each i € [n], let (8,,.-7, i) be a o-finite measure space, T € M_,(#), and v :=
fu, € M, (7). Then the product measure y,; = X ¥ € M, (A,) is o-finite and absolutely
continuous with respect to the product measure [, = Rt 1, € M, (A,) with product density
®i€[[n]]ﬂ; = Hie[[n]] ﬂZ(H) € M_,(#,), meaning Y = ®i€ﬂn]] = ®i€[[n]] (f,/%) = (®ie|1n]]ﬂ;) Koy

§04.48 Proof of Theorem §04.47. is given in the lecture. =

§04.49 Reminder. Now, let v = B and ;1 = R be probability measures on (8,.#), where it is not
necessarily the case that P « P. Then any positive, measurable function L € M_,(#) with B, =
LR + 1,_,R and R(L € R.,) = 1is is a R-likelihood ratio of  (cf. Definition §03.14). Let
p € M () denote a o-finite measure such that P « u, i € [2], (for example, the finite measure
p=18+R), andlet f € M_ () be a u-density of I, i € [2]. Then

_ﬂ: —_—
L= g lien.y + Clig—gpnpren.) € Vo)

1

is a specific choice of the I -likelihood ratio of B. A B-likelihood ratio of I} is given by

'[]z _
(1/L) = 7 Lgery + Oligoojnem. ) € Maol?)

0

In the special case where B « B, the -likelihood ratio of g is a IR-density of |} and is -
determined. O

§04.50 Lemma. For each i € [n], let B, B, € M, .(#) be probability measures on (8,,.7]) with B,
density ratio L, of B,.. Then the product L. := X).yLi = er[[n] L(IL) is a density ratio of
R := Xy B with respect to B := X).py B

§04.51 Proof of Lemma §04.50. is given in the lecture. D

§04|04 Integration with respect to transition kernels

$04.52 Definition. Let (Q2,.<7) and (8,.7) be two measurable spaces. A map i@l : 2 x .¥ — R.,
is called a (o-)finite transition kernel from (€2, %7) to (8,.7) if it satisfies the following two
conditions:

(tK1) For all w € € the w-slice #, : . — R, with B — £,(B) := k(w,B) is a (o-)finite
measure on (8,.7), i.e. : Q — M (¥), respectively, : Q — M (), with
W K.

(tk2) For all B € . the B-slice k¥ : Q — R., with w — k”(w) := K(w, B) is positive,
numerical and </ -measurable, i.c. il : . — ﬁ>0(£f ) with B — &”.
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If for every w € (2, the measure in (tK1) is a probability measure, i.e. x, : @ — 9 (), and
hence x* : & — M, ,,(«), then k is called a Markov kernel.

If there exists o-finite measure v € 9 () and a function f € M_ (¢ ®.#) such that for every
w € () the w-slice £ € M_, () is a v-density of «, then f is called v-density of the transition
kernel k and we write K, = v : Q 3w — K, = v e M (7). o

§04.53 Remark. It suffices to verify condition (tK2) for sets from a n-closed generator & of . only,
which contains 8 or a sequence (&,),_ of setssuchthat £, 1 8. Then & := {B € .¥: x" e M_,(#)}
is a Dynkin system (exercise) with & < & < ., and from the 7-\-Theorem §01.11, it follows
that 7 = 0(¢) = .7. 0

§04.54 Lemma. Let k be a finite transition kernel from (2, o/) to (8,.), and let h € M. (« ®.7) be
positive numerical. Then the function r.(h.) : Q@ — R., defined by

w— k,(h) = Jh drk, —Jh( )R, (ds)

belongs to M_ (). If f is v-density of the transition kernel k, then
k.(h) = tv(h) = v(Eh) withw — v(fh) = Jhwﬁ dv = Jhw(s)fw(s)y(ds).

§04.55 Proof of Lemma §04.54. is given in the lecture. D
§04.56 Notation. For 1, € M_,(« ®.), thatis, D € & ® ., according to Lemma §04.54, the function
(D) = k((1p).) : @ — R., defined by

w K,(D,) = Iiw((]lD)w) = J]ID(w, S)K,(ds)

belongs to ﬁko(d ). O

§04.57 Lemma. Let (€2, 97, 1) be a finite measure space, (8,.) be a measurable space, and r be a
finite transition kernel from (2, 27) to (8,.7). Then there exists a uniquely determined o-finite
measure € M («/ ®.7) on the product space (2 x 8, ® .) such that

()t ©r)(D) = p(k.(D.)) for De 7 ®.7,

where forall A € of and B € ., we have

()t © YA x B) = p(145") = J k" dp = L K (w, B)p(dw).

A

If k is a Markov kernel and 11 is a probability measure, then 11 © k is a probability measure.

§04.58 Proof of Lemma §04.57. is given in the lecture. D

§04.59 Theorem (Tonelli/Fubini for transition kernel). Let (S, 97, 1) be a finite measure space, (8,.7) be
a measurable space, and k be a finite transition kernel from (2, o7 ) to (8,.7). If h € M_ (& ® #)
orh e £'(n®k) then

(@ R)) = (i) = [ w.(u(de) = [ ( [ hde)ua
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§04.60 Proof of Theorem §04.59. is given in the lecture. o

§04.61 Notation. Consider a probability space (2, <7, P), a measurable space (8,.7), and a Markov
kernel x from (€2, o7) to (S,.%). Due to Lemma §04.57, € M, (¢ ®.7) is an uniquely
determined probability measure on (2 x 8, .« ® .). Then we denote by

(Pr)S) := P(x*) = JHS dP = f,‘i(w,S)IP(dw), for Se .’

the marginal distribution J&i € 9 () on (8,.7) induced by P © k € M (o ® 7). o
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Chapter 2

Conditional expectation

§05 Discretely or continuously distributed random variables

§05.01 Reminder. Let (€2, .o/, P) be a probability space and B € </ with P(B) € R._,. For any A € &/

IP(An B)
P(AB) :=————€R,,
( ‘ ) ]P(B) € =
is called the conditional probability of A given B. D

§05.02 Property.

(i) Let (S, X) be a discretely distributed random variable assuming values in (8§ x X,25*Y)
and admitting a joint probability mass function p*™* : 8§ x X — [0, 1] with respect to the
product counting measure (. @ (_on 8 x X. For any s € 8 with strictly positive marginal
probability mass function p°(s) € R., of S at the point s the map

S,X(

X=X — [0, 1] with x — p*1¥=*(x) := p@s)
p [0,1] p** () 0

is a probability mass function with respect to the counting measure ¢, on X.

(05.01)

(i1) Let (S, X) be a continuously distributed random vector with joint probability density 5 :
R™™" — R., with respect to the Lebesgue measure X'~ on R""". For any s € R" with
strictly positive marginal density °(s) € R., of S at the point s the map

n ﬂ:S’X s
YIS0 2 R = Ry with 7 o £55-(2) 1= -0 0) (05.02)
5(s)
is a probability density with respect to the Lebesgue measure X' on R =

§05.03 Remark. Since the sets {s € 8: p%(s) = 0} and {s € R": f°(s) = 0} are null sets with respect to the
distribution P° of S, the functions p*¥=* and £*1°=* are indeed for P®-almost every s € & and
s € R" defined, i.e., defined outside a P°-null set only. We may arbitrarily choose densities on
those null sets, for example, the marginal densities p**=* = p* and ¥*=* = ¥, D

§05.04 Definition.

(a) Let (S, X) be a discrete distributed random variable with values in (8§ x X,2%*%). For
each s € § with strictly positive marginal probability mass function of .S at the point s, the

distribution denoted by il with probability mass function given in (05.01) is
called the conditional distribution (with conditional probability mass function) of X given
S = 5. For h € M_,(29) or h € £'(P**™), the quantity

— IPX\S:s(h) _ Z h(x)lelS:s(x) — Jthws dgx’

zeX

is called the conditional expectation of h(X) given S = s.
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(b) Let (S, X) be a continuous distributed random variable with values in R"™. Foreach s € R"
with strictly positive marginal density of S at the point s, the distribution denoted by [
with probability density given in (05.02) is called the conditional distribution (with

conditional probability density) of X given S = s. For h € M_,(#") or h € L£'(P"*™), the
quantity

=P () = J h(w) P15 (2) X' (dz) = fhf“-s dX

is called the conditional expectation of h(X) given S = s. D

§05.05 Remark. Let’s consider the continuous case (statements for the discrete case follow analo-
gously). For each h € L'(P*) we have {|n[f**dX" € R., for P°-almost every s € §. Con-
sequently, the conditional expectation E**=*(h) = P**=*(n) of h(X) given S = s as well as
the conditional density £¥/5=* exist for IP°-almost every s € 8, while on the corresponding
P°-null set we may define them arbitrarily. Thus, different versions (specifications) only dif-
fer on a P°-null set. We see later that we can choose a version in such a way that the map
s — @(s) := BY7(h) = P***(h) is measurable. In this case, for all B € &

E’(1pp) = P’(1pp) = J Ipp B dN = J p(s) f h(2) 5% (s, )X (dz) X (ds)
R R

= f Ap(s)h(x) £5(s, 2) X7 (d(s,z)) = PO&AX)) = B1pS)h(X)).

R

The measurability and the last equality are the starting point for the following more general ap-
proach, which allows us to cover both the discrete and continuous cases. The subsequent results
and properties can then be transferred to the conditional densities, distributions, and expectations
introduced so far. o

§05.06 Example.

(a) Let X = |W; — Ws] and S = W, 4+ W, where X represents the absolute difference and .S
represents the sum of the face values of two independent fair dices (W5, W3). Then, (S, X)
is discretely distributed with values in [0, 5] x [2, 12], and the conditional probability mass
functions of X given S = s are as follows:

S
ps=(z) |2 345 6 7 8 9101112 | p*(x)
1 1 1 6
o 1totolololo1r| &
1 o1ololtolo1o| L
2 2 2 2 8
1 1 1 6
3 oooiotolooo| &
2 2 4
4 jooo002020000]| &
5 0000000000 2
P°(s) |36 36 36 3 35 35 36 36 36 3 % | |
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(b) Let X and S be random vectors with

Y = ()S() ~ N, ., with yz = (/’ﬁ) e R and

Y X
X = ¥ 1 >0 (strictly positive definit),
Z:XS EX

hence X ~ N, ., S ~ N, ., and Cov(X,S) = ¥,; = ¥i,. The conditional distribution of
X given S = sisaN, ,  distribution with

Lhses i= iy + DysD5 (s — ps) € R™ and By, i= By — 8,5 Y > 0.

By definition, iy, is precisely the conditional expectation of X given S = s. To prove
this statement, we use the fact that for > > 0 we have X, > 0, > > 0 and also E :=
Yy — Uysds ey > 0, setting F:= X, Y5 it follows

Yo'+ FTE'F —FTE!
-1
by ( _E-lp o > 0.

For the joint density f, of ¥V = (S",X")" and the marginal density f, of S, withy =
(27, s7)" and normalisation constant ¢, we have:

o~ o {50 = I = )+ 3 - ) 6 - )
—cexp{ — 3o~ (m + F(s = ) ™z = (s + Fls = )}

Since figs_, = py + F(s — pis) and Xy s, = E the claim follows. X D

§06 Positive numerical random variables

In the following, let (2, <7, IP) denote a probability space, IE denote the expectation with respect
to P and .# < &/ denotes a sub-o-algebra of o7

$06.01 Reminder. M _ () denotes the set of all positive numerical random variables defined on (€2, .27).
Since .F < o, M_,(#) is a subset of M_,(«), and E(Y') is thus defined for any Y € M_,(#).

§06.02 Theorem. For every X € ﬁw( o), there ex1sts a solution Y € M>0( ) to the Radon-Nikodym
equation (1Y) = E(1,X) for every F' € %, where Y is unique up to P-a.e. equality.

End LE09
2026/05/15

§06.03 Proof of Theorem §06.02. is given in the lecture. o

§06.04 Definition. For X € ﬁw( <), any function Y : Q) — R., is called a version (specification)
) = V. if it satisfies the

of the conditional expectation of X given .% , symbolically i (X F
following two conditions:

(cEl) Y is .# %0 measurable, i.e. Y € M>0 ) and

(cE2) E(1;Y) = E(1;X) for every F € .#. (Radon-Nikodym equation)
Any function

DIQREDN : V() 3 X — E(X|F) € M.o(#)
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is called a version (specification) of the conditional expectation with respect to IP given .% . The
map implied by E ( e ‘5“ )

IA@IEAN : O x 7 — R., with (w, A) — P(A|F)w) := E(1,]|.7)w) (06.01)

is called a version of the conditional distribution of P given .% . For each A € </, we denote by
OB the A-slice of P( o |.7), thatis, P (A|.F) = E(1,|#) € M_,(#) due to (cEl). By
(cE2), every version P (A‘ﬁ ) is solution to the Radon-Nikodym equation

P(FnA)=P(1:P(AlF)) = f P (A|.Z)@P(dw) forall F € 7. o

§06.05 Remark. According to Theorem §06.02, for every X e ﬁzo(ﬂ), versions of the conditional
expectation of X given .# differ only on a P-null set. This property generally does not transfer
to versions of the conditional expectation with respect to IP given .%, as for every X € M_,(«),
we obtain a set of exceptions, and their union is generally not a IP- null set anymore. Considering
a version IP( !ﬁ ) of the conditional distribution of P given .%#, a desirable property is that
for every w € €2 the corresponding w-slice, i.e. the mapping I’( ¢ |7 )w) : & — [0,1] with
A P(A|F)w), is a probability measure on (€2, <), symbolically IP( .7 )W) € M, (). ©

§06.06 Reminder (compare Definition §04.52). Let (8,.7) and ({2, </ ) be measurable spaces. A map-
ping 0 8 x o — R, is called Markov kernel from (8,.7) to (€2, 7), if it satisfies the
following two conditions:

(Mk1) For all s € § the s-slice k, : &/ — [0,1] with A — £,(A) := K(s, A) is a probability
measure on (2, <7 ), symbollically [iM : S — 9, (<) with s — &_.

(Mk2) For all A € & the A-slice k* : § — [0,1] with s — K;A(s) = K(s,A) IS S -By -
measurable, symbolically . o — M, () with A — r* o

§06.07 Notation (compare §04.61). Consider the probability space ({2,.o/,P), the measurable space
(Q,.7) with sub-o-algebra % < &7, the restriction P, := P|sz of P to .% and an arbi-
trary Markov kernel ~ from (Q2,.% ) to (€2,.o7). Then due to Lemma §04.57 there exists
an uniquely determined probability measure on (2 x Q,.7 ® ) satisfying

(P, ©r)F xA) = P.(1pr") = f K(w, AP, (dw), forallAe o/, Fe.F
F
Ifh e M>0 F®o)orhe L(POk)then
(P ©r)h) = J J (w1, wa) K (w1, dwy) By (dwr)

(see Theorem §04.59). Moreover, we denote by e M . (/) with
(P.r)A) = (P Or)QxA) =PR(s") = J K(w, AP (dw), forall F'e ¥
Q
the marginal distribution on (€2, /) induced by P, © x € M (# ® «). If the Markov kernel x
satisfies

P(FAA)=(P.Or)FxA) = P.(lx") = Plx"), forall Ae o, Fe.F, (06.02)

and hence P,k = P € 91 () then ]P( o | F ) := k 1s a version of the conditional distribution of
PP given .%. Indeed, (cE1) holds since P (A|.#) = r* € M_,(#) for all A € &/, and by (06.02)
P (A|.#) = r" satisfies (cE2). In this case we write I>> © I’ (o |.7 ) where I’ (o |.7) =P. =
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§06.08 Definition.
(a) P (s|F) is called regular version of the conditional distribution of P given .7, if P (s|.% ) is
a Markov kernel from (2, .%) to (2, &) fulfilling (06.02), that is, the map r := P (¢ |.Z) :
Q x & — R, with (w, A) — k(w,4) := P(A|.Z)() satisfies the conditions (Mk1) and
(Mk2), and every A-slice k* = P (A|.Z) is solution to the Radon-Nikodym equation (cE2).
b)) E ( . ‘,35 ) is called regular version of the conditional expectation with respect to IP given .%,
if the by (06.01) induced version PP ( e |.#) of the conditional distribution of P given .7 is
regular, and for every w € ) the map E (o ‘ﬁ )(@) : M_y(«/) — R., is the expectation with
respect to the probability measure PP ( o ‘54‘ J@) e M, (). a

§06.09 Notation. If I ( . ‘ﬁ“ ) is a regular version of the conditional expectation with respect to P given
Z, and ]P( . |3¢’ ) is the by (06.01) induced regular version of the conditional distribution of P

given .%, then we use for X € M_,(«) both notations I (X F ) =P (X F ) as before. o

§06.10 Theorem.

(i) To every regular version of the conditional distribution of P given .7, there exists a corre-
sponding regular version of the conditional expectation with respect to P given ¥ that it
implies.

(i1) For any probability measure P on (]Rk, %’k) and sub-c-algebra % < A", there exists a
regular version of the conditional distribution of P given .7 .

§06.11 Proof of Theorem §06.10. (i) using the proof strategy of approximation with simple random
variables, (ii) Klenke (2020, Theorem 8.37, p.206) D

§06.12 Remark. Before we establish properties of the conditional expectation, we will construct ver-
sions of the conditional expectation or distribution in simple situations. It will be evident that
even a regular version of the conditional distribution is not unique, but in many situations of
interest to us, it is uniquely determined up to almost everywhere equality. o

§06/01 Simple conditions

We first consider a sub-o-algebra .# of .o/ generated by a single measurable set B € <7, that is,
F ={d, B, B%,Q} = o({B)).

§06.13 Reminder. Let (2,.o/,P) be a probability space. According to Theorem §02.02, there exists a
uniquely determined expectation £ : M_,(¢#) — R., with respect to P, which is (I1) linear, (12)
monotone convergent and (13) normed. o

§06.14 Conditional expectation. Let B € of with P(B) € R.,. Then
PAn~B
P(«|B): o — [0,1] with A — P(A|B) = % (06.03)
is a probability measure on (), o). Correspondingly, there exists a uniquely determined expec-
tation with respect to ]P( . ’B ) which we denote by ]E( . ‘B ) Due to (13) it satisfies

PAnB) E(L1)

VAed : E(14|B) =P(AlB) = PG - Pm) P (14|B).
Since for every X € M_,(«/) it still holds that X1, € M_,(«), the expectation ]E( . ‘B ) also
satisfies
_ E(X1,)
VX e M, () : E(X|B) = TB)B: P(X|B).
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If B° = Q\B € & with P(B") € R.,, then we can analogously consider the probability measure
P ( . |Bc) on (2, o) and the corresponding expectation It ( . ‘BC) with respect to IP ( . ‘BC). For

every X € M_,(¢) is then
E(X|Z):Q - Ry withw — E(X|.F) ) := E(X|B) 1w + E(X|B) 1)

measurable with respect to the sub-c-algebra ¥ = o({B}) = {J, B, B, O} < o, that is,
E (X|ff) is a simple numerical random variable on (2, % ), symbolically It (X}gz) e M_,(#).
For every w € €, either w € B and ]E(X‘ﬁ)(w) = E(X‘B) orw € B and E(X‘ﬁ)(w) =
E(X|B°), such that

E(e|F): My@) > M) with X — E(X|F) 1= E(X|B)1+E(X|B")1,.(06.04)

We note that given w € B, E( . |B) = ]E( . ‘9)(@. For every X € M_,(«), ]E(X‘ﬁ) is
particularly a solution of the Radon-Nikodym equation (simple verification!)

VFeZF : B(LE(X|Z)) = E(1:X). (06.05)

Thus, the mapping ]E( . ‘ﬁ ) in (06.04) satisfies conditions (cEl) and (cE2), and it is therefore a
version of the conditional expectation with respect to P given .. =

§06.15 Regular version. We further note that the version of the conditional expectation It ( . ‘ﬁ ) given
in (06.04) implies by (06.01) a regular version P ( . }ﬁ ) of the conditional distribution. Indeed,

the map K = IP(. ’ﬁ) : Q) x o/ — R., given by
(W, A) = K(w,4) := P(A|F)w) = P(A|B)1)[Blw + P (A4|B) 14),

satisfies the conditions (Mk1) and (Mk2), and hence it is a Markov kernel from (2, F ) to (2, ).
Consider (Mk1). For w € Q) either w € B, and thus k, = ]P( . ‘f)(w) = ]P( . ‘B) €M, (),
orwe B and k, = ]P( . |£Z)(W) = IP( . ‘BC) € M (7). Consequently, k, : Q@ — M ()
with w — k, = P(|Z)Ww), ie. every w-slice k, = P (¢ |F)w) is a probability measure
on (Q, 7). On the other hand, condition (Mk2) is fulfilled since every A-slice satisfies k" =
IP(A‘%) = ]E(]IAL?) € My (#), i.e. K : o — M, (F) with A — k" = ]P(A‘ﬁ). Moreover,
by (06.05), k* = P (A‘ﬁ ) = E(]l A‘ﬁ ) is solution to the Radon-Nikodym equation (cE2) for
every A € /. Consequently, the implied version IP( . ‘35 ) of the conditional distribution of P
given & given in (06.01) is regular. On the other hand, by construction, for every w € §) the
mapping E( o |f )(w) is the expectation with respect to the probability measure P ( o ’ﬁ )(@) so
that the version ]E( . ‘ﬁ ) in (06.04) is also regular. =

$06.16 Conditional distribution given a P-null set B. For B € & with P(B) = 0, P( « |B) and
hence also ]E( o | F ) as well as IP( o |F ) are yet not defined. Here and subsequently, we agree
on ]P( o ’B) = P and hence ]E( o ‘B) = IE. On the other hand side, since P(B") = 1 for all

X € M_,(¢) we have

o EB(X1,
E(X|B) = ];(Bc)) = E(X).

The mapping (06.04) becomes then
E(e|Z): M) 23X — E(X|F) := EX) e M.,(#) (06.06)

satisfying for all X € M_,(«) the conditions (cEl) and (cE2), that is, E (X ‘ﬁ ) e M_,(%) and
IE(]IFIEJ(X‘,;@)) = E(X)P(F) = E(1:X) for all F € .%. Consequently, ]E( . |f) = [E asin

32 Probability theory


https://creativecommons.org/licenses/by-nc/4.0/deed.de

§06 Positive numerical random variables Chapter 2 Conditional expectation

(06.06) is a version of the conditional expectation with respect to P given .% and the implied

version of the conditional distribution given in (06.01) is regular. Indeed, the map
k=P(e|F):Qxd 3w A) — kwA) :=P(A.F)w =P e [0,1],

is a Markov kernel from (Q, %) to (2, <) satisfying (Mk1) and (Mk2). Moreover, every A-slice

k" = P(A) is solution to the Radon-Nikodym equation (cE2). Consequently, IP( . ’ﬁ ) =P

is a regular version of the conditional distribution of P given .7 . By construction, for every

w € ), the map ]E( . ‘gf ) (w) = I is the expectation with respect to the probability measure
P(e|Z)(w) = I, and hence the version (o |.F) given in (06.06) is regular. o

$06.17 Comment. All statements made so far regarding E( s |.#) and P« |.%) apply to any sub-o-
algebra of . of the form .% = o({B}) with B € &7 . Obviously, in the situation where P(B) = 0
the choice IP( . }B) = P is arbitrary. The statements hold equally if we set IP( . !B) = P and
]E( . |B) .= I for any Pe M . (<) and expectation E with respect to P. Itis important to note
that in the situation where P(B) = 0, a different choice only changes E( ¢ |.%) and P ( o |.7)
on the null set B with respect to P, so E( ¢ |.#) and P ( « |.#) are unique up to equality almost
everywhere with respect to P. o

§06.18 Illustration. Consider the probability space ([0, 1), %), Us[0, 1)). The following graphs illus-
trate a random variable X e M(#,.) as well as the regular version of the conditional expectation
of X given . = o({B}) with B = [0,0.5) € B,

R

0 0.5 1 0 0.5 1
Q=10,1) Q=10,1)
R
— X
— E(X|o({B})
0 0.5 1 0 0.5 1
Q=1[0,1) Q=1[0,1)

[N
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§06/02 Countable conditions

We now consider a sub-c-algebra .# = o(?P) of &7, generated by a countable, measurable parti-
tionP = {B;:ieZ} < o, of Q.

§06.19 Conditional expectation. Letr P = {B;: i € T} < ., be a countable, measurable partition of
Q. Forany B € P with P(B) € R., we define P ( . ‘B) as in (06.03), and in case IP(B) = 0 we set
as before P ( . |B) := IP. Moreover, let ( . ’B) denote the expectation with respect to P ( . ‘B)
For F = o(P) the map

E(e|F): M) 53X —E(X]|Z) = ) E(X|B)ls € M.o(%) (06.07)

Be?

satisfies the conditions (cE1) and (cE2). The function f : Q — T withw — f(w) =i: < we B;
is F -2X-measurable, and for every X € M_,(«), the function g T — R.,withi—E (X }B ) is
2L-A ,-measurable. Consequently, (X |§ ) = go f e M.,(#) is a F -B.,-measurable function
and (cE1) is fulfilled. Moreover, for each F € .F exists J < T with F' = U ey Bjand

E(LE(X|F)) = Y B(lsE(X|F)) = > BE(1;E(X|B)))
JjeJ jeJ
= Y. PB)E(X|B)) = Y| E(l5X) = E(1;X), (06.08)
JjeJ JjeJg

hence, (cE2) is satisfied. Consequently, ]E( . ‘gZ ) as in (06.07) is a version of the conditional
expectation with respect to P given #. Furthermore, the implied version in (06.01) of the
conditional distribution is regular. Indeed, the map k = IP( . ’ﬁ ) : Q) x o — R, given by

(W, A) > K(w,A) == P(A|F)w) = E(1,|7)w) = Z P (A|B) 1)

Be?

satisfies the conditions (Mk1) and (Mk2), and hence it is a Markov kernel from (2, F ) to (Q, ).
For each w € () there exists a unique B € P with w € B and the corresponding w-slice satisfies
K, = ]P( . ’ﬁ)(w) = IP( . ‘B) € M (o). Consequently, k, : Q — M (o) with w —
K, = IP( . \f)(w), and (Mk1) is fulfilled. On the other hand, every A-slice satisfies k" =
P(Al.Z7) = E(1,|.7) € M), ie. &+ o — Myy(#) with A — " = P(A|F), and
(MK2) is fulfilled. Moreover; by (06.08), k* = (A‘/) = ]E(]IA‘J) is solution to the Radon-
Nikodym equation (cE2) for every A € o/ . Consequently, P ( ‘J) is a regular version of the
conditional distribution of P given .7 . By construction, for every w € 2, the map ]E( }32 )

is the expectation with respect to the probability measure P (o |.7 )(w), and hence the version
E( . ‘ﬁ) given in (06.08) is regular. O

§06.20 Illustration. Consider as in Illustration §06.18 the probability space ([0, 1), By, Ug0, 1)).
The following graphs illustrate a random variable X e M(#,,) as well as the regular version
of the conditional expectation of X given .7 = o(PY), j € [2], for the two measurable partitions

PO = {[=L D) ie 4]} and PP = {[L, L): ze[[8ﬂ}0fQ [0, 1).

4 74 8 78
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— X — X
(X!U ") (X\ff (P))
0 025 05 075 1 0 02 05 075 1
Q=1[0,1) Q=1[0,1)

§06|03 Induced conditional distribution

§06.21 Reminder. If X € M(«, %) is a random variable on a probability space (€2, o7, IP) with values
in a measurable space (X, 2"), then the image probability measure P* := P o X e M.(2)1s
also called the distribution on (X, Z") induced by X. o

§06.22 Definition. Let X € M(#,2) be a random variable on a probability space (2, <7, P) with
values in a measurable space (X, 2") and let % < &/ be a sub-o-algebra of <7 .

(a) For each version P ( . !9 ) of the conditional distribution of P given .%, the map
@AY : QO x 2 5 (w,B) — P (B|F)w) =P (X (B)|F)w eR.,

induced by X is called version of the conditional distribution of P* given % . By (cE2), for
each B € 2 every version ]PX(B ]ﬁ ) is solution to the Radon-Nikodym equation

P(X (B) n F) = P(P(X '(B)|#)1y) = P(P*(B|#Z)1,) for all F € .F

If in addition P*( e |.#) is a Markov kernel from (©2,.%) to (X, 2), then the version
]PX( . |§ ) is called regular.

(b) Given any version IE]( ‘J ) of the conditional expectation with respect to IP given .%#, for
each h € M_,(2) the random variable E (h‘f ) =K (h(X) ‘fi) e M_,(#) is called version
of the conditional expectation of h(X) given .# and the mapping induced by X

DA@IEAN : V0, (2) € h — E'(h|F) € M.o(#)

is called the conditional expectation with respect to P* given 7. By (cE2), every version
E*(h|.#) is solution to the Radon-Nikodym equation

E(h(X)1p) = EE(MX)|Z)1p) = B(E"(h|F)1r) forall F e F
The version ]E( . ‘ﬁ ) is called regular, if the implied version
P (¢|7):Qx Z 5 (w,B)— P (B|F)(w) :=E(13]F)(w) e Ry (06.09)

of the conditional distribution of P* given .Z is regular, and for each w € (, the map
E*( o |F)(w) : M.o(2) — R., is the expectation with respect to P*( o |.F ) (w). 0
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§06.23 Remark. The map P ( ‘ ) satisfies the condition (Mk2) for any version (. |ﬁ ) deﬁmtlon
(cE1). In addition let P (o |.% ) be a regular version, then every w-slice P (¢ | )(w) () is

a probability measure on (€2, <7 ) and by definition P*( o |.#)(w) = P (s \3" )(w )OX € impr(% )

is the image probability measure of IP( . ‘ﬁ )(w) under X. Therefore, P ( F
(Mk1), and hence, it is a Markov kernel. Consequently, the version IP ( |J) is regular, since
every A-slice P(A|Z) = E(1,|.#) is also solution to the Radon-Nikodym equation (cE2).

For any regular version ]E( ‘J) the induced version ]P( ‘J) and hence P ( ‘J ) is also
regular For each w € {2 by the transformation formula (see Lemma §02.27) the induced version

E*( o |.#)(w) is the expectation with respect to the image probability measure P*( o |F)w). o

) satisfies also

§06|04 Conditional expectation given a random variable

§06.24 Reminder. Let.# = o(S) be the sub-o-algebra in <7 generated by a random variable S defined
on (2, o7, IP) with values in a measurable space (8,.7), i.e., S € M(«,.). We denote as before
by P® the image probability measure of P under S, and by [E° the corresponding expectation.
IfYy e mw—(s)) is a positive numerical, o(S)-measurable, random variable, then there exists
0 e M, (#) withY = ¢ oS, thatis, Y (w) = ¢(S(w)) for all w € Q. The function ¢ is uniquely
determined by Y and S only on S(Q2) < 8. o

§06.25 Definition. For S : (Q,./,P) — (8,.%) let E (X‘O’(S)) e M_,(0(%)) be a version of the condi-
tional expectation of X € M_,(«) given o(5) and let ¢ € M_,(#) fulfil ]E(X ‘a ) = (9) as in

§06.24. := o is called version of the conditional expectation of X given S. By (cE2),
every version ]E‘S(X ) is solution to the Radon-Nikodym equation

E(Lg 15 X) = E(Ly 15 E(X]0(5)) = E* (1,E"X)) forall Be .7
Any map
: V() — M_,(#) with X — E"°(x)

is called version of the conditional expectation with respect to P given S. The induced mapping

18 x o — R, with (s, A) — P(4)(s) := E*(1)(s)

is called version of the conditional distribution of P given S. By (cE2), for each A € </ every
version P*(4) = E'(1,) is solution to the Radon-Nikodym equation

P(S(B) n A) = P*(15P"(4)) = f P4)dP° for all B € ..
B

If in addition P is a Markov kernel from (8,.7) to (€2, .27), then the version P is called
regular. Similarly, the version E"¥ E called regular, if the induced version P is regular, and
for each s € 8, the map E*(+)(s) : M_,(«#) — R., is the expectation with respect to P"*(s)(s) €
M (7). 5

pr

$06.26 Notation. Let X € M_,(«) and A € 7. For any version of the conditional expectation, respec-
tively, distribution with respect to P given .S we write also shortly = °(x)(s) and

S = P (s) for s € 8. A s-slice of P is thus denoted by P'* " : &/ — R., with
A — PP wh11e P"(4) denotes an A-slice of P". O
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$06.27 Property. For X € M_,(«) let ,(S) and ¢,(S) with ©,, ¢, € M.,(#) be two versions of the
conditional expectation It (X ‘U(S)) of X given o(S). By Theorem §06.02, we have ¢,(S) = ¢,(95)
P-a.e. and hence ¢, = @, P°-a.e. In opposite to E (X‘O’(S)), any version p does not only depend
on o(S) but also on the specific choice of the random variable S. D

§06.28 Remark. Let P ( . ‘O’(S)) be a version of the conditional distribution of IP given o(S) and let P

be an induced version of the conditional distribution of P given S. If P is regular, i.e. & := P"
is a Markov kernel from (8,.7) to (€2, o). Then the map

(w, A) = K (Sw), A) = P(4) = P(A]0(5)) (w)

is a Markov kernel from (2, o(5)) to (2, &), and hence P ( s |o(5)) is regular. Evidently, (Mk1)
and (Mk2) are satisfied, since Ky, = P ¢ M (<) for all w € €2 and the composition of
measurable functions is measurable. If S is surjective, then the converse also holds, because in
this case P (e |0(5)) determines uniquely P" (compare Reminder §06.24). o

$06.29 Example. Let S : (Q,.%7,P) — ({0, 1},2{%1}) be a simple random variable, that is, {S = 1} =
“1({1}) € . Since o(5) = o({S'({1})}) we follow Subsection §06/01 and a version of the
conditional expectation with respect to IP given o(S) is given by

E(o|0()) : My() — M.,(0() with
X = E(X|o(9) = E(X[ST({1}) L1y + E(X[ST{0}) Lsr g = 2(S)
and ¢ € M.,(2°") with
s = p(s) = B(X]|STH{1})) 1y (s) + E(X|STH{0})) Ly (5).

Consequently, E® = E (¢ [S71({1})) 1, + E(« [S7'({0})) 1, is a version of the conditional
expectation with respect to P given S where in particular E'*~" = E(e }S ({1})) and EIS=0 —

E(«]S71({0}). -

§06|05 Induced conditional distribution given a random variable

§06.30 Reminder. Let (S, X) be a random variable on (€2, .o/, P) with values in the product space
8 x X equipped with the product o-algebra .” ® 2 . We denote by P the joint distribution on
(8xX,Y®Z ) induced by (S, X),and by I, : § xX — X and Il : § x X — 8§ the coordinate
maps, where (s, z) — Il,(s,z) := z and (s,z) — Il(s,x) := s. The marginal distribution of
X and S satisfies P* = Po X! = P o (II,(S, X))™! = P** oIl;' and P° = P*¥ o II; ",
respectively. The random variables II, and II; are evidently surjective. Our goal is to introduce
a conditional distribution of X given S, using Definitions §06.22 and §06.25. Consider first a
version P (e |0(9)) : Q x & — R., of the conditional distribution of I given o(S) implying by
Definition $§06.22 a version ]PX( o O'(S)) A x 2 — E>D of the conditional distribution of P
given ¢(S) induced by X, which in turn induces by Definition §06.25 a version P*° : § x 2~ —
R., of the conditional distribution of P* given S. Note that P*( » |0(S)) is regular if P (o |o(S))
is regular (see Remark §06.28), but in general regularity of P*" is not implied. However, if
PEY (e ‘0 )) is aregular version on (Q := 8§ xX, & := ¥Q@2") of the conditional distribution
of P*Y) given o(11,), then by Definition §06.22 the version P ( {a(HS)) of the conditional
distribuuon of P* given o(IL,) induced by X := II, is regular, and by Definition §06.25 the
version P*® of the conditional distribution of P* given S := II; is also regular since II, is
surjective. o

$06.31 Definition. Let P** be the joint distribution of the coordinate maps (S := II;, X := II,) on
(8 xX,.7®D).
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(a) For each version ]PS’X( o }U(HS)) of the conditional distribution of P** given o(I), the map

I - S x 27 — R., with (s, B) — P*"(s, B) := ¢(s) and
P*(Blo()) = P* (I (B)]o(IL)) = (1L
is called version of the conditional distribution of P* given S. For s € § and B € 2
we denote by °*7 " and P (B) the s-slice and B-slice of P*'*, respectively, where every

B-slice satisfies P*'*(B) € M.,(#) due to (cE1). Moreover, by (cE2), P*'*(B) is solution to
the Radon-Nikodym equation

P**(A x B) = P*(1,P*¥(B)) = f P (B)dP’ forall A e.7.
A

If in addition P*'* is a Markov kernel from (8,.%) to (X, Z°), then the version P*"* is called
X|S

regular and P° O P = P (see Notation §06.07). If every s-slice P*'*~* e M. (2) of a
regular version P*" has a finite first absolute moment, i.e. P*°=" ¢ M. (2), then we write

- L P (dw).

(b) For each version E**( o |o(IL,)) of the conditional expectation with respect to P** given
o(1l,), the map
08 - MV, (2) — M_,(#) with h — E*(R) := ¢ and
E*(h|o(m)) = E™(h(IL)|o(L)) = o(IL,)
is called version of the conditional expectation with respect to P* given S. By (cE2), for all
h € M_,(2") any version EX‘S(h) e M_ () is solution to the Radon-Nikodym equation
E™ (A(IL) 1y 1) = B (L E™ ((IL) o(1L)))
— E'(1E"*(h)) forall B € ..

The version E*'® is called regular, if the implied version
P .8 x 2 — R., with (s, B) — P*(s, B) := E*(1)(s)

of the conditional distribution of IP* given S is regular, and foreach s € 8, themap 1" :=
E(e)(s) : M_,(2) — R., is the expectation with respect to P*'*~" e M (2"). o

§06/06 Properties

$06.32 Preliminary. Let (€2, <7, IP) be a probability space, # < &/ a sub-o-algebra and X € M, ().
A random variable Y € M_ () is solution to the Radon-Nikodym equation

(cE2) E(1,Y) = E(1,X) forevery F' € .%

if and only if BE(ZY) = E(ZX) for all Z € M_,(#). Moreover, for X € M_,(«) with X = X
P-ae., Y € M, (%) satisfies (cE2) if and only if E(1,Y) = E(1,X) for every F' € .%, and
hence E(X|Z) = E(X|.Z) P-ae.. Let Q € & < .F be n-closed generator of .7 = o(¢) and
E(X) € R.,. Y € M., (%) satisfies (cE2) if and only if E(1,Y) = E(1,X) for every E € &. By
Lemma §01.28 (note that 2 € & and XP(Q2) = E(X) € R.,) the finite measures XIP and YP
agree also on 7, i.e., (cE2) is satisfied, if they agree on &. =

38 Probability theory


https://creativecommons.org/licenses/by-nc/4.0/deed.de

§07 Integrable random variables Chapter 2 Conditional expectation

$06.33 Proposition. Let ¥ < .# < o be sub-c-algebras, X,Y € M.,(#) and let E( o |F) and
]E( . ‘% ) be versions of the conditional expectation with respect to P € I (/) given F and ¥,
respectively. Then:

() E(aX +bY|F) = aE(X|.F) + bE(Y|F) P-ae. forall a,b € R.,; (linear)
(i) E(X|Z) <E(Y|Z)P-ae.if X <Y P-ae; (monotone)
(i) suppey E(X,|#) = E(X|Z) P-ae. for all X,, 1 X in M_,(«); (monotone convergence)
(iv) ]E(lim iann‘gi) < lim mfIE(X |J) P-a.e. for all (X,,), . in M.y(«); (Fatou)

N /neN
n—o0

(v) forall Z € M_,(7) we have E(ZX|F) = ZE(X|F) P-ae.and E(Z|.7) = Z P-ae.,

in particular It (1‘ ) =1P-ae.
(vi) ]E( (X‘J)‘ ) ( (X!g)}fi) = ]E(X‘%) P-ae.; (tower property)
(vii) E(X|Z) = E(X) P-ae. if o(X) and .Z are independent; (independence)

(viii) E(X|.7") = E(X) P-ae. for 7" = {Ae &/:P)e{0,1}} and hence E(X|T) =
E(X) P-ae. for 7 = {J,Q};

(ix) BE(E(X].Z)) = B(X) (total probability)
§06.34 Proof of Proposition §06.33. is given in the lecture. o

§06.35 Theorem. Let B, € M (/) be probability measures with B « B, S € M(«,.7) and let ES°
and ! be versions of the conditional expectation with respect to B and |} given S. Then:

i) B« B’
(i) G = B B-ae.

(iii) If h € M_,(«) is B-quasiintegrable, then

ESh®y — 150 dR’® P d S0 — El‘s(h%’) s
1(@)_ 0()dEs 1'a.€.an 0()—Mﬁ_a.e_

Let IE e IM..(«) be another probability measure with ]E « P, let L and I be respectively a
likelihood ratio (LR) of P with respect to I and P* with respect to B°, where {L. = «0} and
{I° = o} is respectively the singular area of IE with respect to I} and ]NBS with respect to R°.
Then setting p = ]NB‘S (L € R>O) it holds that

@) B(L = o) = BY(If = o) + R((S)(1 - 9(5)));
v) B =Ty Rae.

§06.36 Proof of Theorem §06.35. (i)-(iii) is given in the lecture, for (iv) and (v) we refer to Witting
(1985, Satz 1.121, S.121) O

§07 Integrable random variables

$07.01 Reminder. Let (€2, .7, P) be a probability space, .# < &/ a sub-o-algebra and X € M(«)
a numerical random variable. Making use of the decomposition X = X — X with X =
Xv0,X :=(—X)v0e M, the expectation E(X) := IP(X) P(X") - P(X)is
deﬁned for any X with P(X ") AP (X ) € R.,. In the sequel let £L'(«,P) := L'(Q, &/ .P) = {X €
M« P(|X]) e ]R>0} and we denote by E : £'(«/.P) — R the unique expectation with respect
to ]P Since M(#) < M(«) we have L. (#.P) € L'(«,P). If X € L'(«/.P) then E(X") € R,
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and any version of the conditional expectation of X given .% satisfies ]E(X +‘ﬂ ) e M., (%)
due to (cEl) and by (cE2), any version ]E(X +|f ) is solution to the Radon-Nikodym equation
E(1,E(X'|#)) = E(1,X") forall F € .#. Note that with F' = Q2 we have in particular
EE(X'|Z7)) = E(X +) € R.,. Consequently, we can choose E(X |#) € M_,(#) and simi-
larly IE(X ‘J) € M_,(#). In this case, the random variable Y := E(X'|.#) — (X .7) €

M(#) is again solution to the Radon-Nikodym equation (cE2), where evidently Y € £'(Z.,P). «©

§07.02 Definition. For X e L£'(«.P), any function Y :Q - Ris called version (specification) of
the conditional expectation of X given .%, symbolically =Y, if it satisfies the
following two conditions:

(cEl) Y € L'(Z,P),ie. Y € M(Z) is P-integrable
(cE2) E(1,Y) = E(1,X) forevery F' € %. (Radon-Nikodym equation)
Any mapping

IAEIEBN : £(/.P)> X — E(X|F) e L(7,P)

is called a version (specification) of the conditional expectation with respect to P given .%.

( |£Z ) is called regular version of the conditional expectation with respect to IP given .#, if
the implied version IP ( ](? ) of the condltlonal distribution of P given .# asin (06.01) is regular,
and for every w € () the map ]E( ‘J ) : L'(«,P) — R is the expectation with respect to the
probability measure P ( o |.7) (w o

§07.03 Remark.

(a) Let X be arandom variable on (2, 7, IP) with values in a measurable space (X, Z") and let
F < o be a sub-o-algebra. We define similarly to Definition §06.22 (b) for h € £'(2",P¥)
a version E‘\’(h/‘c? ) e L'(Z.P) of the conditional expectation of h(X) given .% as well as a
(regular) version

RN L(2,PY) s h— EY(h|F) e L'(7,P)

of the conditional expectation with respect to P* given .F .

(b) Let S be a random variable on (2, &7, P) with values in a measurable space (8,). We
define similarly to Definition §06.25 for X € L£'(«,P) a version E'*(X) € L£'(,P°) of the
conditional expectation of X given S as well as a (regular) version

LN, P) 5 X s B¥X) € L7, P

of the conditional expectation with respect to P given S.

(c) Let (S, X) be a random variable on (€2, 7, IP) with values in a measurable product space
(8 x X, ® Z'). We define similarly to Definition §06.31 (b) for h € £'(2",P") a version
EY%(h) e L'(7,P°) of the conditional expectation of h(X) given S as well as a (regular)
version

o - £'(2.PY) 5 h > EYS(h) e £'(7, P

of the conditional expectation with respect to P given S. If similar to Definition §06.31
(@) P is a regular version of the conditional distribution of P~ given S, and if a s-
slice P*°= e M.(2 ) has, for example, a finite first absolute moment, then we write also

EREO) = PV (id, ) = §, 2P (dw). s
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§07.04 Theorem. Let X,Y € L\(«/,P) and F < o be a sub-o-algebra. For every version E( o |.F)
of the conditional expectation with respect to P given % the following statements hold P-a.e.

(i) IfaX +0bY € M (e ) for a,b e R, then ]E(aX + bY‘ﬁ) = aIE)(X’/) + b]E(Y|J) ‘(linear)

(i1) ]E(X\J) < (Y‘J) ifX<yY; (monotone)

(i) |]E(X’9)| < E(|XH35), (triangle inequality)

(iv) P(|S| = o) = 0 for every S € M(/) with E(|S||.#) € R., P-a.e.; (finite)

V) ¢(E(X|F)) <E((¢(X))|F) for every convex ¢ : R — R (Jensen’s inequality)
with X, ¢(X) € L', P);

(vi) lim,, o IE (Xn‘ﬁ) =K (X‘ﬁ’) P-ae. and in L'(<,P) (dominated convergence)

forall X,, — X P-a.e. with sup,. | X,| < Y.

If the version is regular and hence, ]E( !9 ) w) is the expectation with respect to the probability
measure IP( }J) ) for all w € $), then the statements (1)-(vi) hold for all w € ).

§07.05 Proof of Theorem §07.04. is given in the lecture. For a regular version (i)-(vi) are shown in the
lecture EWS. o

$07.06 Theorem. Let X,Y € L'(«/,P) and let ¢ = F < . be sub-c-algebras. For every version
]E( . ‘ﬁ ) and ]E( . !g ) of the conditional expectation with respect to P € MM (o) given % and
94, respectively, the following statements hold

(i) E(Xz}g?) ZE(X|.F) P-a.e. for all Z € M(#) with E(| X Z|) € R., and
E(Z|%) = E(Z|o(2)) = Z P-ae. forall Z € L'(F,P);

(ii) ]E( ( ‘ )}%) ( (X!%)}ﬂ) = ]E(X‘%) P-ae., (tower property)
(i) E(X|ZF) =

(iv) E(X|7) = ( ]P-a.e.for? = {Ae o |P4) e {0,1}};

v) E(E(X|Z)) = E(X). (total probability)
In addition let S : (Q,ﬂf) —(8,),T:(Q,o)— (T,T). Then

(vi) En(8)X) = hE"(X) P®-a.e. for h € M) with E(|h(S)X]|) € R.;

(vii) E¥"(xy) = E¥XOE"(v) PP -ae. if (X,S) and (Y, T) are independent.

§07.07 Proof of Theorem §07.06. is given in the lecture. =

E(X) P-ae. if o(X) and F are independent; (independence)

§07|01 Regular versions

§07.08 Reminder. Let (S, X)) be a random variable on (€2, <7, IP) with values in the measurable prod-
uct space (8 x X,.¥ ® Z7). A regular version P*"* of the conditional distribution of P* given
S, if it exists, is a Markov kernel from (8,.7) to (X, Z"), which is a solution to the Radon-
Nikodym equation P° © P*"* = P**, that is, for every B € 2" hold

P(S7(A)n X7I(B)) = P (A x B) = P (LiP""(B)) = L P**(B)dP® ¥ Aes.

Often it is useful to consider, in addition to P, a regular version P**® of the conditional

distribution of P** given S defined as a Markov kernel (s, D) — P***~*(D) from (8,.7) to
(8 x X, ® Z), which is for every D € .¥ ® £ solution to the Radon-Nikodym equation

P((S,X) YD) n S7YB)) = P (D n (B x X)) = P*(P**(D)1)
— f P***(D)dP® V¥ Be.”.
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Then the conditional distribution P*'* arises again from the conditional distribution P**'* as the

marginal distribution according to P**(B) = P***(8 x B), B € 2°. We further denote with
D, = {xeX:(s,z2)e D} or h(r) := h(s,z) the s-sliceof D € 8§ x X orh : § x X — R,
respectively, for a given s € 8. o

§07.09 Theorem. Let (S, X) be a random variable on (), o/ , P) with values in (8 x X, ® Z"). Let
P be a regular version of the conditional distribution of P* given S.
(i) The map (s, D) — P**°=*(D) := P*=(D,) is a regular version of the conditional distri-
bution of P> given S.

(i) Ifh € M(# ® 2) is P**-quasiintegrable, then
P (h) = Jhs AP =P (h)  forPP-ae.s €8,

aswell as forall Ae .¥ and Be 2
P (hlaep) = P*(LP P (1ph)) = J ( J h, dP*) P (ds).
A JB

§07.10 Proof of Theorem §07.09. is given in the lecture. D

$07.11 Remark. Intuitively, it is tempting to write P*"*( f5) for P™**(f). However, this is not jus-
tified because P*°( f5) cannot be obtained as an .#’-measurable solution of a Radon-Nikodym
equation, and thus cannot be formulated in the usual way as a conditional expectation (see Wit-
ting (1985, S.125) for further discussion). On the other hand, for simplification in computation,
f(S, X)) can be replaced by f(s,X) in the integrand, so the symbolic notation S = s can be
understood as substitution. The justification for such substitution follows from the fact that
(s,D) — P**7(D,) is a regular version of the conditional expectation P***'* (under the as-
sumptions of Theorem §07.09). For D = {s} x X, it follows that P“**=*(D) = P¥*=*(X) = 1
for P°-a.e. s € 8. Thus, the conditional distribution P**'* concentrates on the set {S = s} for
P’ ae. s€e8. 0

§07.12 Example.
(a) Let X, S € £'(«,P) be independent. Then P-a.e. hold

E(X + S|o(9) = E(X|o(9) + E(S|o(9)) = E(X) + S.

More general, let f € M(¥®2) be P**-quasiintegrable. Since X IS (see also Theo-
rem §07.13 below) the Markov kernel (s, B) — P*(B) from (8,.7) to (X, 2) is a regular
version of the conditional distribution of P* given S. Making use of Theorem $07.09 (ii) it
follows that E~(f(5, X)) = P**=*(f) = P*(f,) = P(f(s, X)) for P*-ae. s € 8.

(b) Let (X,),,, be an independent family in £'(</,P) with E(X,) = 0, i € [n]. For m € [n] set
Z, = o0((X),,,) and S, := Zieﬂmﬂ X, then P-a.e. holds

E(S|Z) = D) E( ZX+Z =

i€[n] ie[m] ie(m,n]

Since o(S,) € %, from Theorem §07.06 (ii) follows P-a.e.

E(S|o(s.) = E(E(S,

Z)|o(s.) = E(S,

0(8,) = S,. o

§07.13 Theorem. Let (S, X) be a random variable on (2, o7, P) with values in (8§ x X, ® Z).
If there exists a regular version P of the conditional distribution of P~ given S, then the
following three statements are equivalent:
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(i) X and S are independent under P, symbolically X 1LS.
(i) There exists a version P~ which is independent of S.
iy PX° = P* P-ae.
If X ALS then for each g : (§ x X,.¥ @ X°) — (T, 7 ) there exists a P*-null set N such that
PEVEE(C) = PO forall C € T and s € N©.

§07.14 Proof of Theorem §07.13. (i)<(ii)<>(iii) is an exercise, for the addendum we refer to Witting
(1985, Satz 1.129, S.130). O

§07|02 Conditional density

$07.15 Preliminary. An explicit representation of a regular version of the conditional distribution P*
of X given S, and thus a way to demonstrate its existence, can be provided when the joint
distribution has a density with respect to a product measure of o-finite measures. We still denote
by D, := {z € X: (s,z) e D} or f.(x) := f(s,z) the s-sliceof D = 8§ x X or f : § x X — R,
respectively, for a given s € 8§, and by [“(s) := f(s,x) the z-slice of f for a given x € X. o

§07.16 Definition. Let (.S, X') be a random variable on (2, 7, P) with values in (8§ x X,. ® Z)
and P « (v ® p) with (v @ p)-density f := dP“"/d(v @ p) € M., (# ®2) for o-finite
measures 4 € M (2°) and v € M (7). We denote by % € M_,(2) and ° € M_,(#) version
of the marginal p-density and v-density, respectively, that is, ¥(s) = {f dp = u(f) for v-a.e.
s € 8 and ¥ (x) = v(f*) for p-a.e. x € X. The (¥ ® £ )-A.,-measurable map

= (/F) Lper ) + T Loy : 8 x X — R with

f(s,x
(S,l’) — 'ﬂ:X‘S<S,.T) = ﬁﬂ{p(s)e]}{w} + ﬂ:X(.fIf)]].{ITS(S):O} (()7()1)

is called regular version of the conditional ji-density of P* given S. A s-slice of 15 € M_, (¥ ® 2)
is again denoted by *°~* € M_,(2). o

§07.17 Theorem. Under the assumptions of Definition $07.16 we have
(i) The Markov kernel (s, B) — P~ (B) = £¥15=°1(B) = p(1,F5=*) and
(s, D) = P*7(D) = P7(Dy) = £ u(Dy) = pu(1p, F) = f P dy

define regular versions P*"° and P> of the conditional distribution of P* and P> given
S. In particular, 55 is a p-density of the Markov kernel PX°, i.e. P*° = XI5,

(ii) If h e M(# ® 2) is P'*")-quasiintegrable, then
P (h) = p(h X5 = #55=u(h)  for PP-ae.s €S,
aswell asforall Be & and A e .

P (hly.s) = v (LEFP 5 (1h,) = J 1 (Lh 57 £ (5w (ds).

§07.18 Proof of Theorem §07.17. is given in the lecture. D

§07.19 Remark. The terms introduced in Definition §05.04 (a) and (b) can now be incorporated into
the more general approach. To this end, let (S, X) be a random variable with a joint distribution
P**on (8§ xX,.7®@%).
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(a) Let 8 x X be countable, hence (S, X) is discretely distributed, as in Definition §05.04 (a).
The mass function p*® : 2* ® 2% — [0, 1] given by

5. X (

p** (s, x)
(z,x) —» p*P(s,z) = T]l{p ver_y TP (@) L ()=o)

p°

defines a regular version p*'* of the conditional (_-mass function of P given S. A s-slice

of p*I¥ € M_,(2* ®2) is again denoted by p*“* € M_,(2). The Markov kernel P*"* = p*I5¢_
from (8,2%) to (X, 2%) with (,-mass function p*!* satisfies (cE1), i.e. P*"¥(B) e Mo (2°),
and (cE2), because for every B € 2% and A € 28

P* (A x B) = > > p*(x,s) = > p*(s)P""(B) = P*(LLP*"(B)).

s€A xeB seA

(b) Let (S, X) be continuous distributed with values in (R™*" 2™"™"), as in Definition §05.04
(b). The #"""-2.,-measurable map

5% (s, x)
f(s)

defines a regular version X1 of the conditional X -density of P given S. A s-slice of
XI5 e M_,(#"") is again denoted by %~ € M_,(#"). The Markov kernel P*"* = f¥IsX’
from (R, #") to (R", ") with X'-density £¥/* satisfies (cE1), i.e. P*"*(B) € M,,(#"), and
(cE2), because for every B e %" and A e #"

(s,2) — (s, 2) = Lygs (gyem_y + 1fX(@")]l{ffS(s)—o

P (A x B) — L JB 5 (s, 2) X' (dz) " (ds)

- J ()P (B) X" (ds) = P*(LP"(B)) o
A

§07.20 Corollary. Under the assumptions of Definition §07.16 X and S are independent under P,
symbolically X 1LS, if and only if, £¥15= = £X p-a.e. for P-ae. s € 8.

§07.21 Proof of Corollary §07.20. The claim follows directly from Theorems §07.13 and §07.17. o

§07.22 Example.

(a) By Corollary §07.20 in Example §05.06 (a) X and .S are not independent, since, for instance,
p*ls=2 £ p¥ with P°({2}) = p°(2) = 1 /36 € R.,. On the other hand, in Example §05.06 (b)
X and S are independent, i.e., p** = p¥ P°-a.e., if and only if ¥ xg = 0, that is, if X and S
are uncorrelated.

(b) Fora e R.,let X ~ Exp, and Y ~ Exp, be independent. Then X and S = X + Y are not
independent, since P*"°~* = U, for A-a.e. s € R.,. In contrast, W := X /(X +Y) and S
are independent, since P = Uy, A-a.e. (exercise). a

§07|03 Best prediction

§07.23 Preliminary. Let (H, (-, ) ) be a Hilbert space, let |||, denote the induced norm, and let U be a
closed linear subspace of H. For every element / € H there exists a uniquely determined element
up € U with ||h — up|l;; = infyeu||h — ul|y,. The map II, : H — U with h — IL,(h) := uy is
called orthogonal projection. If U+ denotes the orthogonal complement of U in H, then for all
h, g € H hold:
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(a) II, o II, = I1,, (projection)
(b) h—TI,(h) € UL, (orthogonal)
(¢) h = II,(h) + (h — II,(h)) unique decomposition of & into an orthogonal direct sum of

elements from U and U+,

(d) I, is linear and self-adjoint, that is, (I1, (%), g, = <(h, IL,(9)),- o
§07.24 Property. L'(Z.P) is a closed linear subspace of L'(</,P) for every sub-c-algebra F < &. ©

§07.25 Lemma. Let F < & be a sub-c-algebra and let E( . ‘f) be a version of the conditional
expectation. Then IE( . ‘ﬁ ) . Lo/, P) — L(Z.P) is a orthogonal projection, that is, for all
X e (. P)and Y € L'(F,P) we have

IX =Y = B(X - Y[*) > E(X - BE(X][F)]*) = | X - E(X|7) ]

where equality holds if and only if Y = I (X’ﬂ) P-ae.
§07.26 Proof of Lemma §07.25. Exercise. o

§07.27 Comment. Let S : (Q,47) — (8,.) and ¢ € M() such that ]E(X‘Y) = ¢(S). By
Lemma §07.25 we have E(|X — ¢(5)|*) < E(|X — h(5)]*) for any h € L7, P°). ¢(9) is
called best prediction of X by S. In the lecture EWS we have shown for any S € £* with
Var(S) € R, that a*S + b* = B(X) + G255 (S — B(S)) satisfies B(|X — (a*S + b)[) <
E(]X — (aS +b)[") for all a,b € R. a*S + b* is called best linear prediction of X by S.
Evidently, any best prediction, which is also (affine) linear, is a best linear prediction, but the

converse does generally not apply. o

§07.28 Example.

(a) Let X and S be jointly normally distributed (as in Example §05.06 (b) withn = m = 1).
If Var(S) € R., then the best prediction and the best linear prediction coincide, that is,
E(X|o(5)) = px + SxsEg' (S — ps).

(b) Let U and S be independent and identically N, -distributed, and let X := S? + S + U.
Then E(X‘O’(S)) = S5? + S is the best prediction of X by S (use Example §07.12 (a)).
Its mean squared prediction error satisfies E (| X — E(X|0(9))[*) = E(U)* = 1. The best
linear prediction of X by S is in this case Z* = S + 1, since Cov(X,S5) = 1, E(X) = 1,
Var(S) = 1 and E(S) = 0. Therefore, we have E(|X — Z*|*) = E(S*) + E(U?) —
2E(S?)+1=3>1=E(|X — E(X]|o9)]*). o

0720 Lemma. Let p € R.,, let & < </ be a sub-o-algebra and let ]E( . ‘9) be a version of the

conditional expectation. Then the linear map E( . ‘35 ) : Lo, P) — L'(F,P) is a contraction,
that is |E(X|.Z)||» < | X || for all X € £'(«/.P), and therefore it is bounded and continuous.

Consequently, (IE (Xn\f/\))

. converges in L'(Z,P) for every in L'(«/,P) convergent (X,,), -

§07.30 Proof of Lemma §07.29. is given in the lecture. o

$07.31 Reminder. A family (X;);cz of random variables in £'(«,P) with arbitrary nonempty index set
7 satisfying

inf {sup P (| X;|Ljjx,20)): a € Reo} = 0
1€l

is called uniformly P-integrable (see Definition §02.39). D
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§07.32 Lemma. For any nonempty index set T and J let (X;)iez be an uniformly P-integrable family
of random variables in £'(«/.P) and let (F 7 )jeg by a famzly of sub-o-algebra of /. Then the
Sfamily ( (X ’J ))zez e is uniformly P- zntegrable in £'(«/.P). In particular, for X € L'(«/,P)

and J = {F: Fis sub-o-algebra of <7 }, the family ( (X‘ﬁ))
Lo, P),

FeT is uniformly P-integrable in

§07.33 Proof of Lemma §07.32. Klenke (2020, Corollary 8.22, p.199) D

§08 Bayes approach

§08.01 Preliminary. Consider a statistical experiment (X, 2", R := (R),.), where i} € 9 (2°) for
every 6 € © by definition. In addition let (O, .7") be a measurable space. Consider the map

P:0 x 2 — [0,1] with (6, B) — B(B).

Evidently, for each § € © the map i} : 2" — [0, 1] (the 6-slice of ) is a probability measure,
ie. B e M (2). If for each B € 2 the B-slice R(B) : © — [0, 1] of B with § — B(B) is
T -B,,-measurable, i.e. B(B) € M, ,(2), then I satisfies the conditions (Mk1) and (Mk2) (see
Reminder §06.06), and hence it is a Markov kernel from (0, .7) to (X, Z"). o

§08.02 Definition. Let (X, 2", R) be a statistical experiment, (©, 7 ) a measurable space and E with
(0, F) — B(F) a Markov kernel from (©,.7) to (X, 2"). Let ¥ be a (0, .7 )-valued random
variable such that the parameter € © can be seen as realisation of 1. The probability measure
P’ € M, .(7) of ¥ on (©,.7) is called a-priori distribution of the parameter § and we denote
by E’ the expectation with respect to P”. D

$08.03 Reminder. A Markov kernel P from (0,.7) to (X,2") and an a-priori distribution P’ €
M .(7) determine uniquely (compare Lemma §04.57) the joint distribution P = P’ O R €
9M..(7 ® 2°) on the measurable space (O x X,.7 ® Z") where forall A€ .7 and B € 2 hold

P* (A x B) = (P"OR)(Ax B) =P’ (ILR(B)) = f B(B)P’(d6).
A
The marginal distribution P* := P’ of X on (X, .2") induced by P is given by

P'(B) = (PR)(B) - P (R(B) - | R(B)P’ = [ R(BIP'(@9)

for all B € 2" (compare Notation §06.07). =

§08.04 Definition. Let (X, 2", R) be a statistical experiment, (6©,.7) a measurable space, (¢, X) a
random variable with values in (© x X,.7 ® Z°), P’ € 9,.(7) an a-priori distribution of v

on (©,.7), and P a Markov kernel from (©,.7) to (X, 2"). The joint distribution P*~*
]P O R of (9, X) is determined by the regular conditional distribution P*"” := P of P* given

¥ and the a-priori distribution P”. A regular version of the conditional distribution &l of

P’ given X, if it exists, is called a-posteriori distribution of ¥ given X. If for every z € X
the a-posteriori distribution P’"*~" has a finite first absolute moment, then the random variable
IDREN = P (9) with z — E*(9) := P (9) := P"™(id,) = {, 0P""""(d0) is called
a-posteriori expectation of 9 given X. o
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§08.05 Notation. Let (X, .2",2) be a statistical experiment, (O,.7) a measurable space, and I a
family of probability measures dominated by a o-finite measure 1 € M, (2°) (B « p for all
0 € ©) with corresponding p-densities (f)),., in M_,(2). Let in addition f, : © x X — R.,
with (6,2) — f(z) be a (T ® 2 )-A.,-measurable function, i.e. f, € M_(7®2). A f-slice
and z-slice of f we denote by f, € M _,(2) and (x) € M_,(7), respectively. Then, by Fubini’s
theorem

L 0@ x 2 — [0, with (6, 8) — R(B) = fu(B) = n(1sf) = | f s
B

is a Markov kernel from (0, .7 ) to (X, Z"). Evidently, f. is the /i-densiry of the Markov kernel 2
(see Definition §04.52). Consider a random variable (¢, X') with valuesin (O x X, .7 ® Z"). Let
the a-priori distribution P° admit a v-density ? with respect to a o-finite measure v € 9%,(7).
The joint distribution P** = P” ©® P*" (determined by the regular conditional distribution
P*” .= P and the a-priori distribution P”) is dominated by the product measure v ® p €
M (7 ®2) with (v @ 1)-density

1 e M_(7®2) with (0, z) — 7 (0)f (x).
The marginal distribution * = P’P e 9 (2) of X is dominated by p € 9, (2°) with /-
density
e M_,(2) with x — % (x) = v({(2)f’) = fﬁ(m)ﬁﬂ dv = J f(2)f°(0)v(d0).
©

The (2" ® 7 )-%.,-measurable function given by

A58 X x © = R., with

f
(2,0) — F¥(2,0) := - Dieny + T () Lexpymgy  (08.01)

is a v/-density of the Markov kernel "™ := 7“1 from (X, 2") to (6, .7), that is,
P = X ) T — [0,1] with (z, F) — PTY(F) = 257 (F) = p(L0757),
where 7"~ € M_,(7) denotes a x-slice of 7 € M_,(2 ® 7) (see Theorem §07.17 (i)). o

§08.06 Corollary. Let (X, 2", R) be a statistical experiment, (©, .7 ,v) a o-finite measure space, and
R a Markov kernel from (©, ) to (X, Z") with j-density § with respect to a o-finite measure
p € M(2). Consider a random variable (X,9) with values in (X x ©, 2 ® 7). Let the
a-priori distribution P° of 9 admit a v-density ° and let P*° := P’ © R be the joint distri-
bution of (X,9). The Markov kernel P*™ from (X, Z°) to (©, ) with v-density )X given in
(08.01) is then a regular version of the conditional distribution of P’ given X, i.e an a-posteriori
distribution of 9.

§08.07 Proof of Corollary §08.06. Follows directly from Theorem §07.17 (i). =

End LE12
2026/05/27
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Chapter 3

Stochastic processes and stopping times

§09 Stochastic processes

In the sequel let (2,27, P) be a probability space, (X, Z") a measurable space and 7 be a
nonempty index set.

§09.01 Definition. A family (X, ), of random variables on (2, <7, P) with values in (X, .2") is called
stochastic process with time domain 7 and state space X. A stochastic process (X,),_, is called
time-discrete (or time series) if T < 7 and time-continuous if (a,b) < T < R for numerical
numbers a € R and b € R.,. For each fixed w € © the family (X, (w)),., is called sample path
(Pfad), trajectory (Trajektorie) or realisation (Realisierung) of (X,),.,. f T = Z.,or T = R.,
the law of X, is called initial distribution. o

§09.02 Example. Let (Y]),, be asequence of independent and identically distributed (i.i.d.) Rademacher
random variables on a probability space ({2,.o/,P), that is Y, takes values in {—1,1} with
P(Y, = -1) =12 =P, =1). Set X, := Oand X, := >}, Y, forn € N. The time-
discrete stochastic process (X,,),., with state space (Z, 2%) is called symmetric simple random
walk on Z. o

§09.03 Remark. Since we are interested in the behavior of the family of random variables (X,),., and
not a single random variable X,, we consider X, := (X,),.. as a random variable taking values

in the product space (X', 2"") (compare Definition $§04.02). Then the map

X, Qowe X, w) = (X,w),, X

teT

is -2 " -measurable, i.e. X, € M(#,2"). We denote by P := P o X, the distribution
of X, i.e., the image measure of P under X on (DCT, Z T). The questions of interest to us
in the following will depend only on this distribution, so it is not a limitation to assume that
(f)CT, Z T, IP*") is the underlying probability space and that each component X, of the stochastic
process correspond exactly to the coordinate map I, (see Reminder §04.01 and Notation §04.30).
If X, = (X,),, is a stochastic process on an abstract probability space (2, <7, P), then the
canonical proces 11, = (I1,),., of coordinate maps II, : X7 — X form a stochastic process
defined on (DCT, Z T, ]PXT) that has the same distribution as X. A characterisation of the dis-
tribution of a stochastic process is often complicated and it is generally not given by an explicit
formula. Therefore, we are interested in characterizing it using the distribution of the individual
random variables X,. O

teT

$09.04 Definition. Let X, — (X,),_, be a stochastic process with distribution P on (X", 2°"). For
each finite 7 < 7T let P* = P := P o II;* be the joint distribution of the random variables

X, = (X,),., = II,0X,. The family of probability measures {I" = P* € MM (X”): 7 < T finite}
is called the family of the finite-dimensional distributions of X, or P"". D

$09.05 Remark. Let P* € 9 (27) be the distribution of a stochastic process X, with values in
(X", 2°") then the family of finite-dimensional distributions {" = P*" € 9, (x"): 7 < T finite}
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is a projective family (see Definition §04.31). Indeed, we have B = P* o II;! = P" o (II% o
)™ = PY oIl o (IK)"! = R o (IIX)~! for all finite 7 < K < 7. On the other hand,
using Kolmogorov’s Extension Theorem §04.33, the family of finite-dimensional distributions
uniquely determines the probability measure P*” when X s a Polish space endowed with the
Borel g-algebra 2 = A,. o

§09.06 Definition. Two stochastic processes X, = (X))
domain 7 are called

and Y, = (Y)),., on (Q2,.o/,P) with time

teT

indistinguishable (ununterscheidbar), if there is a P-null set N € <7 such that {X, # Y} € N
forallt € T,

modifications (Versionen, Modifikationen) of each other, if X, = Y, P-a.e. forallt € T. o

§09.07 Remark.

(a) Obviously, indistinguishable processes are modifications of each other. The converse is in
general false.

(b) If X, and Y, are modifications of each other, then X and Y- share the same finite-dimensional
distributions. Processes with the same finite-dimensional distributions need not even be de-
fined on the same probability space and will in general not be modifications of each other.

(¢c) Let X, and Y, be modifications of each other. If the time domain 7 is countable, then X,
and Y; are indistinguishable since the countable union of the P-null sets {X, # Y/}, ¢t € T,
is still a IP-null set. O

§09.08 Definition. A stochastic process X, = (X,),., with 7 < R and state space X is called

teT

real (numerical, positive real, etc.), if each X, is real (numerical, positive real, etc.),

process with independent increments, if X, isreal and 1L, (X, — X, ) (independent) for every
t,eT,.t, €T, ,je[n],andn e N,

Gaussian process, if X is real ist and X, = (X)), , is normally distributed for every finite

JcT, |
(L -)integrable, if each X, is (L -)integrable.

Let in addition 7 < R be closed under addition (e.g. 7 = Z.,). Define for s € T the shift
(-operator) ¥, : X' 3 x; = (z,),., — ) = v, —(x,) — (2,,.,),., € X". Then X, is
called

teT +s

stationary, if X, and X,  :=19(X;) are identically distributed, symbolically X, = X, , for
every se T,

process with stationary increments, if X, is real and ((Xr)) — (9(X7)) 4 X..,, — X for all
t,s,r € T.({f0 e T, then it suffices to consider r = 0.) =

§09.09 Example.

(a) If {X,:t e T} are i.i.d. random variables, then X, = (X,),_, is stationary.

teT

(b) Let X, = (X.)._, be real and stationary, and let K € IN and ¢, € R, ¢ € [0,k]. Setting
Yo i= Dlicjos @X. . for z € Z the real process Y, = (Y),_, is stationary. If in addition
a, € R.y, i € [0, k] and Zie[[o, @ =1 then Y, is called moving average of X, (with weights
(ai)ieﬂo‘k]])' o
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§10 Stopping times

In the sequel let & # 7 < R be a nonempty real time domain and X, = (X)), be a stochas-
tic process on a probability space (£2,.o/, IP) with state space (X, .2") and image probability
measure P € M (27 on (X, 27).

§10.01 Definition. A family .% = (.%),_, of o-algebras with .% < o7 foreacht € T is called filtration

if # < % forall s e T andt € 7_. In this case (€2, .7, P, .%) is called filtered probability
space. o

Here and subsequently, we denote by sup{7 |} € R an arbitrary element sup{7 } € R\7 satisfy-
ing t < sup{7T} forallt e T. For example, sup{7 } = oo is always possible.

§10.02 Definition. A stochastic process X, = (X,),., on a filtered probability space (2, o7, P, .%)
with state space (X, 27) is called adapted to the filtration .% = (.%),_., or % -adapted for
short, if X, € M(%,2) is .Z-Z -measurable, i.e. o(X,) € %, forevery t € T. If g(X,) :=
\/seT o(X) = o({X:seT,}) for all t € T, then we call o(X,) = (g,(X, ))M natural filtration
or filtration generated by X,. Set %, ., .= ;o7 # S & and 0,,(X;) 1= ;o7 0(X) =

o({X:teT}) C . o

§10.03 Remark. Clearly, a stochastic process is always adapted to the natural filtration it generates.
The natural filtration is the smallest filtration to which the process is adapted. We write shortly,
o/ (X)) < T, ifo(X,) € & forallt € T. o

§10.04 Example. Let Y, = (Y,) . be a time series of real random variables generating the filtration
oY) = (0,¥) = o({Y:jelnl})), n» and let Xy = (X, := de[[n]] Y)),.x be the time series of

J

partial sums. Then X is adapted to oy(Yy), that is, ox(Xx) S ox(%). Clearly, (Y),, is also
measurable with respect to o,(X;) = o({X;:je[n]}), and hence ox(¥y) S on(Xy). Consequently,
oY) = ox(Xy). Let Zy = (Z, := de[[n]] Loy (Y))),.x- Then Zy is adapted to oy(Yy) where in
general o (Zy) & ox(Yy). o

§10.05 Definition. Let 7 € {Z.,,IN}. A stochastic process X; = (X,),., on a filtered probability
space (€2, .o/, P, .%) with state space (X, .Z") is called predictable (vorhersagbar) with respect
to the filtration .%, or .% -predictable for short, if X, is constant (in case 0 € 7) and ¥,(X) is
% -adapted, that is, X,,, € M(Z,2) is % -2 -measurable for every n € 7. A numerical, .% -
predictable process X, on (2, o7, P,.%) is called increasing if X, < X,,, P-a.e. forallne T.
X is called decreasing if — X is increasing. o

§10.06 Definition. A numerical random variable 7 € M(#) with values in
Tu{sup{T}} =T cR

is called stopping time with respect to the filtration .%, or .% -stopping time for short, if the
process (1, )., is %-adapted, thatis, {7 <t} € 7 forevery t € T. A stopping time is called
finite if it takes values in 7 only. o

§10.07 Remark. Clearly, {7 >t} = {7t <t}° € % forall t € T. On the event {7 < t} the stopping
time 7 has already occurred by the time ¢, and in contrast, on the event {7 > ¢}, it will occur
later. Since there exists (¢,)  in 7 with ¢, 1 sup{7 }, it follows that

{reT}= U {r<tj)e L%lp{T}

nelN

Probability theory 51


https://creativecommons.org/licenses/by-nc/4.0/deed.de

Chapter 3 Stochastic processes and stopping times §10 Stopping times

and also {1 = sup{T}} = {7 € T}* € Z,,,,. Therefore, the stopping time 7 is also .%, ,,-%-
measurable, i.e. 7 € M(Z,,,. B). O

§10.08 Lemma. Let T be countable and T € M(«) with values in T. Then T is a % -stopping time if
and only if the process (1. _,,),., is F-adapted, that is, {T =t} € 7 forallt € T.

§10.09 Proof of Lemma §10.08. Exercise. o

§10.10 Example.
(a) Lett e T, then 7 = t. (constant) is a .7 -stopping time. Indeed, for all t € T either
{r<t}y=geZifteT. or{r<t}—Qe ZifteT,.

(b) Let X, = (X,),,. beastochastic process with state space (X, .2") which is .% -adapted.
For B € 2" consider the hitting time (Treftzeit), the first time X, isin B, that is, for w €

<t.?

() min{n € Z., : X,(w) € B}, ifwe U,z X (B),
Ty (w) =
0 = sup{Z.,}, otherwise,

where 7, = o0 and 7. = 0 are constant. Then 7, is a .%,_-stopping time. Indeed, since
X, (B) € Z < .Z forall n € [0,t] we have {5, <t} = Unego,g X "(B) € Z for all
t S Z;O - T. m]

§10.11 Lemma. Let 7 and o be stopping times. Then:
(1) 7 v o and T A o are stopping times.
Let T < R., be closed under addition. Then.:
(1) 7 + o is a stopping time.

(iii) 7 + s is a stopping time for s € T, but in general T — s is not.

§10.12 Proof of Lemma §10.11. Exercise. o

§10.13 Remark. We expect the properties (i) and (ii) in Lemma §10.11 from stopping times. For (iii),
it should be noted that T — s peeks s time units into the future (since {T — s < t} € .Z,,), while
7 + s looks s time units into the past. However, stopping times are only allowed to look into the
past. o

§10.14 Example (§70.10 (b) continued). For A, B € 2" consider the hitting times 7, and 7,. Then 7, < 7,
for A < B. In particular, this implies 7, ,, < 7, A T and 7, vV 7, < Ty, p.

O

§10.15 Definition. Let 7 be a .% -stopping time on (€2, o7). Then we call
={AeZ i An{r<t}e ZforallteT}

the o-algebra of T-past. =

§10.16 Remark. Clearly, Z < %7 is closed under complements and o-u-closed with 2 € .%. Con-
sequently, .% is a o-algebra. Since {7 < sup{7T}} = Q, forall A € %, follows immediately
An{r < sup{T}} = A e 7, and hence also the seemingly stronger identity

= {AE A AN <t}€9f0rallt€7’}

Furthermore, since {7 € T} € %, (COmpare Remark §10.07) and {r € T} n {7 <t} =
{r <t}eZ forallt e T,itfollows {7 € T} € .%, and hence

{r=sup{T}} = {reTyecs
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Finally, the o-algebra of 7-past satisfies
F={AeF yAn{r=tle Zforallte T}

if 7 is countable. O

$10.17 Example. For a constant stopping time 7 = t_with ¢t € T follows .% = Z . Indeed, it
holds % = % n {r <t} < %. On the other hand, for each A € % and ¢t € T follows
An{r<t}=AeceZ < Zfort <tand An {7 <t} =€ .Z fort <t. Consequently,
A e % and hence also . < .. a

T

§10.18 Lemma. Let T and o be % -stopping times. Then:
) Znfo<sticZ =Fn7,
(ii) 7 is .% -measurable,
(ii) Z = F on{r =t} ie, Zn{r=t}=F n{r =t} foralteT, and
(iv) Z,=F v Z.

From (i) follows {oc < 1}e Z nF, F =F on{o =71}, and % < F foro <.

i o T

§10.19 Proof of Lemma §10.18. is given in the lecture. o

§10.20 Definition. For a stopping time 7 and a process X, = (X,),., on (€2, .<7) define

X :Q2o{reT}—->X with w~— X (v):=X,(w)
orinequal X, := X, on {r =t} forallt e T . al

§10.21 Remark. Keep in mind that a function h : 2 © B — X with B € &/ is &/ -% -measurable, if
h=YZ") < & (compare Definition §04.42). If 7 is countable and 7 is a .% -stopping time, then
[:Q2{reT}— Xis.Z-2 -measurable, if for all ¢ € T the restriction of f on {7 =t} is
F -2 -measurable, thatis {f € B} n{r =t} = f"Y(B)n{r =t} € .Z forall Be 2 . Indeed,
then f~'(B) n {7 <t} = Useriser [/ (B) n {7 =5} € Z forall Be 2 andt € T. From
Definition §10.15 follows thus f~(2") < .% or in other words f is .% -2 -measurable. o

T

§10.22 Lemma. Let T be countable, let X, be a % -adapted process and let T be a .% -stopping time.
Then X is % -2 -measurable.

§10.23 Proof of Lemma §10.22. is given in the lecture. D

§10.24 Remark. For uncountable 7 and fixed w, the mapping X, (w) : 7 — X with ¢ — X, (w) is gen-
erally not measurable, thus the composition X, is also not always measurable. Under additional
assumptions regarding the regularity of the paths X (w) : ¢ — X,(w), such as right-continuity,
the measurability of the composition X, can be ensured (c.f. Kallenberg (2002, Lemma 7.5,
S.122)). o

§10.25 Corollary. Let T be countable, X, a .%-adapted process, and (7,),., an isotone family of finite
F;-stopping times, that is, 7, takes values in T and 7, < 7, forallt € T and s € T_,. The
stochastic process (X.),., is adapted to the filtration (%), .. In particular, for any % -stopping
time T the process (X )iy and F = (F),.,

rather
§10.26 Proof of Corollary §10.25. is given in the lecture. D

teT teT*®

is adapted to both filtration (%

TAt

§10.27 Definition. Let 7 be countable time domain, X, = (X,),.. a .%-adapted process, and 7 a .% -
stopping time. We define the stopped process X' = (X, := X.,),.,, which is adapted to both
filtrations .% = (% ),., and %~ = (F" =%

T At )teT' =

teT
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Chapter 4

Martingale theory

In the following, let 7 < R be a non-empty time domain and (2, &/, P,.% = (%)

a filtered

tET)

probability space. For Y € M, (#) or Y € L'(P) and a sub-c-algebra .7 < &/, E(Y|.?)
denotes, as before, a version of the conditional expectation of Y given .7 .

§11 Positive (super-) martingale

§11.01 Definition. A positive (numerical) .% -adapted stochastic process X, = (X,),., on a filtered
probability space (2, .o/, P,.%) is called

positive (% -) supermartingale, if X, > ]E(Xt

Z) P-ae.forallse T andt € T_,

positive (% -) martingale, if X, = ]E(Xt‘f) P-ae.forallse 7T andt e T_.

1

A d-dimensional stochastic process X, = ((X,, ... ,Xtd)),ET on (2,47, P,.%) is called positive

(7

-) (super-) martingale if each coordinate process Xf- = (th)m is a positive (% -) (super-)

martingale. o

§11.02 Remark.

(@)

(b)

(©

(d)

Let X, = (X,),., be a.% -supermartingale, then

E(X|) > B(E(X

TV Z) = E(X,|#) P-ae. forallseT,reT teT,

and hence E(X,) > E(X,) and the map E(X;) := (E(X,)),., is monotonically decreasing,
and constant in case of a .% -martingale.

In case 7 € {IN, Z.,, Z}, it is sufficient to consider at each instant s only ¢t = s + 1, since

X, > E(X,

)=z E(E(X.,,

7.)

7 s+1

9) = ]E(XH‘,?Z) P-ae. forallse T

by employing the tower property, and by induction X, > [ (X+‘ﬁ ) P-ae. forall s € T
and m € IN.

If we do not explicitly specify the filtration .% , we implicitly assume that .% = o,(X,) is the
filtration generated by X..

Let .% and .%" be filtrations on (92, .o/, P) with .% < .Z°, and let X be .% -adapted (and
hence also .%"-adapted). If X is a positive .%"- (super-) martingale, then it is also a positive
% -(super-)martingale, since

X, =E(X|Z) = E(E(X,

7| F) = E(X

F) P-ae. forallseT,teT..

Consequently, a positive .% - (super-) martingale X is also a (super-) martingale with re-
spect to its own natural filtration o(X;). o
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11.03 Example.

(a) Let Y, = (Y,) _, be a sequence of independent positive numerical random variables in
M., (#) with E(Y,) = 1 for all n € IN. Moreover let .% = o0,(%) be the filtration gener-
ated by Yy such that g,(Y;) and Y,,, are independent. Then (X =1] Y,),.s 18 @ positive
on(Yy)-martingale, since

i€[n] nelN

E(X,.,

o) = E(X.Y,,

o) = X,E(Y..,

0.(%)) = X,E(Y..) = X, P-ae.

(b) Let Z € M.,(«) be a positive numerical random variable and .%, = (.%)_, a filtration. Then
(X, = E( n) ), 1S @ positive numerical .% -martingale since

o
n+1

E(X,.,

7) = B(E(

Z)=E(Z|.Z) = X, P-ae. o

$11.04 Lemma.

(i) aX; 4+ bY; = (aX, +bY)),, is a positive % -(super-)martingale, if X, and Y, are positive
Z -(super-)martingales, and a,b € R.,.

() X; A Y, = (X, AY)
supermartingales.

18 a positive F -supermartingale, if X, and Y, are positive .F -

(iil) If Xy = (X,,),.y is a positive F-supermartingale with (X,) = E(X,) for some k € IN, then
Xy = (X,),py is a positive T, = (F),.,,-martingale. If there exists a sub-sequence (ky,), .
in IN with k,, 1 o0 and E(X,,) = E(X,) for all n € N, then X} is a positive % -martingales.

(iv) Let Xy = (X,),. and Yy = (V). be positive F-supermartingale and T a % -stopping
time with X, ( ) =Y (w)forallwe{r e N}. Then Zy = (Z, := X, 1,y + Y1 ). 08
a positive F-supermartingale.

§11.05 Proof of Lemma §11.04. is given in the lecture. D

§11.06 Proposition (Maximal inequality). Let Xy = (X,),.x be a positive % -supermartingale. Then

sup,,cn X, is P-a.e. finite on the event { X, € R.,} and for every a € R., holds

P(supX, = alZ) = E(Luyp _, x50
nelN

Z) <min(X,/a,1) P-ae.

$11.07 Proof of Proposition §11.06. is given in the lecture. D

11.08 Remark. The last statement also holds if the constant a € R., is replaced by a positive .Z -
measurable random variable A € M_,(%), i.e., it also holds

P(supX, > A|Z) = E(Ly _, x>4|%) <min(X,/A,1) P-ae.on{AcR.}.
nelN

In particular, it follows that:

(a) 1 = P(sup,en X, = A|%) < min (X,/A, 1) P-ae. on {A € R..} for every positive .% -
measurable random variable A € M_,(#) with A < sup,,. X,, and hence A < X, P-a.e. In
other words, X, is the largest .% -measurable lower bound of sup,,.y X,

(b) More general, for every k € IN, max,cp X, is the largest .7 -measurable lower bound
of sup,cn X,. Indeed, (maxpepy X, X,.1, Xio, ... ) is a supermartingale adapted to the
filtration (.%,,),., , and, from Proposition §11.06 follows A < max,ci) X, P-a.e. for every

k+n

positive .% -measurable random variable A € M_,(#) with A < sup, . X,. o
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$11.00 Definition. Let z, = (z,), . be a sequence in R. For a € R and b € R., define by induction

7?) = 76(1'1[\,) = 17 O-k = O—k(x]N) = lnf {n € ]NET‘ X a:"’ EE@Z} and
T, = E(ZL‘N) = inf{ne]N%ﬁanE%}? VkeN

(where inf ¢ = 00). The number of upward crossings of the interval [a, b] by the sequence z,, is
denoted by 3,, := f.,(z,) := sup {k € Z.,: 7(z,) € N}. D

won

.10 Remark. Let X, = (X,),. be a numerical .%-adapted stochastic process. Then 7, := 7,(X,)
(and 0, := 0,(Xy)) defined in Definition §11.09 is a .%-stopping time for every k£ € IN. Indeed,
for each n € IN {7, = n} (and also {g, = n}) is a .% -measurable event. In particular, 7, < 7.,

holds for all £ € IN. o

§11.11 Lemma. Let Xy, = (X,),. be a sequence of numerical random variables defined on (), <),

n

0.(Xy) = o({X:tenN}) € &, a € R and b € R... The random number 3,,(Xx) : 2 — Z., < R.,

withw — (3,,(Xx(w)) of upward crossings of the interval [a, b| is a 0,(Xy)-%.,-measurable random
variable.

§11.12 Proof of Lemma §11.11. Exercise. o

Vog]

.13 Remark. Evidently, 3 ,(z,) = co if lim inf,, ,,, x, < @ < b < lim sup,,_,, z,. Conversely, from
B.(zy) = oo follows lim inf, .,z < a < b < lim sup,,_,.,, z,. In other words, a sequence

n*

Xy = (X,),. in R is convergent if and only if 3,,(z,) € Z., foralla € Q and b € Q... o

§11.14 Lemma. A sequence X = (X,),_.y of numerical random variables is convergent P-a.e. if and
only if the associated random number (3, ,(Xy) of upward crossings of the interval |a,b] is finite
P-ae., ie, P(B,(X)eZ.,) =1, forallae Q and b € Q...

§11.15 Proof of Lemma §11.14. Exercise. o

§11.16 Lemma (Dubin’s inequality). Let Xy, = (X)), be a positive F-Supermartingale, k € N and

a € R.,and b e R.,. The associated random number [3,,(Xy) of upward crossings satisfies
P(8,(X) = k|-Z) < (a/b)" min (X,/a,1) P-ae..
In particular, (3,,(Xy) is finite P-a.e., i.e., P(3,(X) € Z.,) = 1.

§11.17 Proof of Lemma §11.16. is given in the lecture. o

§11.18 Remark. Let X, = (X.)_, be a positive .% -supermartingale, k € N und a« € R., and b € R_,.
Then

P (8,(Xy) = k|-%) < (a/b)" min ((sup X.)/a,1) P-ae. o

z€l,

.. . . P-ae.
§11.19 Theorem. A positive % -supermartingale Xy, = (X,), converges P-a.e., i.e. X, 5 X,

The P-a.e. limit X, is Z.-2.,-measurable and satisfies X, > E (Xw 35) P-a.e. for alln € IN.

§11.20 Proof of Theorem §11.19. is given in the lecture. o

§11.21 Remark.
(a) Since X, > ]E(Xw\gf) P-a.e.foralln € IN, X, is finite P-a.e. on the event |, {X, € R.,}.
Z) is finite P-a.e. and hence by Theorem §07.04

Indeed, for every n € N, E(X, 1 . ,
(iv) also X, on the event { X, € R.,}.
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(b) If (X,,),., is a P-integrable positive .%-supermartingale, i.e., X, € L4(P) = L'(P) A, ()
for all n € NN, then X,, > E(X,|.%) implies also X, € £.,(P). However, a P-integrable

n

positive .%-supermartingale does generally not converge in £'(P) to X, .
(©) If (X)), Z) P-ae. forall n € IN, then
from Theorem §11.19 follows X, Pae, X,and X, > E(X F ) for all n € IN, where,

0

in general, the inequalities do not become equalities. The next statement characterises a
situation in which this phenomenon does not occur. .
2026/06/03

is a positive .%-martingale, i.e., X, = ]E(Xn+1

§11.22 Proposition. Lets € R.,. For every Z € L.(P) = L'(P) n M_ (), the stochastic process
Zy = (Z,:=E(Z|Z))

nelN

is a positive Fi-martingale, which converges P-a.e. and in L'(P) to Z, .= |E (Z‘a@;)

§11.23 Proof of Proposition §11.22. is given in the lecture. o

§11.24 Remark.
(a) A positive Z-martingale Z, = (Z,),, as in Proposition §11.22 and its P-a.e. limit Z,
satisfy the equation Z, = [£ (Zx‘ﬁ ) IP-a.e. for all n € N since
Z,=E(Z|.Z) =E(E(Z|.%)|Z) =E(Z.|Z) P-ae.
by the tower property (Theorem §07.06 (i1)).

(b) Let Xy = (X,) , be a positive .% -martingale, which converges in £'(P) to X, € L.,(P).
The martingale equations X, = E(X,|.%) P-a.e. for m € N., and the contraction of the
conditional expectation on £'(P), that is,

HXn - E(Xoo g{) e HE(Xm - X,

7)

oe) S HXm - X,

ce 0,

imply together X, = ]E(Xx‘ﬁ ) P-a.e. for all n € IN. Consequently, Proposition §11.22
implies, that .%-martingales of the form (E(Z|.%)),., with Z € L.,(P) are the positive,

n

L'(P)-convergent .% -martingales in £.,(P). A positive . % -martingale X, = (X,),_, is called

closable (abschlieBbar) in L2,(P) if there exists X € £,(P) such that X, = E(X|.Z) P-a.e.
foralln € IN.

(c) For Z € L.,(P) a statement holds similar to Proposition §11.22 by applying the usual de-
composition Z = 7' — Z_. o

§11.25 Corollary. For every Z € M_,(«), ]E(Z’ﬁ) converges P-a.e. to IE(ZL%
of the event [, .x{E(Z|.Z) = o}

§11.26 Proof of Corollary §11.25. Exercise. O

) on the complement

§11.27 Remark. In Corollary §11.25, integrability is not assumed. In Neveu (1975, S. 31), an .% -

measurable random variable Z is constructed, which is finite P-a.e. and satisfies |E (Z ‘ﬁ ) = o0

P-ae. forall n € . In this case, E(Z|Z) e, E(Z|.%) = Z only holds on a P-null set. ©

§11.28 Reminder. Let }, P € 9, («7) be probability measures on the measurable space (2, 7 ), where
B « B does not necessarily hold. Then any positive, numerical function L € M_,(«) with R =
LE + 1, _,, and B (L € R.,) = 1 s called likelihood ratio of Iy with respect to I} (vgl. Defi-
nition §03.14). In the particular case B « I} the EB-likelihood ratio L. of E coincides with the IE-
density AR /dP of B and L is unique up to P-a.e. equivalence. Moreover, given a sub-c-algebra
7 < o foreachi € {0,1} we denote by 5, (« |.7 ) : My(#) 3 X > E (X|F) € M,,(#) a
version of the conditional expectation with respect to I given . (see Definition §06.04). o
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1129 Property. Let B, € 9, (o) be probability measures and let L € M_,(«/) be a B-likelihood
ratio of B. Then by definition B (L) = B(L € R.,) € [0,1] and B(L = o) = 0, and hence
B(L =0) = LB(L = 0) + R({L = 0}  {L = o0}) = 0.

i) R LP<3dAeo :R(A) =0 (hence LR(A) = 0) and R(A) = 1 (hence R(A n {L =
w})=1)eRB(L=w)=1<R(L)=0;

(i) RL R <eVAe o :R(A) = 0implies B(A) € [0, 1) (in particular for A = {L. = ©0}) <
RB(L =w)e[0,1) < R(L) e (0,1];

(i) B«R < VA e o : R(A) = 0 implies R(A) = 0 (in particular for A = {L. = w0}) <
]E(L ) =0<P(L) = 1. o

§11.30 Lemma. Let B, B € M (&) be probability measures and let %, =
For n € N denote by B, B, € M,.(Z) the restrictions of B} and B

ny Hln

be a B, -likelihood ratio of ig,,.
(i) (L,),. s a positive F-supermartingale on the filtered probability space (), o/ | B, ).
(i) (L,),.y is a positive F-martingale on (Q, </, B, %) if B, <R, and dR,,/dR, € M_,(Z) is

n/nelN

a B ,-density of 3, and hence L, = dBg,,/dR,, R-a.e. for all n € IN.

(iii) (L,),., is a closable positive F-martingale on (0, 7 \ B, %) with L, = R (L|ﬁ) P-ae.
foralln e Nif B «R and L = dR/dR € M_,(#) is a B-density of 8.

( n) be a filtration in <f .
on and let L, € M_,(Z)

71’

§11.31 Proof of Lemma §11.30. is given in the lecture. =

11.32 Remark. The positive .% -supermartingale (L,) _ of likelihood ratios given in Lemma §11.30
converges P-a.e. by applying Theorem §11.19. Its P-a.e.-limit L, is .7, -measurable and satisfies
L >Rk (Lw‘% ) R-a.e. for all n € IN. Making use of Remark §11.24 (b) the closable positive
F-martingale (L,) . of likelihood ratios in Lemma §11.30 (iii) satisfies also L, = B (Lx F )

B-a.e. for all n € IN. If we assume in addition &/ = .Z then L, = dR/dR, R-a.e., and hence
(dR,./dR,),. converges P-a.e. to dR/dR. o

1.33 Lemma. Let B, P € I (<) be probability measures and %, = (F), . a ﬁltratlon ino =%,
For n € N, we denote by I3, B, € M,.(7) the restrictions of B, to .Z, by L, € M_,(%) a
B, -likelihood ratio of B,,, and by L. € M_,(«#) a B-likelihood ratio of B. Then Ly = (L,),
converges 3(E + R)-a.e. ro L.

11.34 Proof of Lemma §11.33. is given in the lecture. =

§11.35 Theorem (Kakutani dichotonomy). Let (8, %) and (8,,%,), n € N, be Polish spaces endowed
with corresponding Borel o-algebras. Then:

(i) Forn e N let B,, B, € M (2, be probability measures with B, « B,,.. The corresponding
product measures By = @ne]N R, and By = &), B. on the product space (Sy, ABy)
(Definition §04.35) satisfy either By « By or By L By.

(i1) Let B, € 9M,.(8) be probability measures with &} «<» | (equivalent). The corresponding
product measures B" := @ne]N IE; and B~ := @, _n B on the product space (X", %" )

(Definition §04.35) satisfy BY L B* if R # R
§11.36 Proof of Theorem §11.35. is given in the lecture. D

11.37 Lemma (Optional Stopping). For every positive % -(super-)martingale X, = (X,),.x and for
every % -stopping time T the stopped process Xy = (X, := X_, ), is a positive (super-) mar-
tingale with respect to % = (F = .Z,,),.x and hence %, = (,/)

TAD nelN*
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§11.38 Proof of Lemma §11.37. Exercise o

§11.39 Theorem (Optional Sampling). Let Xy = (X)), be a positive F-supermartingale with P-a.e.-
limit X,,. For %-stopping times 7,0 define X. € M.,(%) and X, € M_,(%) with X, := X, on
{r =n}and X, :== X, on {oc =n} forallne N = N U {o0}. Then X, > E(X,|.Z) P-a.c. on
the event {T < 0}

1.40 Proof of Theorem §11.39. is given in the lecture. D

§11.41 Remark. In the case of a positive martingale (X)), ., the inequality X, > E (XU F ) stated in
Theorem §11.39 does not generally become an equality. o

§12 Integrable (sub-, super-)martingale

§12.01 Definition. A (IP-, £'-)integrable .% -adapted stochastic prozess X, = (X))

ability space (2, o7, P, .%) is called
(-, L'-)integrable) (% - )supermartingale, if X, > IE)(XJJS) P-ae.forallse 7 andt e T_,

((IP-, L'-)integriable) (% - )submartingale, if X, < ]E(Xt‘%) P-ae.forallse7 andt e T_,
((P-, £'-)integrable) (Z-)martingale, if X, = E(X,|.%) P-ae.forallse T and ¢ € T_.

on a filtered prob-

teT

A d-dimensional stochastic process X, = ((X/,...,X/))., on (Q,4/ P, %) is called ((P-,

L -)integrable) (.%, - )(sub-,super-)martingale if each coordinate process Xr = (XL )iy 18 @ ((P-,

L -)integrable) (% -)(sub-,super-)martingale. o
§12.02 Lemma.

(i) Let X; and Y; be integrable .7 submartingales Then X vY := (X, VvY),., is also an

integrable Z.-submartingales, and hence X' = (X,"),_,.

(ii) Let X, be a P-integrable real % -martingale and f : R — R a convex function. Then
(f(X))),., is a P-integrable .7 -submartingale, if in addition (A) P(f(X,)*") € R., for all
teT.

(i) P(f(X,)") € R, implies (A), ift, := max{T} e T (i.e. T, = ).
§12.03 Proof of Lemma §12.02. is given in the lecture. D

§12.04 Remark. Let X, be a £ -integrable .% -martingale for s € R.,. Then (|X,|"),_, is an integrable
% -submartingale since = — |x|" is convex. o

§12.05 Theorem. Let X = (X,), ., be an P-integrable % -submartingale which satisfies in addition
(A) sup {P(X, ):ne N} € R, Then X, converges P-a.e. to a P-integrable X, € M (%), i
P(|X.]) € Reo. If Xy is an P-integrable % -martingale, then (B) sup {P(|X,|):ne N} € R>o
and (A) are equivalent.

§12.06 Proof of Theorem §12.05. is given in the lecture. D

§12.07 Remark. In the Proof §12.06 we show the Krickeberg decomposition Xy = (X, = M, — A,), .«
of an integrable .% - submartmgale into a positive integrable .% -martingale My (M ), and a

positive integrable .% -supermartingale Ay = (A,) - D

§12.08 Lemma.
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(i) Let Xy = (X,),.x be an P-integrable F -martingale and let T be a bounded % -stopping
time, i.e. thereis K € N with < K. Then X, = IE)(XK‘%) P-a.e. and hence E(X,) =
E(X).

(i) Let Xy = (X,),.n be an integrable F -adapted stochastic process. Xy is an integrable
F-martingale if and only if (X)) = E(X,) for every bounded % -stopping time .

§12.09 Proof of Lemma §12.08. is given in the lecture. o

§12.10 Definition. Let X, = (X,) _, be areal, .% -adapted process and H, = (H,),, areal,.% -
predictable process (Definition §10.05). The discrete stochastic integral of H, with respect to

X, is the .% -adapted stochastic process [H, 01X, | = ([H, 01X, ] )EZ defined by

Z. n

[H, ©X,] =0 and [H,[X,] = > H(X,-X.), YneN.
ken]

If X, is amartingale, then [H, (X, | is called martingale transform of X, . =

§12.11 Example. Let X, = (X,),, be a (possibly unfair) game, where X, — X, , represents the
winnings per game in the n-th round. We interpret H, as the number of game tickets bet in the
n-th game and understand /7,  as a betting strategy. Clearly, the value of H, must be determined
at the time n — 1, that is, before the outcome of X, is known. In other words, H, must be
predictable. Now let X, be a fair game, that is, a martingale, and let H, be L -integrable
(locally bounded), i.e., each H, € £7(P) is bounded. Because E(X,., — X,|.Z) = 0 P-ae., it

follows that

E([H,. 00X, ]

*n+1

%) = E([HZEUEXZ%]” + Hn+1(Xn+1 - )(n)
= [HZ,».E\XZ,U]” + Hn+1E(Xn+1 - Xn

7)
F) = [H,. 50X, ] P-ae,

and thus the martingale transform [/, [1X, ] isalso a martingale. In the following theorem, we

show that the converse also holds, that is, Xz;is a martingale if for sufficiently many predictable
processes the discrete stochastic integral is a martingale. D

§12.12 Proposition. Let X, = (X

n )nEZ;(,

be a real, %, -adapted process with X, € L'(P).

(1) X, is an integrable martingale if and only if for every locally bounded, predictable process
H, , the discrete stochastic integral [H, X, ], isanintegrable martingale.

(i) Xy, is an integrable submartingale (supermartingale) if and only if [H, (X, | is a sub-

martingale (supermartingale) for every locally bounded, predictable, and positive process
H.

§12.13 Proof of Proposition §12.12. is given in the lecture. =

§12.14 Remark. The preceding theorem states, in particular, that there is no (locally bounded) betting
strategy that can turn a martingale (or a positive supermartingale in the case of a real-life betting
strategy) into a submartingale. However, this is exactly what is suggested by advertisements for
so-called ,,system lottery* and similar schemes. o

§13 Regular integrable martingale

§13.01 Reminder.
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(a) A P-integrable .% -martingale X, = (X,) . with (B) sup {P(|X,
P-ae.to X, € £L'(Z.P) by Theorem §12.05.

(b) Let Xy = (X,),., be an uniformly P-integrable (Definition §02.39) process in £'(«,P),
that is inf {sup,,c P (| X, |1y, =, ): a € Reo} = 0. According to Theorem §02.43 (ull), then
the condition (B) also holds. Moreover, X, = (X,),_, converges in £'(P) due to Theo-
rem §02.45 if and only if X} is uniformly IP-integrable and convergent in probability, where

P-a.e. convergence implies convergence in probability (Lemma §02.31 (v)). o

):neIN} € R., converges

n

(Q, o, P, %) the following four statements are equivalent:
(tM1) Xy converges in £'(P);

§13.02 Theorem. For a P-integrable % -martingale X, = (X,), . on a filtered probability space

(rM2) (B) sup {P(|X,|): ne N} € R, is satisfied. The P-a.e.-limit X, = lim,,_,o, X,, which by
Theorem §12.05 in L'(P) exists, satisfies X, = E(Xw 3{) P-a.e. foralln € IN;

(tM3) The % .-martingale X\ is closable, i.e., there is a random variable X € L', P) with
X, = E(X|Z) P-ae. foralln e N;
(rM4) Xy is uniformly P-integrable.

The integrable % -martingale Xy = (X)), _ is called regular if one of the equivalent statements
(rM1)-(rM4) is satisfied.

§13.03 Proof of Theorem §13.02. is given in the lecture. =

§13.04 Remark. By Theorem §13.02, for a regular integrable .% -martingale X = (X,) _ there exists
also X, € £'(Z,P) with

P-ae. £'(P)
X 25X, and X, 25 X,

If there is in addition X € £'(«/,P) with X, = E(X|Z) P-ae. foralln € N, then X, =
E (X |%) P-a.e. In general, only the random variable X, is P-a.e. unique, but not the random
variable X. However, X, = X P-a.e. holds for .%, = &/ o

§13.05 Corollary (Optional sampling). Let X\, = (X,
P-a.e. limit X.
(i) For every Z-stopping time 7, X, € M(%) with X, := X, on {r = n} foralln € N is a
P-integrable random variable.

),.x be a regular P-integrable F-martingale with

(ii) For every pair of F-stopping times 7,0 with T < o P-a.e. holds also X, = ]E(XU 9:)
P-ae.
(iii) The family {X.: 7 is a finite Z-stopping time } is uniformly P-integrable.
§13.06 Proof of Corollary §13.05. is given in the lecture. =

§13.07 Remark. Let Xy = (X,),. be a regular P-integrable .% -martingale with IP-a.e. limit X, and
7,0 Z-stopping times. By definition the random variable X equals X, on {7 = oo} (respec-
tively X, on {0 = o0}). Since 7 A 0 < o Corollary §13.05 implies X,,, = IE)(X(, 3:0) P-ae.
and E(X,|.Z) = E(X,|.Z,,) P-a.e. By using Lemma §10.18 (ii) and {r < 0} € Z,, = Z
the random variable Y := E(X,|.Z )1, .,, + X,.,1,_,, is .Z, -measurable, and hence also
7 -measurable. Moreover, for all F' € .% (and hence also for all ' € % < %) it satisfies the

A TAC TAG
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Radon-Nikodym equation (applying Lemma §10.18 (i),i.e. Fn {Tr <o} e Z# )

T

E(L-E(X,

‘g:)) = E(]]‘FXO) = ]E(ﬂFm{Téa}XO) + ]E<1Fm{‘r>a}X0)
= ]E(]lFm{TSJ}]E(XU ’%'./\U)) + ]E(]]'FO{T>U}XTAU)

=1 <]]-F (E (Xa ‘gé:Aa)]]-(Téo} + XTAO‘]]‘{T>O'})) .

Therewith, we have E(XU F ) =Y P-a.e. and also ]E(Xa 34;0) =Y P-a.e. implying together
E(X,|.#) = E(X,|.%,,) P-ae.. Consequently, for arbitrary .%-stopping times 7,c follows

X, =E(X,|Z) Pac. ;

§13.08 Reminder. A sequence X, = (X,), is uniformly P-integrable, if it is bounded in £'(P) with

n

s€ R.,,ie. sup {||X,||:neN} € R., (Lemma §02.41 (iv)). o

§13.09 Proposition. Every .%-martingale Xy is regular, if it is bounded in L'(P) with s € R... In this
case the martingale converges in L'(P) to its P-a.e.-limit X, € M(Z).

§13.10 Proof of Proposition §13.09. is given in the lecture. D

§13.11 Remark. The last statement does in general not hold for s = 1. u

§13.12 Lemma. For every positive, P-integrable % -submartingale (X,), _, and for all a € R., holds

alP(sup X, > a) < ]E(X,L]I{supme[[n]] x,»a) foralln e IN.

me[n]
§13.13 Proof of Lemma §13.12. is given in the lecture. D

§13.14 Reminder. A sequence (X,,) . is uniformly P-integrable, if sup,, . | X,| is P-integrable (Re-
mark §02.40 (d)). O

§13.15 Lemma. Let (X,),., be a % -martingale bounded in £'(</,P) with s € R.,. Then the random

n

e M_,(«) is also L'-integrable with ||sup, . | X,

. S
variable sup,,. | X, ¢S 77 SuPen | X

£
§13.16 Proof of Lemma §13.15. is given in the lecture. O

§13.17 Remark. The last statement does in general not hold for s = 1. However, if the martin-
gale (X,) . satisfies the condition sup, . E(|X.|(log|X,)") € Rs.,, then the random variable

n

sup,en | Xn| € M.,(«) is also integrable (Neveu (1975, Proposition IV-2-10, S.70)) and hence
the martingale (X)), is regular. o

The concepts of filtration and (sub-, super-)martingale have never required that the index set 7
(interpreted as time) be a subset of R.,. We now consider the case 7 = Z.,. For a filtration
%, = (#).,. and a P-integrable .%_ -(sub-, super-) martingale X, = (X.)_, , it holds then

F . F, X eL(ZP) and E(X|Z,) = X_, P-ae. forall z € Z.,.

§13.18 Definition. A stochastic process X, = (X,

super-) martingale, if (X .)_,

)uez., is called a P-integrable backward .7, - (sub-,
is a P-integrable .%, - (sub-, super-) martingale. o

§13.19 Remark. A P-integrable backward .7, -martingale (X,) ., is always uniformly P-integrable

by Lemma §07.32 using that X . = E(X,|.%) P-ae. forall z € Z.,. o
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§13.20 Theorem. A P-integrable backward %, -martingale X, = (X,),, converges P-a.e. The

P-a.e. limit X, is measurable with respect to ¥, := ﬂZeZ<D % and P-integrable. Moreover, it
holds X, = E (Xo}gﬂc) P-a.e. and X,  converges to X, also in L(P).

§13.21 Proof of Theorem §13.20. is given in the lecture. O

§13.22 Corollary (Kolmogorov’s strong law of large numbers). Let (X,), . be a sequence of independent
and identically distributed (i.i.d.) real random variables in L'(Q, </, P), then:

_12X1Pae 1 and  n- ZXL(P) )

ke[n] ke[n]

§13.23 Proof of Corollary §13.22. is given in the lecture. o

§14 Regular stopping time for an integrable martingale

§14.01 Lemma. Let X\, = (X,),. be an integrable F-(sub-, super-)martingale. For every F-stopping
time T the stopped process Xy = (X, := Xw)nem is an integrable (sub-, super-)martingale with
respect to both filtration %, = (%), and % = (F = F

T/\TL)TLE]N'

§14.02 Proof of Lemma §14.01. Exercise. o

§14.03 Definition. A .Z-stopping time 7 is called regular for an integrable .% -martingale X = (X))

n/nelN?

if the stopped process Xy = (X, := X, ,) . is regular. o

TAND

§14.04 Proposition. For a P-integrable % -martingale X, = (X,),_ on a filtered probability space
(Q, o, P, %) and a % -stopping time T the following three statements are equivalent:

(rS1) 7 is regular for X;

(rS2) T fulfils
(rS2a) X, converges P-a.e. to X, € M(Z) on the event {T = w0},
(1S2b) X, € M(Z) is P-integrable (with X, := X, on {r =n} foralln eN),
(1S2¢) X, = E(X.|.Z) P-ae. foralln € N.

(rS3) T fulfils
(rS3a) (X, 1,y )nen is uniformly P-integrable,
(rS3b) E(|X,[1, ) € R

§14.05 Proof of Proposition §14.04. is given in the lecture. o

§14.06 Remark. If X, = (X)), is an P-integrable martingale satisfying sup{P (| X,|) : n € N} € R.,,
The conditions (rS2a)-(rS2b) and (rS3b) are satisfied, and hence in particular if X} is a positive
P-integrable martingale (since P(| X, |) = P(X,) = P(X))). o

n

§14.07 Theorem (Optional sampling). Let T be a regular F-stopping time for a P- integmble Fi-martingale
Xy = (Xy),. with P-ae.-limit X, € M(Z) on {T = oo} and let o,, 0, be % -stopping times
with 0, < 0, < 7. For i € [2] define X, € JV[( ) with X, := X, on {0, = n} for all n € IN. Then,
X, and X, are P-integrable and X, = ]E( . U‘) P-ae.

§14.08 Proof of Theorem §14.07. is given in the lecture. o
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§14.09 Corollary. Let 7 and o be two Z.-stopping times with 7 < o P-a.e. Then 7 is regular for a
P-integrable F -martingale Xy, = (X,) ., if 0 is regular for Xi.

§14.10 Proof of Corollary §14.09. is given in the lecture. o

§14.11 Remark. From Corollary §14.09 follows immediately, that every stopping time is regular for a
regular integrable martingale (choose the constant stopping time o = 0). On the other hand,
for an integrable martingale is every finite constant stopping time regular, and hence by Corol-
lary §14.09 also every bounded stopping time. =

§14.12 Corollary. For a P-integrable martingale (X,),_ with sup {P(|X,|): ne N} € R., (hence for
a positive, P-integrable martingale), the hitting time 7, := inf {n € IN: |X,| > a} with a € R., is
regular (with inf ¢ = oo, see Example §10.10 (b)).

§14.13 Proof of Corollary §14.12. is given in the lecture. =

§14.14 Lemma. Let X, = (X,), be a P-integrable % -martingale. A Z -stopping time T is regular
for Xy and Xy converges P-a.e. to 0 on {T = oo} if and only if the following two conditions
(chHP (|XT|]1{TE]N}) € R., and (¢2) lim,,_,, P (|Xn|]l{7>n}) = 0 are satisfied.

§14.15 Proof of Lemma §14.14. is given in the lecture. o

§14.16 Example (Wald’s equation). Let X, = (X,),_ be a sequence of i.i.d. real random variables
defined on a filtered probability space (2, <7, P, ox(Xy)), where oy(X,) is the filtration generated
by X, (Definition §10.02), and set Sy = (S = ZiEM X,) . If in addition X, € L£'(P), then
Sy = (S =8, —nP(Xx)),, and V} := (V, :=|S, — nP(X))]” — nVar(X,)),_, are P-integrable
on(Xy)-martingales, which are in general not regular On the other hand, every P-integrable

on(Xy)-stopping time 7, i.e. P(r) € R.,, is regular for both Sy and VL, and Wald’s equations

(a) E(S) = E(r)E(X,) and (b) E((S. — 7E(X,))*) = E(r)Var(X,) are satisfied. If in addition

E(r*) € R., and 7, X}, are independent, then it holds also (c) Var(S.) = Var(r)(E(X,))* +

E(r)Var(X,). 2

§15 Regular integrable submartingale

§15.01 Preliminary. The Krickeberg decomposition for submartingales (see Remark §12.07) allows
the theory for integrable martingales to be extended to integrable submartingales without further
difficulties. o

§15.02 Reminder.
(a) A P-integrable .% -submartingale (X,) . with (A) sup {P(X, ):ne N} € R., converges
P-ae.to X, € £L'(Z.P) by Theorem §12.05.
(b) A sequence (X, )., is uniformly P-integrable (Deﬁnition §02.39) in L'(«,P), i.e.
inf {sup,,cn P (X, L. }) aeR.} =0,if sup,x X, € £'(P) (Remark §02.40 (d)). o

§15.03 Theorem. For a P-integrable % -submartingale (X,), . on a filtered probability space
(Q, o, P, %) the following four statements are equivalent:

(rSM1) The sequence (X, ), converges in L'(P);

(rSM2) It holds (A) sup {P(X, ): ne N} € R.,. The P-a.e.-limit X, = lim,,_, X,, which exists
in £'(P) by Theorem §12.05, satisfies X, < E(Xw|§é;) P-ae. foralln e IN;
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(rSM3) There is a random variable Y € £'(</,P) with X, < E(Y‘ﬁ;) foralln e IN;

(rSM4) (X)), is uniformly P-integrable in £'(</,P).
The P-integrable . -submartingale (X,),  is called regular if one of the equivalent statements
(rfSM1)-(rSM4) is satisfied.

§15.04 Proof of Theorem §15.03. is given in the lecture. o

§15.05 Remark. For a negative integrable submartingale (that is, for a positive integrable supermartin-
gale with its sign changed), the statements in §15.03 are obviously fulfilled. In general, however,
the submartingale does not converge in the mean, although it always converges almost surely. In
particular, the statement (rSM1) of the preceding proposition is strictly less restrictive than the
convergence of the submartingale in £'. On the other hand, for a positive submartingale, (rSM1)
naturally implies £'-convergence. o

§15.06 Corollary (Optional sampling). Let (X,), . be a regular P-integrable % -submartingale with
P-a.e.-limit X,.

(i) For every Z -stopping time T, the random variable X € M(Z) is P-integrable (with X, :=
X, on{t =n}foralln e IN).

(ii) Every pair of .% -stopping times 7,0 with T < o P-a.e. satisfy X, < E (XG

Z) P-ae..
§15.07 Proof of Corollary §15.06. is given in the lecture. o

§15.08 Remark. In conclusion, it is possible without difficulties to introduce also for integrable sub-
martingales the regularity of a stopping time (see Proposition §14.04 and Theorem §14.07). The
only differences in the statements are the replacement of the word «martingale» with «submartin-
gale» and the retention of the inequalities X, ,, < E (XT Z ) and X, < E (XUQ F ) instead of the

corresponding equalities. o

§16 Doob decomposition and square variation

§16.01 Preliminary.. Let X, = (X,),, be a.% -adapted, P-integrable process on a filtered prob-
ability space (2,47, P,.% ). We decompose X,  into a sum consisting of a .%, -predictable
process A, = (A,),., (Definition §10.05), the trend component or systematic component, and
a P-integrable %;O—martingale M, = (M,),., (Definition §12.01), the error component. To
this end, define M, := X,, A, := 0 and forn € N

M:=X,+ ) (X, -E(X|Z)) ad A := > (B(X|Z,)-X.).
ke[n] ke[n]

Evidently, X, = (X, =M, + A,),., = M, + A, . By construction, for every n € IN

M, - M, =X, -E(X

ﬁ;l) and A —A , = E(X

v %4) - Xn—l'

Consequently, A,  is.% -predictable (with A, = 0), and M, is a P-integrable .% _-martingale,
since E(M, — M, ,|.Z_) = E(X, - E(X,|Z_)|Z_) = 0 P-ae. o

§16.02 Theorem (Doob decomposition). Let X, be a .7, -adapted, P-integrable process. Then there
exists a unique decomposition X, = M, + A, , where A, is % -predictable with A, =
0 and M, is a P-integrable .7, -martingale. This representation of X, is called the Doob
decomposition. X, is a submartingale (respectively supermartingale) if and only if A, is an
increasing (respectively decreasing) process (Definition §10.05).
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§16.03 Proof of Theorem §16.02. is given in the lecture. o

§16.04 Reminder.

(a) A P-integrable .%-submartingale X, = (X,) . with (A) sup {P(X,):neN} € R., con-
verges P-a.e. to X, € £'(Z,P) by Theorem §12.05.

(b) A sequence (X, ) . is uniformly P-integrable in £'(«7,P) (Definition §02.39), i.e.

inf {sup,.y P (X:]l{x*>a}): aeR.,} = 0,if sup,.x X, € L'(P) (Remark §02.40 (d)). o

§16.05 Proposition. Let X, = (X,),, be aP-integrable %, -submartingale on a filtered probability
space (2, o7/ \P,.%, )andlet X, = M, + A, be its Doob decomposition.

(i) The condition (A) sup {P(X, ): ne Z.,} € R., (which suffices to ensure P-a.e. convergence
of the submartingale) is equivalent to the conjunction of the two conditions:
(i.cl) A, € L'P)and (i.c2) sup {P(|M,|): ne Z.,} € R,

(ii) The convergence in L'(P) of the submartingale X, is equivalent to the conjunction of the
two conditions (ii.cl) M, is a regular P-integrable .7, -martingale and (i.cl).

(iii) For every .7, -stopping time T regular for the martingale M, , the random variable X. is
P-integrable if and only if A, is P-integrable, and then E(X,) = E(M,) + E(A,).

§16.06 Proof of Proposition §16.05. is given in the lecture. o

§16.07 Example. Let X, = (X,).,
n € Z.,. By Remark §12.04, X, = (X, ),z is a P-integrable .%, -submartingale. Furthermore,
E(X. X|Z,)) = X E(X|Z,) = X, P-ae. for all i € N, hence considering the Doob
decomposition X, = M, + A, of X, , where M, = (X. —A,)
martingale, for all n € IN we have

be a square P-integrable .%, -martingale, i.e. X, € Lo | P),

is a P-integrable .7, -

neZ.,

A=Y (BX]Z2) - X) = ) (B(X - X [|7) - 2X, + 2B(X,.X]|Z.))

ien] ie[n]
= > E(X - X,

ie[n]

Q}L%l) P-ae. o

§16.08 Definition. Let X, = (X,),, be asquare P-integrable .%, -martingale. The unique increasing

process A, for which (X, — A,),... becomes a P-integrable .%, -martingale is called square
variation process of X, andis denoted by (X, ), = ((X,.) )., = Az, o

§16.09 Proposition. Let X, = (X,)., be a square P-integrable %, -martingale with square vari-
ation process (X, ), = ({X,.),),es. as in Definition §16.08. Then for each n € IN we have

(X0, = D E(1X. = X[ 7)) P-ae. and B((X,),) = Var(X, - X,).

§16.10 Proof of Proposition §16.09. The statement follows immediately from Example §16.07. D

§16.11 Example. Let X, = (X,),_, be sequence of independent and square P-integrable random vari-
ables defined on a filtered probability space (2,.%7, P, 0, (X,))), where 0, (X\) = (0.(Xx)),c.
with gy(Xy) = {J,Q} and 0,(Xy) = o(X,:je[n]), n € N, is the filtration generated by X;N
(Example §10.04).
(a) fE(X,) =0foralln e N, then S, :=(S,),, withS :=0andS, := Zie[[n]] X,nelN,is
a square IP-integrable o, (Xy)-martingale with square variation process (S, ), = ({5,.),),c..
given by (S, ), = 0and (S, ) = Xicpy ]E(Xf 04(%)) = Yicln] E(X]) P-ae. forn € N.
Note that in order for <SZw>Z>n to have this simple form, it is not enough for the random
variables X, = (X)), to be uncorrelated.
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(b) If E(X,) = 1foralln € IN, then B := (P

=0

2 )ur, With B := 1 and B := [];,; X,
n € N, is a square P-integrable o, (Xy)-martingale with square variation process (R_), =
(KB )z, given by (B ) = 0 and {B_) = >y Var(X,)P’, P-ae. for n € N, since
E(|R - E."|Z.) = E(|X, - 1’R’\|Z_) = Var(X,)E’, P-ae. for all n € N. Hence,
the square variation process is a truly random process. D

s16.12 Lemma. Let X, = (X,), be a square P-integrable .%, -martingale with square variation
process (X, ), and let T be a %, -stopping time. Then the stopped process X, has square

variation procéss (Xz.),. = <XZ>7T = ((Xo ) e

§16.13 Proof of Lemma §16.12. is given in the lecture. o

§16.14 Proposition. Let X, = (X))
() If (X,.), = sup{{X,. ):neZ.,} is P-integrable, then the martingale X, converges in
L'(P) and, hence X,_is regular; further B(sup {X.: n e Z..}) < 4E((X,.),) € Re..
(i) If+/{X,.,), is P-integrable, then the martingale X,  is regular and hence converges in L'(P);
further E(sup {| X, |: ne Z..}) < 3E(/{(X..),) € R...
(iii) A %, -stopping time T with E((XZ}“X/ 2) € R., is regular for the martingale X, ; further
E(Sup{ X |ine [[7']]}) < 3E(<XZ’U>:/2) IS Rzo.

(iv) Inevery case the martingale X, converges IP-a.e. to a finite limit on the event {{X, ) € R.,}.

., be a square P-integrable .%, -martingale with X, = 0.

§16.15 Proof of Proposition §16.14. is given in the lecture. o

s16.16 Corollary. For a square P-integrable .%, -martingale X, = (X,),., with square variation
process (X,_), the following four statements are equivalent: (C1) sup {E(Xf ):ineZ.} € R,
(C2)E((X,.),) € Rey, (C3) X, converges in £'(P), and (C4) X, converges P-a.e. and in L'(P).

§16.17 Proof of Corollary §16.16. is given in the lecture. D

§16.18 Proposition. If X, = (X,),, is a square P-integrable .7, -martingale with square variation

process (X, ), then forany a € R.,,,

(X)X, = X)) 22550 on {(X,), = o).

§16.19 Proof of Proposition §16.18. is given in the lecture. D

§16.20 Example (Example §16.11 (a) continued). Let X = (X,),. be sequence of independent and
square [P-integrable random variables defined on a filtered probability space (2, <7, P, 0, (Xy)),
where o, (X,) is the filtration generated by X, (Example §16.11). Consider again the square
P-integrable o, (Xy)-martingale S, := (S,),, with S, := 0and S := 3,1 (X, — E(X)),
n € IN, with square variation process <SZ>Z = ((S,.))uz. given by (S, » = 0 and (S, ) =
ZieM Var(X) P-a.e. for n € IN. By Proposition §16.18 for any o € R, , we have

P-ae.

(Z Var(X,))“S, —> 0 whenever Z Var(X,) = o0.

i€[n] ieN
In particular, n=®S, Fae o i Xy 1s a sequence of i.1.d. square P-integrable random vari-
ables. On the other hand, if (a,) _, is an increasing and diverging sequence of real numbers,
then by Kronecker’s Lemma, a;' >, 4 = o(1) for any sequence (y,),. of real numbers

nelN
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with >, a 'y, € Reo. Thereby, if Y. ¢ a;*Var(X,) € R.,, then by Corollary §16.16 the IP-
integrable oy(X,)-martingale (35, 1,y @ ' (X: — E(X))),. converges P-a.e. to a finite limit and by

Kronecker’s Lemma, a,' 3, ) (X; — E(X)) T3¢, 0. In case of independent and identically
distributed (i.i.d.) random variables (X,),  we find n™' >, ey (X0 — E(X) Tae . 5
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Chapter 5

Markov chains

§17 Markov chains

§17.01 Definition. Let 7 = Z., (discrete time) or 7 = R., (continuous time), (2, <7, IP) a probability
space and (X, 2%) a countable nonempty state space. A stochastic process (X,),., on (Q,.«7,P)
with state space (X, 2%) is called Markov chain if for allm € IN, forallt, <t, < ... <t <tin
T andforallz,,...,x,, xin X with P(X, =z,,...,X, =z,) € R., the Markov property is satisfied:

IP(XL=$‘Xll=$1,--~;X4,:mn) ‘ ﬂ

i€[n]
= ]P(X, {x ‘X, 1})) = IP( = I‘X )
andt, € T,t, €T

>t,°

For a Markov chain (X)), x,,x, € X the transition probability to reach
state x, at time ¢, from state z, at time ¢, is for P(X, = z,) € R., defined by

P (t.1) =P (X, =z|X, =u1,)
(and B, (t,,t,) := P(X, = ) if P(X, = z,) = 0). The transition matrix is given by
P.tt) == [B.t.t)] = (B (1), .
The transition matrix and the Markov chain are called time-homogeneous if
P.@t.t) =RB.(0,t,—t) = B.(t,—t,)
holds forall ¢, € T, ¢, € T,. o

§17.02 Lemma. The transition matrices given in Definition §17.01 satisfy the Chapman-Kolmogorov
equation, that is, (matrix multiplication)

B.t.t,) = B.t.t,)B.(t,.t) foranyt <t,<t, inT.
In the time-homogeneous case this gives the semigroup property
B.t +t) =R.(t)P.(t) forallt t,eT,
and in particular with one step transition matrix I, := P (1) also B_(n) = P for all n € IN.

§17.03 Proof of Lemma §17.02. is given in the lecture. O

§17.04 Remark. Consider the one step transition matrix P, of a time-homogeneous Markov chain as

defined in Lemma §17.02. Identifying the map B, : X x X — [0, 1] with (z,y) — P, and
the (infinite dimensional) matrix E, := (E,), ... then B, is a regular version of the conditional
(,-mass function of P given X, (compare Remark §07.19 (a)). In particular, the Markov kernel

P.¢, from (X,2%) to (X, 2%) with ¢ _-mass function B, that is,

X x 2% 5 (x,B) — P.(,(B) = ((1:B.) = f P.d¢, = > B, e[0,1]
B

yeB
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is a regular version of the conditional distribution of P* given X, i.e. pPY = P.C .- Bvidently,
the joint distribution of (X,, X,) is given by P™* = P* © P.(, €9, (2¥) where

PYY(B,x B) =P OR.L (B, x B)= Y. P*({z,}) Y. B, for B, B, €2".

z,EB, T, €B,

For n € IN the joint distribution of X,,, = () is then given iteratively by

i€[0,n]

P = PR ORG =P O () R.G e M, @)
i€[n]

where for B, € 2%, i € [0,n] we have

P(X,eB,...,X, e B) = P (X B) = Z P ({x,}) Z 2

For each finite J < Z., and n € N with J < [0,n] we have X, = (X)_, = II"" 0 X, and
hence P* = P** o (TI"")~1. Evidently, the family {IP**: 7 < 7., finite} of probability measures
is consistent and determines by Kolmogorov’s consistency theorem §04.33 the unique probability

Zo, Zy Z=o
measure P € M, (2*"") on (XX, 2% ). 0

§17.05 Preliminary. Consider now an arbitrary one step transition matrix E, and an initial (discrete)
probability measure z € 9,,.(2%) on (X, 2%). We eventually define for each n € IN a probability
measure

B i= 1O (B¢ eM, @)

i€[n]
on (X", 2% given by

B, (Xicpomy B) 1= Z w{z,}) Z Z .. for B e 2x,z’ e [0,n].

z,EB, z,€EB, z,€B,

For each finite J < Z., and n € N with J < [0,n] we set B, := B, ; o (II7")~!. Therewith,
we obtain a consistent family {IP;: 7 < Z., finite} of probability measures on the product space

(DCZ”’, 2xz) which determines by Kolmogorov's consistency theorem §04.33 a unique probability

measure P € MM (2*") on (DCZ”, QXZZU). For p = ¢,, a point mass at x € X (see Example §01.18),
we use P as an abbreviation for 2 where for every initial probability measure x and for every

Aeox” evidently holds

R(4) = Y p(izh)R(A

zeX
ZZU
Consider the canonical process 11, = (IL.) _, on (2 = X™, o = 2%), where
I, : X s Ty, = (1,), = IL(22,) := 2. € X

forany z € Z., (see Remark $09.03). For the family of probability measures (P) __ on (X", 23/)

Z=o . .
the canonical process II, on the probability space ({2 = DCZ?", o = 2% P)is then a time-
homogeneous Markov chain with one step transition matrix P, and marginal distribution P = §,

of I1, for every x € X. o
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§17.06 Definition. A stochastic process X, = (X,),, on (£,</) with values in a countable state
space (X,2%) is called a time-homogeneous Markov chain with family of probability measures
(B).., in M, (), if

(a) For every x € X, X, is a stochastic process on the probability space (§2,.o/, ) with
marginal distribution B(X, = z) = 1.

(b) The map
kX x 2x 5 (z,A) — K(z,A) = P (A) = P(X, € A) € [0, 1]
is a Markov kernel. Then for every z € Z.,, the map

kX x 2% 3 (2, B) — k.(z,B) := K(z,I(B))
= B (r'(3) = B(B) = B(X. e B) € [0,1]

is also a Markov kernel

(c) Forevery x € X, X, = (X.)., hason (Q,4,P) with respect to its natural filtration

0,.(X,.) = (0.(X,,) = o({X,:ne0.2]}))., the time-homogeneous Markov property: For every

=0 2€Z-,

xz,y € X and all n, z € Z., we have

P(X,.. =ylo(X.) = k.(X.{y}) P-ae.

T

with n-step transition matrix B, = (B)), ., of X,  given by

P =k, (z,{y}) =R(X,=y) forallz,yelX.

z,y

We write £, for the expectation with respect to P, ]PX( . ]42% ) for a regular version of the
conditional distribution of P given . and E, ( f (XZm)LQ{ ) = Ef( f ],@/ ) = IPIXZ“( f ‘,@7 ) for a

conditional expectation of f(X, ) given 7. In particular, we use the notation BX = K(X,,e),
that is, we understand X, as the initial value of a second Markov chain with the same family of
probability measures (), .. o

§17.07 Remark. The existence of the family (x.)., of Markov kernels implies the existence of the
Markov kernel « (cf. Klenke (2020, Theorem 17.8, p.391)). Thus, a time-homogeneous Markov
chain is simply a stochastic process with the Markov property and for which the transition prob-
abilities are time-homogeneous. o

§17.08 Reminder. For every z € Z.,,

/192 : xZZO 3 xzao = (':Um)meza0 — ’192(1'2) = (merZ)mEZN, € xzzo

is called shift(-operator) (see Definition §09.08). =

§17.09 Theorem. A stochastic process X, = (X,)., Iis a time-homogeneous Markov chain if and
only if for every z € Zi-, and x € X,

IPIZ(XM)( . |0-Z(XZ)) _ IPXXZ ]E-a.e.

T

if and only if there exists a Markov kernel k : X X 9™ [0, 1] such that, for every bounded
2% _measurable function f € M©@") and for every z € Z., and x € X, we have

B (/000 o)) = By [0 i= [ fonxin) Brae.
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§17.10 Proof of Theorem §17.09. Klenke (2020, Theorem 17.9, p.392 and Corollary 17.10, p.393) o

§17.11 Definition. A time-homogeneous Markov chain X, = (X.)_, withfamily of probability mea-
sures () _, has the strong Markov property if, for every x € X, and every P-a.e. finite o, (X,.)-
stopping time 7 we have

IP'&(XA_) ( .

T

or equivalently for every bounded 92X _measurable function f € M) we have

]Ez (.]lz<ﬁ(9‘f()(7 )) O_T(XZw)) = ]EX,(f(XZm)) = J‘f<xz?“m>/€(XT7de”) ]B_a.e. [m]

§17.12 Lemma. Every time-homogeneous Markov chain X, = (X.).., has the strong Markov prop-
erty.

§17.13 Proof of Lemma §17.12. is given in the lecture. o

§18 Recurrence and transience

In the sequel, let X, = (X.)_, be atime-homogeneous Markov chain with values in a count-

able state space (X, 2%), family of probability measures ()., on (£2,.%7) and n-step transition
matrix P7 := (B"),  _ forne N.

z,yeX
§18.01 Definition. Fory € X, z € Z., introduce for z, € X™ the z-th time 7°(2,.) € Ziy Of return to
y recursively by

z+1(

7 (v,):=inf{neN._.. 2, =y} and 7;0(952%“) =0

y

(where inf (J = o0). We set 7, := 7" and for z € X, 0, = P* (7 e N) = P((X,.) € N). o

Yy T 0

§18.02 Remark. Evidently, o = B(thereisank € N with X, = y) is the probability of ever going from
to y. In particular, if p € (0,1] then there is an k € IN with B(X, = y) = B! € (0,1].
Moreover, p , is the return probability (after the first jump) from z to  where 7,(z.,) € N even
if the chain z,  starts at z, = . o

§18.03 Definition. A state x € X is called
recurrent if p =1,
positive recurrent if P*(z) € Ry,
null recurrent if x is recurrent but not positive recurrent,
transient if p € [0, 1), and
absorbing if B, = 1.

The Markov chain X, is called (positive, null) recurrent if every state x € X is (positive, null)
recurrent and is called transient if every recurrent state is absorbing. D

§18.04 Remark. Clearly, we have: “absorbing” = “positive recurrent” = “recurrent’. o

§18.05 Lemma. Fork e IN and z,y € X we have P (' e N) = .ot

zylyy °

§18.06 Proof of Lemma §18.05. is given in the lecture. o
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$18.07 Definition. For y € X and 2, € X™" denote by N, (z, ) := Ynez., Y. -y, the total number of
visits of x,_ to state y and by G,, := (G,,), .. given by

G, =R"()=BW&) = ) BX.-y = ) PB,eZ,

neZs, neZs,
the Green function of X, _. o

§18.08 Lemma.

(i) A state x € X is recurrent if and only if G,, = %0,

(i1) If a state x € X is transient then for all y € X, G,, € R., with

R

, ifx#y
]' - p.r,z pyﬂ
G.={ 1 I e el S
, otherwise P
L—p,
§18.09 Proof of Lemma §18.08. is given in the lecture. o

§18.10 Proposition. If a state x € X is recurrent and p, € (0,1] for some y € X, then the state y is
also recurrent, and p = p, = 1.

§18.11 Proof of Proposition §18.10. is given in the lecture. O

§18.12 Definition. A subset B < X of states is called
closed, if p,, = Oforallz € Bandy € B = X\B,
irreducible, if p € (0,1] forall 2,y € B.

If the state space X is irreducible, then the Markov chain is called irreducible. D

§18.13 Corollary. An irreducible Markov chain is either recurrent or transient. If in addition |X| €
IN.,, then there is no absorbing state.

§18.14 Proof of Corollary §18.13. The result is an immediate consequence of Proposition §18.10. o

§18.15 Proposition. For an irreducible Markov chain on a finite state space X all states are recurrent.

§18.16 Proof of Proposition §18.15. is given in the lecture. =

§19 Invariant distribution

In the following, let B, = (B,), .. be a transition matrix on a countable state space X, and
let X, = (X,

).z be a Markov chain with with one step transition matrix P,. Then I.(_is a
Markov kernel from (X, 2%) to (X, 2%) with

(X295 (0.B) — R.G(B) = (1) = | Rdg = R e oo
B yeB

(compare Notation §04.61 and Remark §17.04).

Probability theory 75


https://creativecommons.org/licenses/by-nc/4.0/deed.de

Chapter 5 Markov chains §19 Invariant distribution

$19.01 Definition. Let ;1 € 91(2¥) be a measure on (X, 2%) and let f : X — R be a map. We define the
measure B¢ € M(2¥) given by

Y5 A e (UB.C)A) = f R.CAdp = Y p(ahP.CA) = . iz} Y B, € Ra.

zeX zeX yeA

If f is B ¢ -quasiintegrable for any x € X, or E.( -quasiintegrable for short, we define the
function 2. (f) € M(2Y) given by

X 50 R4 = RGO = [BLFAG, = 3R, f0)

yeX

(compare Notation §04.61 and Remark §17.04). o

§19.02 Definition.

(a) A o-finite measure z € 9, (2%) on (X, 2%) is called invariant measure, if pPR.( = pu. A
probability measure that is an invariant measure is called an invariant distribution. Denote
by Z the set of invariant distributions.

(b) AR.C, quasuntegrable function f : X — R is called subharmonic if f < F_ ( (f) that is
flz ) (R.¢(N)x) = B.C.(f) forall z € X. f is called superharmonic, if f > F.( (f) and
harmonic if f = P (f). D

§19.03 Remark. In the terminology of linear algebra, an invariant measure is a left eigenvector of B,
corresponding to the eigenvalue 1. A harmonic function is a right eigenvector corresponding to
the eigenvalue 1. o
§19.04 Comment.
(a) If X is finite then any invariant measure can be normalised to an invariant distribution.
(b) Any invariant measure y for B C_is also an invariant measure for R7(_for every n € IN.

(c) If X, is irreducible and p # 0 an invariant measure for B¢ then u({z}) € R., for every
x € X. Since p € 9, (2%) is o-finite we have p({z}) € R., for every x € X. Let x € X with
w({z}) € R, (since p # 0) and y € X is arbitrary, then there exists n € IN with P’, € (0, 1]
(since X is irreducible and hence p , € (0,1]) and

(i) = (HBIC)yh) = > p({FNR) = p((=)P) € Re,.

TeX
(d) If 7 is an invariant distribution, then for every n € Z.., and y € X

B(X, =y) = (7RI(){y}) = (wR.( )y} = Z T({zhE, = T({y}).

zeX
The chain started with distribution 7 has the same marginal distribution 7 at every point n
End LE20 in time. -
§19.05 Lemma. If f : X — R is bounded and (sub-, super-) harmonic, then for every v € X on

(Q, o, B, 0, (X..), the stochastic process (f(X.)),., is a(sub-, super-) martingale with respect
to the natural filtration o, (X,.) generated by X, .

§19.06 Proof of Lemma §19.05. is given in the lecture. o
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§19.07 Theorem. Let X, be irreducible and recurrent, v € X, 7, :== inf{n € N : X, = x} and

(v =B 1y, forally e X.

nelzn]

Then the following three statements hold true

@ p, = 1ER.C
(i1) p,({y}) € Ry forally e X,

(1) p, is the unique invariant measure with value 1 ({z}) = 1.
§19.08 Proof of Theorem §19.07. is given in the lecture. D

§19.09 Theorem. Let X, be irreducible, then the following three statements are equivalent:

(iD1) There exists an invariant distribution ™ € 9 ,(2%).
(iD2) There exists a positive recurrent state in X.

(iD3) All states in X are positive recurrent.

If one of the equivalent statements is satisfied, then the invariant distribution 7 is uniquely de-

termined by ({z}) = ﬁfor all v € X.

§19.10 Proof of Theorem §19.09. is given in the lecture. o

§19.11 Remark. An irreducible Markov chain belongs to exactly one of the following three cases:

transient: The chain is transient, i.e., for all z € X it holds that P(~. € N) € [0, 1), and there is no
invariant measure.

null recurrent: The chain is null recurrent, i.e., for all x € X it holds that P(z e N) = 1 and
EE,(7,) = oo, and there is an invariant measure but not an invariant distribution.

positive recurrent: The chain is positive recurrent, i.e., for all z € X it holds that E (7)) € R.,,
and there is an invariant distribution.

If the state space is finite, only the positive recurrent case occurs. o

We investigate under which conditions a positive recurrent Markov chain X, = (X.) _, with
values in a countable state space X and with family of probability measures (). . on (2, <),
started at any point z € X, converges to its invariant distribution 7 € 9, (2*) as the runtime
diverges, i.e., P ({y}) = P(X, = y) converges to w({y}) as n — oo for every y € X.

$19.12 Remark. If P*({y}) =5 m({y}) for all z,y € X, then it follows for all ; € M. (2%) by

dominated convergence that P ({y}) = 7 ({y}) for all y € X, as well as P*"(n) =% 7(h) for

every bounded function i : X — R. o

§19.13 Comment. In the lecture course EWS (Beispiel $30.24 (b)) we have shown (keep in mind that
n—aoo

X is countable), that EX"({y}) —— 7({y}) holds for all y € X if and only if

AR5 = 7y = DR (yh) — w({yh)] =50
yeX
(IR =7 ||y = sup {|B™(4) — 7m(4)|: A < X} is called total variation distance). Both statements
hold if and only if P*" converges in distribution to 7. o
§19.14 Notation. We denote by gcd(/V/) the greatest common divisor of alln € M < IN. =
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§19.15 Definition. For any x € X, d, := ged({n € N:P" € (0,1]}) is called the period of the state x. If
d, = d, forall z,y € X, then d = d, is called the period of X, and X, is called aperiodic, if
d=1. O

§19.16 Lemma. If X, isirreducible, thend := d, = d, forallx,y € X. If X,  is in addition aperiodic,
ie,d =1, then forall z,y € X, there exists n,, € N such that P", € (0,1] foralln € N., ..

§19.17 Proof of Lemma §19.16. Klenke (2020, Lemma 18.3, p.433) o

We apply a coupling argument. To this end, a bivariate Markov chain ((Y,, X.)).., with values

2€2s
in a countable state space X* = X x X and with family of probability measures (R,.)) .y ON
(92, ) is called a coupling if Y, = (Y.)_, and X, = (X.)_, are Markov chains, each with
transition matrix B, = (P on X.

T,y )x,yex

$19.18 Lemma. Let ((Y., X.)).., be a coupling with family of probability measures (I, .)), . . on
(2, &) where each Markov chain, Y, = (Y.)_ and X, = (X.)_, , is irreducible, posi-
tive recurrent and aperiodic with transition matrix P, = (P.;), ... on a countable state space X
and with invariant distribution T € M . (2¥). If X, and Y, are independent, then the bivari-
ate Markov chain ((Y., X.)).., is irreducible, positive recurrent and aperiodic with transition
matrix

E-,-),<-.,-) = (E

Yo )o()

P?)Jww?}thIz)(y‘,zl),(yl.z,)exz
and with product probability measure 1 @ T € M, (2) as invariant distribution. Moreover, for
all y € X the hitting time 7 = inf {n € Z.,: X, =Y} is B, -a.e. finite.

§19.19 Proof of Lemma §19.18. is given in the lecture. O

§19.20 Theorem. Let X, = (X.)_, beanirreducible, positive recurrent and aperiodic Markov chain
with countable state space X, family of probability measures (B),.. on (Q, <), and invariant
distribution m € M _.(2%). For all x,% € X we have

lim R(X, =2) = 7({#}).

n—o0

§19.21 Proof of Theorem §19.20. is given in the lecture. o
§19.22 Theorem. Let X, = (X.)_ be an irreducible and positive recurrent Markov chain with

countable state space X, family of probability measures (P). _. on (2, <7), and invariant dis-
tribution m € N . (2%). Then the following four statements are equivalent:

(C1) X, is aperiodic;

n—0

(€2) |BY = 7|y —= 0 forall x € X;

(C3) There exists x € X with ||EX" _ 7r||TV 20, ).

(€4 R = 7|l py == 0 for all ju € M, (2%).
§19.23 Proof of Theorem §19.22. is given in the lecture. =

78 Probability theory


https://creativecommons.org/licenses/by-nc/4.0/deed.de

Chapter 6
Ergodic theory

§20 Stationary and ergodic processes

Ergodic theory is the study of laws of large numbers for possibly dependent, but stationary,
random variables.

§20.01 Reminder. Let 7 < R be closed under addition (e.g. 7 = Z.,) and for s € 7 denote by
00X 52, = (3) > o) i= 1= (@), = (3) € X7
the shift (-operator). A stochastic process X, = (X, ),., with state space X is called

stationary, if X, and X, :=9(X,) are identically distributed (i.e. P*" = P*), symbolically

X, 4 X, .., forevery s € T (see Definition §09.08).

In the sequel we write U° := o, and ) := 0. For z € T = Z we note that " o * = ¢’ = id,- and

¥ = Yo- - .01 (|z|-times). Moreover, X, LX) forall 2 € Z is equivalent to X, L 9(X,). o

§20.02 Example.

(a) If {X,:t e T} are i.i.d. random variables, then X, = (X,),_,
independence assumption, i.e., P* = P holds for every ¢,s € T, in general X, is not
stationary. For example, consider i.d. random variables {X,: ¢ € Z.,} where X, = X for all
n € IN but X, # X,. Then X, is not stationary.

is stationary. Dismissing the

(b) Let X, = (X.)_, be an irreducible and positive recurrent Markov chain with countable
state space, family of probability measures () . on (€2,.2), and invariant distribution

T

T € 9N, (2%). If 7 is the initial distribution, i.e. B™ = Y . 7({z})P™ is the distribution of
X, ,then X, £ 9(X,.) and hence X, is stationary.

(c) Let {X.:2€eZ} be ii.d. real random variables, m € IN, and ¢, € R for all [m]. Then
Yo i= Dlicpm) iX. s # € Z, defines a stationary process Y, = (Y).,, that is called the

e R".
7,

More general, let g € M(#") be real and Borel-measurable (e.g. g(z,) = Zie[[m]] ¢z, , for

moving average of X, = (X_)_, with weights (c,)

i€[m]

T, € ]RZ). For z € 7. we set
g i=go¥ 1R 31, g(r,) = g(=) e R

(e.g. g.(z,) = Zie[[m]] ;. forz, € RY). ThenY, = (Y. := ¢.(X,))._, defines a stationary
process . o

In the sequel (2, 27, IP) denotes a probability space and 7" : 2 — ) a measurable map, i.e.
T e M(o, ).

§20.03 Definition. 7' € M(«, <) is called measure preserving (maBerhaltend) or IP-preserving if
P'(A) = P(T7'(4) = P(A) forall Ae «.

In this case (2,47, IP, T) is called a (measure preserving) dynamical system. o
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§20.04 Example. Let (X, %,) be a Polish space equipped with its Borel-o-algebra.

(a) For a X-valued random variable f € M(#, %, and a measure preserving map 7" on a
probability space (€2,.27, P) the process Y, := (Y. := foT") _, is stationary.

(b) Let IT,, = (IL.)._, be the coordinate process on (X™, B P) = (Q./,P) (see Re-
mark §09.03) and ¢} the shift operator as recalled in Reminder §20.01. Then

(b1) II. = II, o ¢¥ forall z € Z., and
(b2) II,  is a stationary process if and only if (DCZZ“, B P, ) is a dynamical system.
(c) Let (DCZ'“’, ,%’f . IP, ) be adynamical system and f € M(#", %.) a X-valued random variable

on (X', " P),then X, = (X.:= fo )..,is stationary and ¢ is P**-preserving, i.e.
(I)CZ”, B P ¥) a dynamical system. o

§20.05 Example (§20.02 (b) continued). Let X, be an irreducible and positive recurrent Markov chain
with countable state space (X,2%), family of probability measures (), on (€2, <), and in-
variant distribution 7 € 9t (2¥). If 7 is the initial distribution, then 1 is P"*-preserving, i.e.

(szu

2% P ) a dynamical system. O

§20.06 Definition. An event A € o7 is called
invariant, if T'(A) = A (= T (A)AA = &),
P (-almost)-invariant, if P(T"(A)AA) =0 (< 1 o = Ly P-ae.)
We denote by
g :={A € o/ T (A) = A} the o-algebra of all invariant events,
A" = {A e o/ : P(r'(a)n4) = 0} the o-algebra of all P-invariant events. D

$20.07 Remark. .Z and .%£" are indeed o-algebras (verify!) and evidently .2 < .Z".
For each A° € .% and A € o/ with P(4AA) = 0 we have A € .Z". Conversely, for each A € .Z"
there exists A" € .Z with P(A£A4) = 0. O

$20.08 Reminder. .7 = {J,Q} and 7" := {A € .o/: P(4) e {0,1}} denotes, respectively, the trivial
and P-trivial o-algebra. A sub-c-algebra .# < & is called P-trivial if P(4) € {0, 1} for all
Ae S,ie. I T, o
§20.09 Definition. A dynamical system (2, .o/, P, T') is called
ergodic, if % is P-trivial or in equal .Z" is P-trivial.

In this case we call T' P-ergodic. =

§20.10 Lemma. Let (2, o/, P, T') be a dynamical system.
(i) For any real f € M(#) we have
(ia) folT = fifandonlyif f is . -measurable, i.e. f € M(%)
(ib) foT = f P-ae.ifand only if f is %" -measurable, i.e. f € M(4")
(i) (Q, o, P,T) is ergodic if and only if every f € M(4") is IP-a.s. constant.
§20.11 Proof of Lemma §20.10. is given in the lecture. o

7

§20.12 Example (§20.04 continued). Let I, = (II.) , be the coordinate process on (X™, B P),
feM@ 2)and X, = (X, := f o))

2€Z.°

80 Probability theory


https://creativecommons.org/licenses/by-nc/4.0/deed.de

§21 Ergodic theorems Chapter 6 Ergodic theory

(a) If ¥ is P-ergodic, then 1) is also P -ergodic, i.e. (DCZ?’", B P ) an ergodic dynamical
system, since X;(% ) c 7.

(b) If {Il.: 2 € Z.,} are i.i.d. random variables, then ¢ is IP-ergodic by Kolmogorov’s 0-1 law
(lecture course EWS, Sarz §16.15), since .9 < /\nEZ y \/meZ o(l,) =: o, (tail-o-
algebra). D

§20.13 Example (§20.05 continued). Let X, be an irreducible and positive recurrent Markov chain
with countable state space (X,2%), family of probability measures (). _. on (£2,.<), and in-
variant distribution 7 € 9. (2%). If 7 is the initial distribution, then ¥ is EXZ"’—ergodic, 1.e.

(I)CZZ", 2:xZ>° IPXM, ) an ergodic dynamical system. .

)

§21 Ergodic theorems

In this section, (€2, .o/, P, T") always denotes a (measure preserving) dynamical system. Further
let X, € M(#) be real, Borel-measurable and

X, =X,0oT" forallmelN.

Hence, X, = (X.)_, is a stationary, real-valued stochastic process. We consider the partial
sum prozess S, := (S.)., with S :=0and

n=ZXm71= Z X, = Z X,oT" forallneNN,

me[n] me[0,n—1] me[0,n—1]
Ergodic theorems are laws of large numbers for S, = (S.)_, .

$21.01 Lemma (Hopf’s maximal-ergodic lemma). Let X, € L'(P). Define M, := max {S,: m € [0,z]} for
2 € Z, and set M, = sup{S.: z € Z..}. Then ]E(X]l (M) € R, for every n € N and by
dominated convergence (X, 1y (M.)) € R.,.

§21.02 Proof of Lemma §21.01. is given in the lecture. =
§21.03 Birkhoff’s ergodic Theorem. Let X, € L'(P). Then
. m ]P -a.e.
(1) 717,8" = %Zme[[n]] Xt . Zme[[On 1] XyoT
P-ae.

(ii) if in addition T is P-ergodic, then + Zme[[nﬂ X,., — E(X,).

E (X[ 4)-

§21.04 Proof of Theorem §21.03. is given in the lecture. O
§21.05 Lemma. Let {Y.: z € Z.,} be identically distributed, real random variables with Y, P) for
s € R.,. Define
Z, =11 Y Y..[ forallneN.
i€[n]
Then (Z,), . is uniformly P-integrable.
§21.06 Proof of Lemma §21.05. is given in the lecture. =

§21.07 von Neumann’s ergodic Theorem. Lers € R., and X, € L'(P). Then

. £®)
(1) %Sn = %Zme[n]] Xpo = %Zme[[o,nq]] XyoT" — E(Xo‘fT)-
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L(P)

(i1) ifin addition T is P-ergodic, then %Z L, — E(X,)).

me[n] <*m

§21.08 Proof of Theorem §21.07. is given in the lecture. D

§21.09 Example (§20./3 continued). Let X, = (X.)_, be anirreducible and positive recurrent Markov
chain with countable state space, family of probability measures (I2)._. on ({2, 7 ), and invariant

distribution 7 € 90,,(2%). Since (DCZ>°, 2x7@,’ P*~ 1) is an ergodic dynamical system by applying
Birkhoff’s ergodic Theorem §21.03 for all z € X we have

1 Z Lix oy = R(X, =) = 7({z}) P-ae. (21.01)

me[0,n—1]

In this sense 7 ({z}) is the average time X, spends in the state = in the long run. Note that due
to von Neumann’s ergodic Theorem §21.07 the convergence in (21.01) holds also in £'(R) for all
s € R.,. Similarly, for each f € £'(7) we have

1 f(X) - BU) =7(f) B-ae andin £(r). (21.02)

mef0,n—1]

The last results are the foundations for Markov Chain Monte Carlo (MCMC) methods which
eventually aim to generate a sample from a target distribution 7 € 91 ,(2%) or to calculate a value
7 (f) for some f € L'(m). o

§21.10 Example. Let (2,7, B, T) and (2, <7, R, T) be ergodic. If B # I, then there exists f € M(«)
with | f| < 1 and B(f) # R(f). By Birkhoff’s ergodic Theorem §21.03 we have

L m R(f) R-ae.
" 6[02_1]]fOT _){ ]Pl(f) E—a.e.

Set A := {Zme[[o,n—l]] foT™ — R(f)} then R(A) = 1 and R(A) = 0. Therefore, B 1 F are
mutually singular (see Definition §03.01). Consequently, if 7" is §-ergodic and I -ergodic then
either B =PorR L. O

End LE23
2026/07/03
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Chapter 7

Exponential inequalities

§22 Exponential inequalities

In this section, all random variables are defined on a probability space ({2, &7, IP) and we denote

by [E the expectation with respect to P.

§22.01 Lemma (Birgé, 2000). Let X be a real random variable.
(i) If there exists a € R., such that

log (E(exp(tX))) < (at)? forallt € R.,,
then for all x € R., we have

2

P(X > 20,7 < exp(~2) and P(X >) < exp(~5).

(i1) If there exist a,b € R., such that

log (E(exp(tX))) < 22 forallt € (0,b ),

bt

then for all x € R., we have

P(X >2ay7 +bz) < exp(—z), P(X >2) < exp(—min (g, 5))

and P(X = z) < exp(—qmegns)-

§22.02 Proof of Lemma §22.01. is given in the lecture.

§22.03 Remark. A standard-normally distributed random variable X ~ N, satisfies

E(exp(tX)) = \/%7 Jexp(t )dx = exp(s \ﬁ Jexp ety t) )dr = exp(s ).

Consequently, by applying Lemma §22.01 (i) we obtain N, ,(R..) = P(X > z) < exp(—%z). On
the other hand side, for z € R., using
Q0 ) 5 o 2

f (14+yHexp(—%)dy =z 'exp(—%) and J yexp(—L)dy = exp(—%)
we obtain

1+I2 V :I;eXp 01)(R>z) < 1
and hence P(X > z) = exp;;f)(l +0(1)) as z — oo where ° ( 7 _ = exp(—%(1+ 2y o

§22.04 Corollary. Let (X,),,, be independent real random variables.
83
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(i) If there exists ay,; = (a,),,, € Ry such that for all i € [n]

log(E(exp(tX)))) < (at)* forallt € R.,

and setting ||a, : = ZiEM a’ then for all x € R., we have

P(}, X > 2 l,7) < exp(-2) and  P(Y] X 2) < exp(—gpp).

i€[n] i€[n]

(ii) If there exist ay,;, by, € R%, such that for all i € [n]

(a;t)?
1-bt

log (E(exp(tX))) < forallt e (0,b,),

and setting ||b,,||, := max {b: i € [n]} then for all x € R., we have

IP( Z X, = 2||a|[n]l||2\/f+ Hb[[n]]Hoox) < eXP(_QU)a ]P( Z X, = :L') < eXp(_ min(guaiﬂujv 2||b;:]”w))

i€[n] i€[n]

m?
and ]P( Z X =zz2) < exp(—m).

i€[n]

§22.05 Proof of Corollary §22.04. is given in the lecture. D
§22.06 Lemma (Hoeffding, 1963). Let X be a real random variable. If there exist a,b € R such that
EX)=0 and a<X <b,
then we have
log(E(exp(1%))) < # L= forall t € Ro,.
§22.07 Proof of Lemma §22.06. is given in the lecture. o

§22.08 Theorem (Hoeffding’s inequaltiy). Let (X,),,, be independent real random variables. If there
exist a,,;, b, € R such that for all i € [n]
EX)=0 and a, <X, <b,

[

then for all x € R., we have

P(Y X >2) < eXP(—m)'

§22.09 Proof of Theorem §22.08. is given in the lecture. =

§22.10 Corollary. Let (R,),, ~ UL, be independent and uniformely on {—1,1}-distributed random
variables (Rademacher) and ¢,y = (¢),, € R, then for all x € R., we have

i

P(Y cR|>2) < 26Xp(—ﬁ:‘u;)‘

i€n]
Note that ||c,, || equals the variance of 3 i) G L3

§22.11 Proof of Corollary §22.10. is given in the lecture. o
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§22.12 Lemma (Cramér condition). Let X be a real random variable. If there exist c, 0* € R., such that
E(X)=0 and E(X[") <20’ forallmeN.,
then we have

log (E(exp(tX))) < % forallt e (0,¢7).

§22.13 Proof of Lemma §22.12. is given in the lecture. o

§22.14 Theorem (Bernstein’s inequality). Let (X,),., be independent real random variables. If there
exist ¢, 0py € R, such that for all i € [n]

E(X)=0 and E(X|") < Zo2c"? for all m € IN.,,

2 [

X,

then for all x € R., we have

1.2
P X = o) < exp(— g mams)-

ie[n]
§22.15 Proof of Theorem §22.14. is given in the lecture. D
§22.16 Remark. For x € R._, the supremum of the function
Rot—1+t(l+a)—exp(t)eR
is achieved for t, = log(1 + x) and we set
olr) == (1 +x)log(l+2) —z =sup{ter —exp(t) + 1 + t: t € R} (22.01)
for z € R.,. o
§22.17 Lemma. Let X be a real random variable. If there exists a,c € R., such that
log (E(exp(tX))) < a(exp(tc) — 1 —tc) forallt € R,

then for all x € R., we have

P(X >2) < exp(—ap(s)) < exp(—i—ilog(l + ) < exp(—ﬁzczﬁ)) and
P(X > y/2acz + cx/3) < exp(—x).

§22.18 Proof of Lemma §22.17. is given in the lecture. O

§22.19 Lemma. Let X be a real random variable satisfying
E(X)=0 and |X|<c forceR.,.
Then setting o := E(X") we have
log (E(exp(tX))) < Z—:(exp(tc) —1—tc) forallt e R.,.

§22.20 Proof of Lemma §22.19. is given in the lecture. o
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§22.21 Corollary. Let (X,),,, be independent real random variables satisfying

E(X)=0 and |X,

<c forallie[n]andceR.,.

2

Then setting o? := %Zie[[n]] E(X))and S, := > X, we have

i[n]
log (E(exp(ts)) < "% (exp(tc) — 1 —tc) forallt € R,
and the same inequality holds for —S,.
§22.22 Proof of Corollary §22.21. is given in the lecture. D

$22.23 Theorem (Inequalities of Bennet, Prohorov and Bernstein). Let (X,),,, be independent real random
variables satisfying

E(X)=0 and |X,

<c forallie [n] andc € R.,.

Then setting 02 ==+ E(X)and S, := . . . X, for all z € R., we have
i€[n] i€[n]

n

c? no;

xp(—22log (1 + 4os))

3no?

P(S, > z) < exp(—"Z (%))
<

D

2

Xp(_ZnGT?i?mc/i%) and

N
@

P(S, = /2no%x + cx/3) < exp(—z),
where ¢ is defined in (22.01) and the same inequalities hold for P(S, < —x).

§22.24 Proof of Theorem §22.23. is given in the lecture. O

End LE24
2026/07/08
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