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Chapter 1

Measure and integration theory

§01 Measure theory

§01.01 Notation. For x, y P R we agree on the following notations txu :“ max tk P Z: k P p´8, xsu

(integer part), x _ y “ maxpx, yq (maximum), x ^ y “ minpx, yq (minimum), x`
“ maxpx, 0q

(positive part), x´
“ maxp´x, 0q (negative part) and |x| “ x´

` x` (modulus).
(a) For c P R and A Ď R :“ R Y t˘8u “ r´8,8s we set Aěc :“ A X rc,8s, Aďc :“

AXr´8, cs,Aąc :“ AXpc,8s,Aăc :“ AXr´8, cq,A‰c :“ Aztcu, andA :“ AYt˘8u.

(b) For b P R and a P Răb we write Ja, bK :“ ra, bsXZ, Ja, bM :“ ra, bqXZ, La, bK :“ pa, bsXZ,
and La, bM :“ pa, bq X Z. Moreover, let JnK :“ J1, nK and JnM :“ J1, nM for n P N “ Zą0.

(c) Ω ‰ H denotes a nonempty set, 2Ω the set of all subsets of Ω, and 2Ω‰H :“ 2ΩztHu. A set is
called countable if it is at most countable infinite, meaning either finite or countably infinite.
The cardinality of a set A is denoted by |A|, its complement in Ω by Ac :“ ΩzA P 2Ω and
we agree on H “

Ť

jPH
Aj . ˝

§01|01 Classes of sets

§01.02 Definition. A class of sets E Ď 2Ω is called

X-closed (closed under intersections) or a π-system if A X B P E whenever A,B P E ,

σ-X-closed (closed under countable intersections) if
Ş

nPN An P E for any sequence pAnqnPN

of sets in E ,

Y-closed (closed under unions) if A Y B P E whenever A,B P E ,

σ-Y-closed (closed under countable unions) if
Ť

nPN An P E for any sequence pAnqnPN
of

sets in E ,

z-closed (closed under differences) if AzB P E whenever A,B P E , and

closed under complements if Ac :“ ΩzA P E for any set A P E . ˝

§01.03 Remark.
(a) If E Ď 2Ω is closed under complements then de Morgan’s rule (i.e. p

Ť

Aiq
c

“
Ť

Ac
i)

implies immediately the equivalences of Y-closed and X-closed, as well as of σ-Y-closed
and σ-X-closed.

(b) Let E Ď 2Ω be z-closed. Then E is X-closed. If in addition E is σ-Y-closed, then E is
σ-X-closed. Any countable (respectively finite) union of sets in E can be expressed as a
countable (respectively finite) disjoint union of sets in E . ˝

§01.04 Definition. A class of sets E Ď 2Ω is called

semiring if (i) H P E , (ii) for any two sets A,B P E the difference set AzB is a finite union
of mutually disjoints sets in E , and (iii) E is X-closed;
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Chapter 1 Measure and integration theory §01 Measure theory

ring, if (R1) H P E , (R2) E is z-closed, and (R3) E is Y-closed;
σ-ring, if E is a σ-Y-closed ring;

algebra, if (A1) Ω P E , (A2) E is z-closed, and (A3) E is Y-closed;
σ-algebra, if E is a σ-Y-closed algebra;

Dynkin-system or λ-system, if (D1) Ω P E , (D2) E is closed under complements, and
(D3)

Ţ

nPN An P E for any choice of countably many pairwise disjoint sets pAnqnPN

in E . ˝

§01.05 Remark.

(a) Sometimes the disjoint union of sets is denoted by the symbol
Ţ

. Note that this is not
a new operation but only stresses the fact that the sets involved are mutually disjoint.

(b) For any Ω ‰ H the classes tH,Ωu and 2Ω are trivial examples of algebras, σ-algebras
and Dynkin systems. Trivial examples of semirings, rings and σ-rings are tHu and 2Ω.

(c) A (set-)ring R equipped with the symmetric difference ∆ as addition and the intersec-
tion X as multiplication forms an Abelian algebraic ring pR ,∆,Xq.

(d) A class of sets A Ď 2Ω is an algebra if and only if Ω P A , and A is closed under
complements and X-closed.

(e) A class of sets A Ď 2Ω with Ω P A , which is closed under complements and σ-X-
closed is a σ-algebra.

(f) Let D Ď 2Ω be a Dynkin-system. The condition (D2), i.e. D is closed under com-
plements, can be equivalently replaced by the apparently stronger condition (D2’)
BzA P D for any A,B P D with A Ď B, since each Dynkin-system satisfies also
(D2’). Indeed for A,B P D with A Ď B the sets A and B

c are mutually disjoint and
BzA “ pA

Ţ

B
c
q
c

P D .

(g) Every σ-algebra also is a Dynkin-system. The converse does not apply because (D3)
is required only for mutually disjoint sets. For example let Ω “ t1, 2, 3, 4u and D “

tH, t1, 2u, t1, 4u, t2, 3u, t3, 4u,Ωu. Then D is a Dynkin-system but is not an algebra.
˝

§01.06 Illustration.
(i) Every σ-algebra also is a Dynkin-system, an algebra and a σ-ring.

(ii) Every σ-ring is a ring, and every ring is a semiring.

(iii) Every algebra is a ring. An algebra on a finite set Ω is a σ-algebra.

Fig. 01 [§01] Inclusions between classes of sets E Ď 2Ω.

σ-algebra

algebra σ-ring Dynkin-system

ring

semiring

σ-Y-closed
Ω P E

X-closed

Ω P E σ-Y-closed

Y-closed
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§01 Measure theory Chapter 1 Measure and integration theory

The Figure 01 [§01] was created based on Klenke (2020, Fig. 1.1, p.7). ˝

§01.07 Lemma. A Dynkin-system D Ď 2Ω is X-closed if and only if it is a σ-algebra.

§01.08 Proof of Lemma §01.07. In the lecture course EWS. ˝

§01.09 Lemma. Let E Ď 2Ω be a class of sets. Then

σpE q :“
č

tA : A Ď 2Ω is a σ-algebra and E Ď A u and

δpE q :“
č

tD : D Ď 2Ω is a Dynkin-system and E Ď Du

is the smallest σ-algebra, respectively, Dynkin-system on Ω containing E . E is called generator,
and σpE q and δpE q is called the σ-algebra and the Dynkin-system generated by E , respectively.

§01.10 Proof of Lemma §01.09. In the lecture course EWS. ˝

§01.11 π-λ-Theorem. Let E Ď 2Ω be X-closed. Then σpE q “ δpE q and also σpE q Ď D for any Dynkin-
system D Ď 2Ω with E Ď D .

§01.12 Proof of Theorem §01.11. In the lecture course EWS. ˝

§01.13 Definition. Let E Ď 2Ω and A P 2Ω‰H be an arbitrary class of subsets, respectively, nonempty
subset of Ω. The class EA :“ E

ˇ

ˇ

A
:“ E X A :“ tB X A: B P E u Ď 2Ω of subsets of Ω is called

trace of E on A or restriction of E to A. ˝

§01.14 Remark. If E is a semiring, (σ-)ring or (σ-)algebra then EA is a class of sets of the same type as
E , however, on A instead of Ω. For a Dynkin-system this generally does not apply. Moreover,
we have σpE q

ˇ

ˇ

A
“ σpE

ˇ

ˇ

A
q. ˝

§01.15 Reminder.

(a) Let S be a metric (or topological) space and O the class of open subsets in S. The σ-
algebra BS :“ σpOq that is generated by the open sets O is called the Borel σ-algebra
on S. The elements of BS are called Borel sets or Borel measurable sets.

(b) In many cases, we are interested in the Borel σ-algebra B
n
:“ B

R
n over Rn, where Rn

is equipped with the Euclidean distance dpx, yq “ ∥x ´ y∥ “

b

ř

iPJnKpxi ´ yiq2 for

x “ pxiqiPJnK, y “ pyiqiPJnK P R
n.

(c) For a “ paiqiPJnK, b “ pbiqiPJnK P R
n

we write a ă b, if ai ă bi for all i P JnK. For
a ă b, define the open rectangle as the Cartesian product pa, bq :“ iPJnKpai, biq :“
pa1, b1q ˆ pa2, b2q ˆ ¨ ¨ ¨ ˆ pan, bnq. Analogously, we define ra, bs, pa, bs and ra, bq.
Moreover, we set p´8, bq :“ iPJnKp´8, biq and p´8, bs :“ iPJnKp´8, bis.

(d) The Borel σ-algebra B
n is generated by any of the classes of sets:

(i) E1 :“ tA Ď R
n
: A is closedu; (ii) E2 :“ tA Ď R

n
: A is compactu;

(iii) E3 :“ tpa, bq: a, b P Q
n
, a ă bu; (iv) E4 :“ tra, bs: a, b P Q

n
, a ă bu;

(v) E5 :“ tpa, bs: a, b P Q
n
, a ă bu; (vi) E6 :“ tra, bq: a, b P Q

n
, a ă bu;

(vii) E7 :“ tp´8, bs: b P Q
n
u; (viii) E8 :“ tp´8, bq: b P Q

n
u;

(ix) E9 :“ tpa,8q: a P Q
n
u and (x) E10 :“ tra,8q: a P Q

n
u. (Exercise).

(e) We denote by B :“ B
R

the Borel σ-algebra over the extension R :“ r´8,8s of the
real line by the points t˘8u where in R the sets t´8u and t8u are closed, and R is
open. In particular, B :“ BR “ B XR is the Borel σ-algebra over R. For c P R and
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Chapter 1 Measure and integration theory §01 Measure theory

σ-algebra A Ď 2R we write Aěc :“ A XRěc, Aąc :“ A XRąc, Aďc :“ A XRďc, and
Aăc :“ A XRăc ˝

§01|02 Set functions

§01.16 Definition. Let E Ď 2Ω and let µ : E Ñ Rě0 “ r0,8s be a set function. We say that µ is

monotone if µpAq ď µpBq for any two sets A,B P E with A Ď B,

additive if µp
Ţ

jPJnK Ajq “
ř

jPJnK µpAjq for any choice of finitely many mutually disjoint sets
Aj P E , j P JnK, with

Ţ

jPJnK
Aj P E ,

σ-additive if µp
Ţ

jPN Ajq “
ř

jPN µpAjq for any choice of countably many mutually disjoint sets
Aj P E , j P N, with

Ţ

jPN

Aj P E ,

subadditive if µpAq ď
ř

iPJnK µpAjq for any choice of finitely many sets A,Aj P E , j P JnK, with
A Ď

Ť

jPJnK
Aj,

σ-subadditive if µpAq ď
ř

jPN µpAjq for any choice of countably many sets A,Aj P E , j P N,
with A Ď

Ť

jPN

Aj. ˝

§01.17 Definition. Let E Ď 2Ω be a semiring. A set function µ : E Ñ Rě0 with µpHq “ 0 is called a

content if µ is additive,

premeasure if µ is σ-additive,

measure if µ is a premeasure and E is a σ-algebra, and

probability measure if µ is a measure and µpΩq “ 1.

We denote by MpE q the set of all premeasures on pΩ,E q. A content µ on E is called

finite if µpAq P Rě0 for every A P E and

σ-finite if there exists a sequence of sets pEjqjPN
in E such that Ω “

Ť

jPN Ej and µpEjq P Rě0 for
all j P N.

We denote by MfipE q and MσpE q the set of all finite, respectively, σ-finite premeasures on pΩ,E q.
Moreover, for a σ-algebra A Ď 2Ω we denote by MprpA q the set of all probability measures on
pΩ,A q.

§01.18 Example.
(a) For A P 2Ω we denote by

1A : Ω Ñ t0, 1u mit 1´1
A

pt1uq :“ A and 1´1
A

pt0uq :“ A
c

the indicator function on A. For any σ-algebra A Ď 2Ω and ω P Ω the set function

δω : A Q A ÞÑ δωpAq :“ 1Apωq Ñ t0, 1u

is a probability measure on A . δω P MprpA q is called the Dirac measure at the point ω.

(b) Let Ω ‰ H be countably infinite and let E :“ tA P 2Ω: p|A| ^ |Ac|q P Zě0u. Then E is an
algebra. The set function ν : E Ñ t0,8u is given by ν pAq “ 0 for A P E with |A| P Zě0

and ν pAq “ 8 for |Ac| P Zě0. Then ν is a content, but it is not a premeasure. Indeed, ν is
not σ-additive, since ν pΩq “ 8 and

ř

ωPΩ ν ptωuq “ 0.

4 Probability theory
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§01 Measure theory Chapter 1 Measure and integration theory

(c) Let Ω ‰ H be countable and let p : Ω Ñ Rě0. Then µ : 2Ω Ñ Rě0 with A ÞÑ µpAq :“
ř

ωPΩ ppωqδωpAq is a σ-finite measure on 2Ω, i.e. µ P Mσp2Ωq. We call p the mass function of
µ. The number ppωq is called the mass of µ at point ω. Remember, if in addition p satisfies
ř

ωPΩ ppωq “ 1 then µ P Mprp2
Ωq is a discrete probability measure. If ppωq “ 1 for every

ω P Ω, then ζ
Ω
:“

ř

ωPΩ δω is called counting measure on Ω. Evidently, if Ω is finite, then
so is µ P Mfip2Ωq. If Ω Ď R then for each ω P Ω the dirac measure δω P MprpBq, and hence
µ, ζ

Ω
P MσpBq are also called discrete measures on pR,Bq.

(d) For arbitrary measures µ, ν P MpA q the set function

ν ` µ : A Q A ÞÑ pν ` µqpAq :“ ν pAq ` µpAq P Rě0

is a measure. ˝

§01.19 Lemma. Let E be a semiring and let µ be a content on E . Then the following statements hold.
(i) If E is a ring, then µpA Y Bq “ µpAq ` µpBzAq and µpBq “ µpA X Bq ` µpBzAq, hence

µpA Y Bq ` µpA X Bq “ µpAq ` µpBq for any two sets A,B P E .

(ii) µ is monotone. If E is a ring, then µpBq “ µpAq ` µpBzAq for any two sets A,B P E with
A Ď B.

(iii) µ is subadditive. If µ is σ-additive, then µ is also σ-subadditive.

(iv) If E is a ring, then
ř

jPJnK µpAjq “ µp
Ţ

jPJnK Ajq ď µp
Ţ

jPN Ajq for all n P N, and hence
ř

jPN µpAjq ď µp
Ţ

jPN Ajq, for any choice of countably many mutually disjoint sets Aj P E ,
j P N, with

Ţ

jPN

Aj P E .

(v) If E is a ring, then for any n P N and pAiqiPJnK in E with µp
Ť

iPJnK Aiq P Rě0 the Inclusion-
exclusion formulas (Poincaré and Sylvester) hold:

µp
ď

iPJnK

Aiq “
ÿ

IP2
JnK
‰H

p´1q
|I|´1µp

č

iPI
Aiq and µp

č

iPJnK

Aiq “
ÿ

IP2
JnK
‰H

p´1q
|I|´1µp

ď

iPI
Aiq.

§01.20 Proof of Lemma §01.19. (i), (ii) and (iv) are given in the lecture, (iii) and (v) are exercises. ˝

§01.21 Notation. We agree on the following conventions.
(a) A sequence pxnq

nPN
in R is called increasing (respectively decreasing), if xn ď xn`1 (re-

spectively xn`1 ď xn) for all n P N. If an increasing (respectively decreasing) sequence
pxnq

nPN
is convergent, say x “ limnÑ8 xn, then we write xn Ò x (respectively xn Ó x) for

short.

(b) A sequence pAnq
nPN

in 2Ω is called increasing (respectively decreasing), if An Ď An`1

(respectively An`1 Ď An) for all n P N. We call

A‹ :“ lim inf
nÑ8

An :“
ď

nPN

č

mPNěn

Am :“
ď

t
č

tAm: m P Něnu: n P Nu and

A
‹
:“ lim sup

nÑ8

An :“
č

nPN

ď

mPNěn

Am

limes inferior, respectively, limes superior of the sequence pAnq
nPN

. The sequence pAnq
nPN

is called convergent, if A‹ “ A‹
“: A. In this case we write limnÑ8 An “ A for short.

An increasing (respectively decreasing) sequence pAnq
nPN

in 2Ω is convergent with A :“
limnÑ8 An “

Ť

nPN An (respectively A :“ limnÑ8 An “
Ş

nPN An). In this case we write
An Ò A (respectively An Ó A).

Probability theory 5
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(c) For functions f, g : Ω Ñ R we write f ď g if fpωq ď gpωq for any ω P Ω. Analogously,
we write f ě 0 and so on. A sequence pfnq

nPN
of functions on Ω is called (pointwise)

increasing, or briefly isotone (respectively, (pointwise) decreasing, or briefly antitone) if
fn ď fn`1 (respectively, fn`1 ď fn) for all n P N. We denote by

f
‹
:“ lim inf

nÑ8
fn :“ sup tinf tfm: m P Něnu: n P Nu and

f‹ :“ lim sup
nÑ8

fn :“ inf tsup tfm: m P Něnu: n P Nu

the limes inferior, respectively, limes superior. The sequence pfnq
nPN

is convergent if f
‹

“

f‹ “: f , that is, the pointwise limit exists everywhere. In this case we write lim
nÑ8

fn “ f .

An isotone (respectively, antitone) sequence pfnq
nPN

is convergent with f :“ limnÑ8 fn “

supnPN fn (respectively, f :“ limnÑ8 fn “ infnPN fn). In this case we briefly write fn Ò f
(respectively, fn Ó f ). ˝.

§01.22 Definition. A content µ on a ring R Ď 2Ω is called

lower semicontinuous if limnÑ8 µpAnq “ µpAq for any A P R and any sequence pAnq
nPN

in R
with An Ò A.

upper semicontinuous if limnÑ8 µpAnq “ µpAq for any A P R and any sequence pAnq
nPN

in R
with µpAnq P Rě0 for some (and then eventually all) n P N and An Ó A.

H-continuous if limnÑ8 µpAnq “ 0 “ µpHq for any sequence pAnq
nPN

in R with µpAnq P Rě0

for some (and then eventually all) n P N and An Ó H.

§01.23 Remark. In the definition of upper semicontinuity, we needed the assumption µpAnq P Rě0

since otherwise we would not even have H-continuity for an example as simple as the counting
measure ζ

N
on pN, 2Nq. Indeed, An :“ Něn Ó H but ζ

N
pAnq “ 8 for all n P N. ˝

§01.24 Lemma. Let µ be a content on the ring R Ď 2Ω. Consider the following five properties. (p1) µ
is σ-additive (and hence µ P MpRq is a premeasure), (p2) µ is σ-subadditive, (p3) µ is lower
semicontinuous, (p4) µ is H-continuous, (p5) µ is upper semicontinuous. Then the following
implications hold: (p1)ô(p2)ô(p3)ñ(p4)ô(p5). If µ is finite, then we also have (p4)ñ(p3).

§01.25 Proof of Lemma §01.24. is given in the lecture. ˝

§01.26 Example (§01.18 (b) continued). ν is a H-continuous content, but it is not a premeasure. ˝

§01.27 Definition.
(a) A pair pΩ,A q consisting of a nonempty set Ω and a σ-algebra A Ď 2Ω is called a measur-

able space. The sets A P A are called measurable sets. If Ω is at most countably infinite
and if A “ 2Ω, then the measurable space pΩ, 2Ωq is called discrete.

(b) A triple pΩ,A , µq is called measure space if pΩ,A q is a measurable space and µ P MpA q

is a measure on A .

(c) If in addition µpΩq “ 1, then pΩ,A , µq is called a probability space and µ P MprpA q a
probability measure. In this case, the sets A P A are called events. ˝

End LE01
2026/04/14

§01|03 Measure extension

§01.28 Lemma (Uniqueness). Let pΩ,A q be a measurable space, let E Ď A be a X-closed generator
of A and let µ, ν P MσpA q be two σ-finite measures on A , which agree on E , that is,

6 Probability theory
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(gC) µpEq “ ν pEq for all E P E .
Assume in addition that
(uC) there exist sets pEnqnPN

in E with
Ť

nPN En “ Ω and µpEnq P Rě0 for all n P N.
Then µ and ν agree also on A .
If µ, ν P MprpA q are two probability measures on A , then (uC) is not needed.

§01.29 Proof of Lemma §01.28. is given in the lecture. ˝

§01.30 Remark. In other words under the assumptions of Lemma §01.28 a σ-finite measure µ P MσpA q

is uniquely determined by its values µpEq, E P E . The uniqueness without (uC), the existence
of the sequence pEnqnPN

, does generally not apply, even if µ P MfipA q is a finite measure on
A . In this case the total mass µpΩq is generally not uniquely determined. Let Ω “ t1, 2u and
E “ tt1uu. Then E is a X-closed generator of 2Ω. A probability measure µ P MprpA q is
uniquely determined by the value µpt1uq. However, a finite measure is not determined by its
value on tt1uu, as µ ” 0 and ν “ δ2 are different finite measures that (gC) agree on E . ˝

§01.31 Definition. A set function µ‹ : 2Ω Ñ Rě0 is called an outer measure if (oM1) µ‹
pHq “ 0,

(oM2) µ‹ is monotone, and (oM3) µ‹ is σ-subadditive. A set A P 2Ω is called µ‹-measurable if

µ‹
pA X Bq ` µ‹

pAc
X Bq “ µ‹

pBq for any B P 2Ω.

We write σpµ‹q :“ tA P 2Ω: A is µ‹-measurableu. ˝

§01.32 Remark. Since µ‹
pHq “ 0 we evidently have Ω P σpµ‹q. As µ‹ is subadditive it follows that

A P σpµ‹q if and only if µ‹
pA X Bq ` µ‹

pAc X Bq ď µ‹
pBq for any B P 2Ω. ˝

§01.33 Lemma. Let E Ď 2Ω be an arbitrary class of sets with H P E and let µ : E Ñ Rě0 be a set
function with µpHq “ 0. For A P 2Ω define the set of countable E -coverings F of A:

UpAq “ tF Ď E : F is countable and A Ď
Ť

FPF Fu

Define the set function

µ‹ : 2Ω Ñ Rě0 with A ÞÑ µ‹
pAq :“

$

&

%

8 , UpAq “ H;

inf t
ÿ

FPF

µpF q: F P UpAqu , UpAq ‰ H.

Then µ‹ is an outer measure. If in addition µ is σ-subadditive, then µ‹ and µ agree on E , i.e.
µ‹

pEq “ µpEq for all E P E .

§01.34 Proof of Lemma §01.33. is given in the lecture. ˝

§01.35 Lemma. If µ‹ is an outer measure, then σpµ‹q is a σ-algebra and the restriction of µ‹ on σpµ‹q is
a measure, i.e. µ‹

ˇ

ˇ

σpµ‹q
P Mpσpµ‹qq.

§01.36 Proof of Lemma §01.35. is given in the lecture. ˝

§01.37 Extension theorem for measures. Let E Ď 2Ω be a semiring and let µ : E Ñ Rě0 be an
additive with µpHq “ 0 (content), σ-subadditive and σ-finite set function. Then there exists a
unique σ-finite measure rµ P MσpσpE qq such that rµ and µ agree on E , i.e. rµpEq “ µpEq for all
E P E .

§01.38 Proof of Theorem §01.37. is given in the lecture. ˝
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§01.39 Example.
(a) There exists a uniquely determined measure λn on pR

n
,B

n
q with the property that λnppa, bsq “

ś

iPJnKpbi ´ aiq for all a, b P R
n with a ă b. λ

n is called Lebesgue measure on pR
n
,B

n
q

(see lecture Analysis 3).

(b) Let F : R Ñ R be monotone increasing and right continuous. There is a uniquely de-
termined measure µ

F
on pR,Bq with the property that µ

F
ppa, bsq “ Fpbq ´ Fpaq for all

a, b P R with a ă b. µ
F

is called Lebesgue-Stieltjes measure on pR,Bq (Exercise). If in
addition limxÑ8pFpxq ´ Fp´xqq “ 1, then µ

F
is a probability measure. ˝

§01.40 Definition. Let pΩ,A , µq be a measure space.
(a) A set N P A is called a µ-null set, or briefly null set, if µpNq “ 0. By

Nµ :“
ď

t2N : N P A is µ-null setu

we denote the class of all subsets of µ-null sets.

(b) Let ppωq be a property that a point ω P Ω can have or not have. We say that p holds µ-
almost everywhere (µ-a.e.) if there exists a µ-null set N P Nµ such that ppωq holds for every
ω P ΩzN “ N c. If A P A and if there exists a µ-null set N such that ppωq holds for every
ω P AzN , then we say that p holds µ-almost everywhere on A. If µ “ P P MprpA q is a
probability measure then we say that p holdsP-almost surely (P-a.s.) respectivelyP-almost
surely on A.

(c) The measure space pΩ,A , µq is called complete, if Nµ Ď A . ˝

§01.41 Remark. Let pΩ,A , µq be a σ-finite measure space. Due to Theorem §01.37 there exists a
unique smallest σ-algebra Ã Ě A and an extension rµ of µ to Ã such that pΩ, Ã , rµq is complete
where Ã “ σpE q with E “ A Y Nµ “ tA Y N : A P A , N P Nµu and rµpA Y Nq “ µpAq for any
A P A and N P Nµ. ˝

§01.42 Definition. Let pΩ,A , µq be a measure space and B P A . On the trace σ-algebra AB we define
a measure by µ

B
pAq :“ µpAq for A P A with A Ď B. This measure is called the restriction of

µ to B. ˝

§01.43 Example. The restriction λ
r0,1s

of the Lebesgue-Borel measure λ on pR,Bq to r0, 1s is a proba-
bility measure on pr0, 1s,Br0,1sq, i.e. λ

r0,1s
P MprpBr0,1sq. More generally, for a Borel set B P B we

call the restriction λ
B

the Lebesgue measure on B, i.e. λ
B

P MσpBBq. ˝
End LE02
2026/04/17

§02 Integration theory

§02|01 The integral

§02.01 Reminder. Let pΩ,A , µq be a measure space and let pS,S q be a measurable space.
(a) A function f : Ω Ñ S is called A -S -measurable (or, briefly, measurable) if

σpfq :“ f´1
pS q :“ tf´1

pSq: S P S u Ď A .

If f is measurable, we write f : pΩ,A q Ñ pS,S q. We denote by MpA ,S q the set of
all A -S -measurable functions. If S “ BS is the Borel σ-algebra on S then we write
MS

pA q :“ MpA ,BSq for short. If µ “ P P MprpA q is a probability measure then f P MpA ,S q

is called (pS,S q-valued) random variable. The σ-algebra σpfq is called the σ-algebra on Ω
that is generated by f . This is the smallest σ-algebra with respect to which f is measurable.

8 Probability theory
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(b) The identity map idΩ : Ω Ñ Ω is A -A -measurable. If A “ 2Ω or S “ tH, Su, then
any map f : Ω Ñ S belongs to MpA ,S q. The indicator function 1A for A P 2Ω belongs to
MpA , 2t0,1uq if and only if A P A .

(c) A measurable function f : pΩ,A q Ñ pS,S q is called

numerical if pS,S q “ pR,Bq, briefly f P MpA q :“ M
R

pA q “ MpA ,Bq,

positive numerical if pS,S q “ pRě0,Bě0q, briefly f P Mě0
pA q :“ M

Rě0

pA q “ MpA ,Bě0q,

real if pS,S q “ pR,Bq, briefly f P MpA q :“ MR
pA q “ MpA ,Bq,

positive real if pS,S q “ pRě0,Bě0q, briefly f P Mě0
pA q :“ MRě0

pA q “ MpA ,Bě0q.

For any B1, B2 P B with B1 Ď B2 we agree on MB1

pA q Ď MB2

pA q, e.g. Mp0,1s
pA q Ď Mě0

pA q Ď

Mě0
pA q or MpA q Ď MpA q. If the preimage pΩ,A q is irrelevant we also write shortly M :“

MpA q, Mě0 :“ Mě0
pA q, M :“ MpA q, and Mě0 :“ Mě0

pA q. If pfnq
nPN

is a sequence in M,
then supnPN fn, infnPN fn, f

‹
:“ lim inf

nÑ8
fn, and f‹ :“ lim sup

nÑ8

fn belong also to M (see

lecture EWS).

(d) A real map f P MpA q assuming only finitely many values is called simple or elemen-
tary. If f P MpA q is simple then there is an n P N and mutually disjoint measurable
sets pAjqiPJnK in A as well as numbers pajqiPJnK inR such that f “

ř

iPJnK aj1Aj
. We denote by

M
sim

pA q and M
sim

ě0
pA q the set of all simple, respectively, positive simple functions on pΩ,A q.

If f “
ř

iPJnK aj1Aj
and f “

ř

iPJmK bj1Bj
are two representations of f P M

sim

ě0
pA q, then

ř

iPJnK ajµpAjq “
ř

iPJmK bjµpBjq (check it!).

(e) Let f P Mě0
pA q be positive numerical. Then there exists an isotone sequence of simple

functions pfnq
nPN

in M
sim

ě0
pA q such that fn Ò f (see lecture EWS).

(f) For functions f, g P MpA q we write f ď g if fpωq ď gpωq for any ω P Ω and f ď g µ-a.e.
if there is N P Nµ such that fpωq ď gpωq for any ω P N c (see Definition §01.40). ˝

§02.02 Theorem. For each measure µ on a measurable space pΩ,A q we call integral with respect to
µ the uniquely determined functional Iµ : Mě0

pA q Ñ Rě0 satisfying the following properties:
(I1) Iµpaf ` bgq “ aIµpfq ` bIµpgq for all f, g P Mě0

pA q and a, b P Rě0, (linearity)

(I2) Iµpfnq Ò Iµpfq for all pfnq
nPN

Ò f in Mě0
pA q, (monotone convergence)

(I3) Iµp1Aq “ µpAq for all A P A . (normed)

For each f P Mě0
pA q we call

ş

f dµ :“ Iµpfq the integral of f with respect to µ. For A P A we

write shortly
ş

A
f dµ :“

ş

pf1Aq dµ. f is called µ-integrable, if
ş

f dµ P Rě0. ˝

§02.03 Proof of Theorem §02.02. The theorem summarises the main result of this section; its proof
takes place in several steps. We first show in Theorem §02.05 the uniqueness result and then
explicitly state in Theorem §02.09 a functional Iµ : Mě0

pA q Ñ Rě0 for which we verify the re-
quired conditions (I1)-(I3). In summary, we then show therewith in Theorem §02.09 the existence
result. ˝

§02.04 Notation. For f P Mě0
pA q and A P A we write shortly µpfq :“

ş

f dµ “
ş

Ω
fpωqµpdωq as

well as µpf1Aq “
ş

A
f dµ “

ş

A
fpωqµpdωq. If P P MprpA q is a probability measure then we call

the uniquely determined functional E :“ IP : Mě0
pA q Ñ Rě0 expectation with respect to P. ˝

§02.05 Uniqueness theorem. The integral is uniquely determined.
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§02.06 Proof of Theorem §02.05. is given in the lecture. ˝

Reminder §02.01 (d) allows the following definition to be made since the defined value rIµpfq

does not depend on the chosen representation of f .

§02.07 Lemma. The maprIµ : M
sim

ě0
pA q Ñ Rě0 given by

f “
ÿ

iPJnK

aj1Aj
ÞÑrIµpfq :“

ÿ

iPJnK

ajµpAjq.

is normed, positive, linear and monotone:
(i) rIµp1Aq “ µpAq for every A P A , (normed)

(ii) rIµpaf ` bgq “ arIµpfq ` brIµpgq for all f, g P M
sim

ě0
pA q and a, b P Rě0, (linearity)

(iii) rIµpfq ďrIµpgq for all f, g P M
sim

ě0
pA q with f ď g. (monotonicity).

§02.08 Proof of Lemma §02.07. Exercise. ˝

§02.09 Existence theorem. The functional Iµ : Mě0
pA q Ñ Rě0 with

f ÞÑ Iµpfq :“ sup trIµpgq: g P M
sim

ě0
pA q, g ď fu

is an integral with respect to µ, that is, it shares the properties (I1)-(I3) in Theorem §02.02:
(i) Iµp1Aq “ µpAq for every A P A , (normed)

(ii) Iµpfq ď Iµpgq for all f, g P Mě0
pA q with f ď g, (monotonicity)

(iii) Iµpfnq Ò Iµpfq for all pfnq
nPN

Ò f in Mě0
pA q. (monotone convergence)

(iv) Iµpaf ` bgq “ aIµpfq ` bIµpgq for all f, g P Mě0
pA q and a, b P Rě0 (linearity)

(with convention 8 ¨ 0 “ 0).

§02.10 Proof of Theorem §02.09. is given in the lecture. ˝

§02.11 Remark. By Lemma §02.07 (iii) we have the identity Iµpfq “rIµpfq for any f P M
sim

ě0
pA q. Hence

Iµ is an extension of the maprIµ from M
sim

ě0
pA q to the set of positive numerical functions Mě0

pA q. ˝

§02.12 Comment. A measurable partition P :“ tAi: i P Iu Ď A‰H of Ω is finite, if |I| P N, and hence
H ‰ A P A for each A P P. If we set P :“ tP Ď A‰H: P finite, measurable partition of Ωu, then the
functional Iµ : Mě0

pA q Ñ Rě0 given by (with convention 8 ¨ 0 “ 0)

f ÞÑ Iµpfq :“ sup t
ÿ

APP

`

inf
ωPA

fpwq
˘

µpAq: P P Pu

shares also the properties (I1)-(I3) in Theorem §02.02, and hence it is an alternative but equivalent
representation of the uniquely determined integral with respect to µ. ˝

§02.13 Notation. For arbitrary measures µ, ν P MpA q we write ν ď µ if ν pAq ď µpAq for all A P A .
Evidently, ν ď µ and µ ď ν imply together µ “ ν . ˝

§02.14 Lemma (Properties). Let pΩ,A , µq be an arbitrary measure space and let pfnq
nPN

be a sequence
in Mě0

pA q.
(i) (Fatou’s lemma) µplim inf

nÑ8
fnq “

ş `

lim inf
nÑ8

fn
˘

dµ ď lim inf
nÑ8

ş

fn dµ “ lim inf
nÑ8

µpfnq and

in particular µ
`

lim inf
nÑ8

An

˘

ď lim inf
nÑ8

µpAnq for every sequence pAnq
nPN

of sets in A . If

µ P MfpA q is finite, then also lim sup
nÑ8

µpAnq ď µ
`

lim sup
nÑ8

An

˘

.
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(ii)
ř

nPN fn P Mě0
pA q and µp

ř

nPN fnq “
ş `

ř

nPN fn
˘

dµ “
ř

nPN

ş

fn dµ “
ř

nPN µpfnq.

Let in addition f, g P Mě0
pA q.

(iii) f “ 0 µ-a.e. if and only if µpfq “
ş

f dµ “ 0. If µpfq P Rě0 then f P Rě0 µ-a.e. and the
restriction of µ on tf ‰ 0u is a σ-finite measure.

(iv) The set function

fµ : A Q A ÞÑ fµpAq :“ µp1Afq “

ż

p1Afq dµ P Rě0

is a measure on pΩ,A q. For all A P A with µpAq “ 0 we have fµpAq “ 0.

(v) If f ď g (respectively f “ g) µ-a.e. then fµ ď gµ (respectively fµ “ gµ). The converse
holds, if (c1) f is µ-integrable, or (c2) µ P MσpA q, or (c3) gµ P MσpA q σ-finite.
In particular, µpfq “

ş

f dµ ď
ş

g dµ “ µpgq (respectively, µpfq “ µpgq).

(vi) µ P MpA q is σ-finite if and only if there is h P Mp0,1s
pA q with µphq P Rě0 (µ-integrable). In

particular, for each σ-finite µ P MσpA q there exists h P Mp0,1s
pA q such that hµ P MfipA q is

finite and hµ shares the same null-sets as µ. End LE03
2026/04/22

(vii)
ř

nPN µ
`

tf ě nu
˘

ď µpfq ď
ř

nPN0
µ
`

tf ą nu
˘

and µpfq “
ş8

0
µ
`

tf ě tu
˘

dt for every
f P MpA q with f P Rě0 µ-a.e.

§02.15 Proof of Lemma §02.14. is given in the lecture. ˝

§02.16 Definition. Let µ P MpA q be a measure on pΩ,A q and let f P Mě0
pA q. Define the measure

ν P MpA q by νpAq :“ µp1Af q for A P A . We say that fµ :“ ν has the density dν{dµ :“ f

with respect to µ, or briefly µ-density. ˝

§02.17 Lemma (Properties). Let pΩ,A , µq be a measure space and let ν :“ fµ P MpA q admit the
density dν{dµ “ f P Mě0

pA q.
(i) ν pgq “

ş

g dν “
ş

pgf q dµ “ µpgf q “ fµpgq for every g P Mě0
pA q.

(ii) ρ “ qν “ qpfµq “ pqf qµ for every ρ :“ qν P MpA q with q P Mě0
pA q.

(iii) If ν P MσpA q or µ P MσpA q is σ-finite then the µ-density dν{dµ “ f of ν is unique up to
equality µ-almost everywhere.

(iv) If ν P MσpA q is σ-finite, then dν{dµ “ f P Rě0 µ-a.e.. The converse holds, if µ P MσpA q.

§02.18 Proof of Lemma §02.17. is given in the lecture. ˝

§02.19 Notation. If f P MpA q is numerical then f` :“ f _ 0, f´ :“ p´f q
`, |f | “ f`

` f´
P Mě0

pA q

are positive numerical. ˝

§02.20 Definition. Let pΩ,A , µq be a measure space and let f P MpA q be numerical.
(a) If f` or f´ is µ-integrable, that is, µpf`

q ^ µpf´
q P Rě0, then we define the integral

µpf q :“
ş

f dµ :“

ż

f
`
dµ ´

ż

f
´
dµ “ µpf

`
q ´ µpf

´
q

of f with respect to µ where we use the usual conventions 8 ` x “ 8 and ´8 ` x “ ´8

for all x P R. In this case f is called µ-quasiintegrable. The integral of f is not defined, if
µpf`

q “ 8 “ µpf´
q.

Probability theory 11

https://creativecommons.org/licenses/by-nc/4.0/deed.de


Chapter 1 Measure and integration theory §02 Integration theory

(b) If µp|f |q P Rě0, that is, µpf`
q _ µpf´

q P Rě0, then f is called µ-integrable. The vector space
of all µ-integrable real functions is denoted by

L
1
:“ L

1
pµq :“ L

1
pΩ,A , µq :“ tf P MpA q: µp|f |q P Rě0u.

The set of all µ-integrable numerical functions is denoted by

L̄
1
:“ L̄

1
pµq :“ L̄

1
pΩ,A , µq :“ tf P MpA q: µp|f |q P Rě0u.

(c) For s P Rą0 define

∥f∥
L

s :“
`

µp|f |sq
˘1{s

and ∥f∥
L

8 :“ inf tx P Rě0: µpt|f | ą xuq “ 0u.

For s P Rą0, f is called L
s-integrable if ∥f∥

L
s P Rě0. The vector space of all Ls-integrable

real functions we denote by

L
s
:“ L

s
pµq :“ L

s
pΩ,A , µq :“ tf P MpA q: ∥f∥

L
s P Rě0u.

The set of all Ls-integrable numerical functions we denote by

L̄
s
:“ L̄

s
pµq :“ L̄

s
pΩ,A , µq :“ tf P MpA q: ∥f∥

L
s P Rě0u.

For s P Rě1, the map ∥¨∥
L

s is a seminorm on L
s
pµq (see Subsection §02|03 below), that is,

for all f, g P L
s
pµq and a P R, (s1) ∥af∥

L
s “ |a|∥f∥

L
s , (s2) ∥f ` g∥

L
s ď ∥f∥

L
s ` ∥g∥

L
s ,

(s3) ∥f∥
L

s P Rě0 and ∥f∥
L

s “ 0 if f “ 0 µ-a.e.

(d) The map x¨, ¨y
L

2 : L
2
pµqˆL

2
pµq Ñ R with pf, gq ÞÑ xf, gy

L
2 :“ µpfgq is a positive semidefinite

symmetric bilinearform. ˝

§02.21 Lemma (Properties). Let f, g P L̄
1
pΩ,A , µq.

(i) If af ` bg P MpA q for a, b P R, then af ` bg P L̄
1
pΩ,A , µq and µpaf ` bgq “ aµpfq ` bµpgq.

(linear)

(ii) Let h P MpA q. If h “ f µ-a.e., then h is µ-integrable and µphq “ µpfq.
If |h| ď |g| µ-a.e. then h is µ-integrable.

(iii) If f ď g µ-a.e., then µpfq ď µpgq. (monotone)
In particular, if g P Rě0 µ-a.e., then µpgq P Rě0 and (positive)
µptg ě εuq ď 1

ε
µpgq for all ε P Rą0. (Markov inequality)

(iv) |µpfq| ď µp|f |q. (triangle inequality)

(v) f “ 0 µ-a.e. if and only if µpf1Aq “ 0 for all A P A .

(vi) If µ P MfipA q is finite and h P MpA q is bounded, hence ∥h∥
8
:“ supωPΩ |hpωq| P Rě0, then

h P L
1
pµq.

(vii) If µ, ν P MpA q then h P L̄
1
pµ ` νq if and only if h P L̄

1
pµqX L̄

1
pνq. In this case, pµ`νqphq “

µphq ` ν phq.

(viii) If ν “ fµ with dν{dµ “ f P Mě0
pA q then g P MpA q is ν -(quasi)integrable if and only

if gf P MpA q is µ-(quasi)integrable. In this case ν pgq “ µpgf q “
ş

pgf q dµ “
ş

g dpfµq “
ş

g dν .

§02.22 Proof of Lemma §02.21. is given in the lecture. ˝
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§02.23 Corollary (Properties). Let f, g P MpA q and µ P MpA q.
(i) Let s P Rą0. f is L

s
pµq-integrable if and only if |f |s is µ-integrable. Moreover, if f is

L
8

pµq-integrable then µ
`

t|f | ą ∥f∥
L

8u
˘

“ 0.

(ii) Let s P Rą0. ∥f∥Ls “ 0 if and only if f “ 0 µ-a.e.. If a P R then ∥af∥
L

s “ |a|∥f∥
L

s . If f is
L

s-integrable and f “ g µ-a.e., then |f | P Rě0 µ-a.e. and ∥f∥
L

s “ ∥g∥
L

s .

§02.24 Proof of Corollary §02.23. Exercise. ˝

§02.25 Lemma. Let pΩ,A , µq be an arbitrary measure space and f, g P MpA q.
(i) (Hölder’s inequality) Let s, r P Rě1 with 1

s
` 1

r
“ 1. Then µp|fg|q ď ∥f∥

L
s∥g∥

L
r .

(Cauchy-Schwarz inequality) If f, g P L
2 then |xf, gy

L
2 | ď ∥f∥

L
2∥g∥

L
2 .

(ii) If µ P MfipA q is finite, s P Rą0 and r P p0, sq. Then µpΩq
1{s∥f∥

L
r
pµq

ď µpΩq
1{r∥f∥

L
s
pµq

and
hence L

s
pµq Ď L

r
pµq (and L̄

s
pµq Ď L̄

r
pµq).

(iii) (Minkowski’s inequality) For f ` g P MpA q and any s P Rě1, ∥f ` g∥
L

s ď ∥f∥
L

s ` ∥g∥
L

s .

§02.26 Proof of Lemma §02.25. is given in the lecture. ˝
End LE04
2026/04/24

§02.27 Lemma (Image measure). Let pΩ,A q and pX,X q be measurable spaces, let µ P MpA q be a
measure and let X P MpA ,X q be measurable. Let µX :“ µ ˝ X´1 P MpX q be the image
measure on pX,X q of µ under the map X . If h P Mě0

pX q then µphpXqq “ µX
phq. Consequently,

h P MpX q is µX-(quasi)integrable if and only if hpXq P MpA q is µ-(quasi)integrable. In this
case, µphpXqq “ µX

phq.

Fig. 01 [§02] Measurability implications.

pΩ,A q pX,X q

pR,Bq

X

h P MpX q

µX-(quasi)integrable
hpXq P MpA q

µ-(quasi)integrable

In particular, if X is a random variable on pΩ,A ,Pq, then
ż

X

hpxqP
X

pdxq “

ż

h dP
X

“ P
X

phq “ PphpXqq “

ż

hpXq dP “

ż

Ω

hpXpωqqPpdωq.

§02.28 Proof of Lemma §02.27. is given in the lecture. ˝

§02|02 Convergence criteria

§02.29 Definition. Let pΩ,A , µq be a measure space. We say that a sequence pfnq
nPN

in MpA q con-
verges to f P MpA q

µ-almost everywhere (µ-a.e.), symbolically fn
µ-a.e.
ÝÝÝÑ f , if lim supnÑ8|fn ´ f | “ 0 µ-a.e.,

that is, there exists a µ-null set N P A such that limnÑ8|fnpωq ´ fpωq| “ 0 for any
ω P N c :“ ΩzN .

µ-almost complete (µ-a.c.), symbolically fn
µ-a.c.
ÝÝÝÑ f , if

ř

nPN µ
`

t|fn ´ f | ą εu X A
˘

P Rě0 for
every A P A with µpAq P Rě0 and for every ε P Rą0.

in µ-measure (or, briefly, in measure), symbolically fn
µ
ÝÑ f , if limnÑ8 µ

`

t|fn´f | ą εuXA
˘

“

0 for every A P A with µpAq P Rě0 and for every ε P Rą0.
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in L
s
pµq (or in s-th µ-mean) for s P Rą0, symbolically fn

L
s
pµq

ÝÝÑ f , if pfnq
nPN

and f in L̄
s
pµq such

that limnÑ8∥fn ´ f∥
L

s “ 0.

If µ is a probability measure, then convergence in µ-measure is also called convergence in prob-

ability. Sometimes we write briefly fn
a.e.
ÝÑ f , fn

a.c.
ÝÑ f or fn

L
s

ÝÑ f if the underlying measure
emerges from the context. ˝

§02.30 Remark. Convergence in L
s
pµq and convergence µ-almost everywhere evidently determine the

limit up to equality µ-almost everywhere. This also applies to convergence in µ-measure, if
µ P MσpA q is σ-finite. Indeed, if fn

µ
ÝÑ f and fn

µ
ÝÑ g then for every ε P Rą0 and A P A with

µpAq P Rě0 (since |f ´ g| ď |f ´ fn| ` |g ´ fn|)

µpt|f ´ g| ą εu X Aq ď µpt|f ´ fn| ą ε{2u X Aq ` µpt|g ´ fn| ą ε{2u X Aq
nÑ8
ÝÝÝÑ 0.

and hence µpt|f ´ g| ą εu X Aq “ 0. Therefore, we have µptf ‰ gu X Aq “ 0 making use
of tf ‰ gu X A “

Ť

kPNt|f ´ g| ą 1{ku X A. Selecting An Ò Ω with µpAnq P Rě0 (since
µ P MσpA q) implies f “ g µ-a.e.. If µ P MfipA q is finite, then limnÑ8 µpt|fn ´ f | ą εuq “ 0

for every ε P Rą0 and fn
µ
ÝÑ f are equivalent. The last statement does not apply, if µ P MσpA q

is σ-finite. For instance, on pN, 2N , ζ
N
q (see Example §01.18 (c) for the counting measure ζ

N
)

for An :“ Něn, n P N, we have t1An
ą εu “ An for every ε P p0, 1q and t1An

ą εu “ H for
every ε P Rě1. Since An Ó H, and hence ζ

N
pAn X Aq Ó 0 for each A P A with ζ

N
pAq P Rě0 (upper

semicontinuous), we evidently have 1An

ζ
N

ÝÑ 0. On the other hand side, for each ε P p0, 1q we
have ζ

N
pt1An

ą εuq “ ζ
N

pAnq “ 8 for all n P N. ˝

§02.31 Lemma. Let pΩ,A , µq be an arbitrary measure space.
(i) (Monotone convergence) Let f P MpA q and let fn P L̄

1
pµq, n P N. Assume fn Ò f µ-a.e.

Then µpfnq Ò µpfq where both sides can equal `8.

(ii) (Dominated convergence) Let pfnq
nPN

in MpA q be µ-a.e. convergent. Assume supnPN |fn| ď

g µ-a.e. with g P L̄
1
pµq. Then there exists f P MpA q with fn

µ-a.e.
ÝÝÝÑ f , pfnq

nPN
and f belong to

L̄
1
pµq and limnÑ8 µpp|f ´ fn|qq “ 0 as well as limnÑ8 µpfnq “ µpfq. If g P L̄

s
pµq for s P Rě1,

then pfnq
nPN

and f belong to L̄
s
pµq and limnÑ8∥fn ´ f∥

L
s “ 0.

(iii) (Scheffé’s theorem) Let f, fn P Mě0
pA q, n P N, be µ-integrable. Assume fn

µ-a.e.
ÝÝÝÑ f and

µpfnq
nÑ8
ÝÝÝÑ µpfq, then fn

L
1
pµq

ÝÝÑ f .

(iv) (Theorem of Riesz) Let f, fn P L
s
pµq, n P N, s P Rě1. Assume fn

µ-a.e.
ÝÝÝÑ f . µp|fn|sq

nÑ8
ÝÝÝÑ

µp|f |sq if and only if fn
L

s
pµq

ÝÝÑ f .

(v) Let f, fn P MpA q, n P N. Then the following implications hold:

fn
µ-a.e.
ÝÝÝÑ f ùñ fn

µ
ÝÑ f ðù fn

L
s
pµq

ÝÝÑ f.

If µ P MσpA q is σ-finite, then we also have fn
µ-a.c.
ÝÝÝÑ f ùñfn

µ-a.e.
ÝÝÝÑ f . Moreover, fn

µ
ÝÑ f if

and only if for any subsequent of pfnq
nPN

there exists a sub-subsequence that converges to f
µ-almost everywhere.

§02.32 Proof of Lemma §02.31. is given in the lecture. ˝

§02.33 Reminder. A sequence pfnq
nPN

in L
s
pµq is called (Ls

pµq-)Cauchy sequence, if for every ε P Rą0

there exists n˝ P N such that ∥fn ´ fm∥Ls
pµq

ď ε for all m,n P Něn˝
, symbolically

limn,mÑ8∥fn ´ fm∥Ls
pµq

“ 0. For s P Rě1 keep in mind that every L
s
pµq convergent sequence by

applying Minkowski’s inequality (see Lemma §02.25 (iii)) is also a L
s
pµq-Cauchy sequence. ˝
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§02.34 Lemma. Let s P Rě1 and let pfnq
nPN

be a L
s
pµq-Cauchy sequence. Then there exists f P L

s
pµq

such that fn
L

s
pµq

ÝÝÑ f and there exists a subsequence of pfnq
nPN

that converges µ-a.e. to f .

§02.35 Proof of Lemma §02.34. is given in the lecture. ˝

§02.36 Corollary. Let s P Rě1 and let pfnq
nPN

be a L
s
pµq-Cauchy sequence that converges µ-a.e. to

f P MpA q. Then f belongs to L
s
pµq and fn

L
s
pµq

ÝÝÑ f .

§02.37 Proof of Corollary §02.36. is given in the lecture. ˝

§02.38 Preliminaries. Let pΩ,A , µq be an arbitrary measure space and let f P MpA q. f is µ-integrable
if and only if for every ε P Rą0 there exists g P L̄

1

ě0pµq :“ L̄
1
pµqXMě0

pA q such that µp|f |1t|f |ěguq ď ε
or in equal inf tµp|f |1t|f |ěguq: g P L̄

1

ě0pµqu “ 0. Assume µp|f |q P Rě0. Setting g :“ 2|f | P L̄
1

ě0pµq we
evidently have t|f | ě gu “ tf “ 0u Y t|f | “ 8u and hence applying Corollary §02.23 (ii)
also µp|f |1t|f |ěguq “ 0. We obtain the converse by exploiting µp|f |q “ µp|f |1t|f |ěguq ` µp|f |1t|f |ăguq ď

ε ` µpgq P Rą0, which in turn implies µp|f |q P Rě0. ˝

§02.39 Definition. A class of functions F Ď L̄
1
pµq is called uniformly µ-integrable if

inf tsup
fPF

µp|f |1t|f |ěguq: g P L̄
1

ě0pµqu “ 0.

If µ P MfipA q is finite, then uniform µ-integrability is equivalent to the condition:

inf tsup
fPF

µp|f |1t|f |ěauq: a P Rě0u “ 0. ˝

§02.40 Remark.
(a) Let F be uniformly µ-integrable and let ε P Rą0. A function g P L̄

1

ě0pµq is called ε-majorant
if supfPF µp|f |1t|f |ěguq ď ε. Evidently, there exists a ε-majorant g for F and every h P L̄

1

ě0pµq

with h ě g is also a ε-majorant for F.

(b) A family pfiqiPI in MpA q is called uniformly µ-integrable if the class tfi : i P Iu is.

(c) Let Fi, i P JnK, be finitly many uniformly µ-integrable classes in MpA q. Then their union
F :“ YiPJnKFi is also uniformly µ-integrable. Indeed, for every ε P Rą0 and ε-majorant gi
for Fi, i P JnK, the function g1 _ ¨ ¨ ¨ _ gn is a ε-majorant for F.

(d) Let F Ď MpA q and let g P L̄
s

ě0pµq :“ L̄
s
pµq X Mě0

pA q, s P Rě1, satisfy |f | ď g µ-a.e. for all
f P F. Then Fs :“ t|f |s : f P Fu is uniformly µ-integrable. For ε P Rą0 every ε-majorant h
for tgsu is a ε-majorant for Fs , since µp|f |s1t|f |sąhuq ď µpgs1tgsąhuq ď ε for all f P F. ˝

End LE05
2026/04/29

§02.41 Lemma. Let pΩ,A , µq be an arbitrary measure space.
(i) If F Ď L̄

1
pµq is a finite set then F is uniformly µ-integrable.

(ii) If F,G Ď L
1
pµq are uniformly µ-integrable, then tf ` g: f P F, g P Gu, tf ´ g: f P F, g P Gu

and t|f |: f P Fu are uniformly µ-integrable.

(iii) If F Ď L̄
1
pµq is uniformly µ-integrable, and if, for any g P G Ď MpA q, there exists an f P F

with |g| ď |f |, then G Ď L̄
1
pµq is also uniformly µ-integrable.

(iv) Let µ P MfipA q be finite, let s P Rą1 and let F be bounded in L
s
pµq, that is,

sup t∥f∥
L

s : f P Fu P Rě0. Then F is uniformly µ-integrable.

§02.42 Proof of Lemma §02.41. We refer to the lecture EWS / Exercise. ˝
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§02.43 Theorem. Let pΩ,A , µq be an arbitrary measure space. F Ď MpA q is uniformly µ-integrable
if and only if the following two conditions hold:
(uI1) F is bounded in L̄

1
pµq, i.e. sup tµp|f |q: f P Fu P Rě0.

(uI2) For any ε P Rą0 there are h P L̄
1

ě0pµq and δ P Rą0 such that for all A P A holds the
implication: µph1Aq ď δ ñ supfPF µp|f |1Aq ď ε.

§02.44 Proof of Theorem §02.43. is given in the lecture. ˝

§02.45 Theorem. Let pΩ,A , µq be a measure space, let s P Rě1 and let pfnqnPN
belong to L̄

s
pµq. pfnqnPN

converges in L
s
pµq if and only if the following two conditions hold:

(C1) p|fn|sqnPN
is uniformly µ-integrable.

(C2) pfnqnPN
converges in µ-measure.

§02.46 Proof of Theorem §02.45. „ñ“ in the lecture, for the converse we refer to Bauer (1992, Theo-
rem 21.4, p.142) ˝

§02.47 Remark. The Theorem §02.45 guarantees the existence of a Ls
pµq-integrable function under the

possible limits in µ-measure of the sequence pfnqnPN
. ˝

§02.48 Corollary. Let µ P MσpA q be σ-finite, let s P Rě1 and let pfnqnPN
belong to L

s
pµq. Assume

fn

µ
ÝÑ f P MpA q and p|fn|sqnPN

is uniformly µ-integrable. Then f P L
s
pµq and fn

L
s
pµq

ÝÝÑ f .

§02.49 Proof of Corollary §02.48. is given in the lecture. ˝

§02.50 Summary. Let pΩ,A , µq be an arbitrary measure space, let s P Rě1, and let pfnqnPN
belong to

L
s
pµq. The following statements are equivalent:

(C1) There is f P L
s
pµq such that fn

L
s
pµq

ÝÝÑ f .

(C2) pfnqnPN
is a L

s
pµq-Cauchy sequence, i.e. limn,mÑ8∥fn ´ fm∥Ls “ 0.

Assume in addition s P Rě1 and µ P MσpA q is σ-finite. Then (C1) and (C2) are equivalent to

(C3) p|fn|sqnPN
is uniformly µ-integrable, and there is f P MpA q such that fn

µ
ÝÑ f .

The limes in (C1) and in (C3) coincide.

Fig. 02 [§02] Implications of convergence criteria for a σ-finite measure µ P MσpA q.

fn

µ-a.c.
ÝÝÝÑ f fn

µ-a.e.
ÝÝÝÑ f fn

L
1
pµq

ÝÝÑ f

fn

µ
ÝÑ f

subsequence uniformly µ-integrable

uniformly µ-integrable

subsequence

The Figure 02 [§02] was created based on Klenke (2020, Fig. 6.1, p.159). ˝

§02|03 L
s-Spaces

§02.51 Reminder. For s P Rą0 and f, g P MpA q we have shown that ∥f ´ g∥
L

s
pµq

“ 0 if and only if
f “ g µ-a.e.. In this case we now consider f and g as equivalent. More precisely, for each
f P MpA q we introduce the µ-equivalence class tfu

µ
:“ tg P MpA q: g “ f µ-a.e.u and hence
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t0u
µ

“ tg P MpA q: g “ 0 µ-a.e.u. For any s P Rě1, t0u
µ

is a subvector space of L
s
pµq. Thus

formally we can build the factor space

Ls :“ L
s
pµq :“ L

s
pΩ,A , µq :“ ttfu

µ
“ f ` t0u

µ
: f P L

s
pµqu.

For tfu
µ

P Lspµq, define ∥tfu
µ
∥
L
s
pµq

:“ ∥f∥
L

s for any f P tfu
µ
. Also let µptfu

µ
q :“ µpfq if this

expression is defined for f . Note that ∥tfu
µ
∥
L
s
pµq

and µptfu
µ
q do not depend on the choice of the

representative f P tfu
µ
. Similarly, for tfu

µ
, tgu

µ
P L2pµq define

xtfu
µ
, tgu

µ
y
L
2
pµq

:“ xf, gy
L

2
pµq

“ µpfgq

with f P tfu
µ

and g P tgu
µ
. ˝

§02.52 Lemma (Fischer-Riesz). Let pΩ,A , µq be an arbitrary measure space. pLspµq, ∥¨∥
L
s
pµq

q is a Banach
space for any s P Rě1. pL2pµq, x¨, ¨y

L
2
pµq

q is a real Hilbert space.

§02.53 Proof of Lemma §02.52. we refer, for example, to Klenke (2020, Theorem 7.18, p.171) ˝

§02.54 Remark. Let pV, x¨, ¨yq be a Hilbert space. Then the Riesz-Fréchet representation theorem
states, that a map F : V Ñ R is continuous and linear if and only if there is an f P V with
F pxq “ xf, xy for all x P V . The uniquely determined element f P V is called representative
of F . In the next section we will need the representation theorem for the space L

2, which unlike
L2 is not a Hilbert space. The representation theorem still holds if V is a linear vector space and
x¨, ¨y is a complete positive semidefinite symmetric bilinear form (complete semi-inner product)
(c.f. Klenke (2020) section 7.3). ˝

§02.55 Lemma. The map F : L
2
pµq Ñ R is continuous and linear if and only if there is an f P L

2
pµq

with F pgq “ µpgfq for all g P L
2
pµq.

§02.56 Proof of Lemma §02.55. we refer to Klenke (2020, Corollary 7.28, p.174) ˝

§03 Measures with density - Theorem of Radon-Nikodym

§03.01 Definition. Let ν, µ P MpA q be arbitrary measures on pΩ,A q.

ν ! µ : ν is called absolutely continuous with respect to µ, µ-continuous, or dominated by µ,
if any µ-null set is also a ν -null set, that is, νpAq “ 0 for all A P A with µpAq “ 0. The
measures Maße µ and ν are called equivalent (symbolically µ !" ν ), if ν ! µ and µ ! ν .

µ K ν : µ is called singular to ν or ν -singular, if there exists a µ-null set N P A such that
ν pΩzNq “ 0, or in equal ν “ 1Nν , that is, νpAq “ νpA X Nq for all A P A .

: ν is called totally continuous with respect to µ if, for any ε P Rą0 there exists a δ P Rą0

such that ν pAq ď ε for all A P A with µpAq ď δ. ˝

§03.02 Remark. Evidently, µ K ν if and only if there are Ωµ,Ων P A with Ω “ Ωµ

Ţ

Ων and µpΩνq “

0 “ ν pΩµq, and hence if and only if ν K µ. Consequently measures µ, ν P MpA q with µ K ν
are also called mutually singular. The condition ν “ 1Nν means the support of the meassure
ν is contained in N P A . Note that ν ! µ and ν K µ imply together ν pΩνq “ 0, and hence
ν pΩq “ 0. ˝

§03.03 Lemma. Let ν, µ P MpA q be measures on pΩ,A q. If ν is totally continuous with respect to µ,
then ν ! µ. If ν P MfipA q is finite, then the converse also holds.
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§03.04 Proof of Lemma §03.03. is given in the lecture. ˝

Reminder. For measures µ, ν P MpA q we write ν ď µ if ν pAq ď µpAq for all A P A . ˝

§03.05 Lemma. Let ν, µ P MfipA q be finite measures with ν ď µ, then there exists h P Mr0,1s
pA q such

that ν “ hµ.

§03.06 Proof of Lemma §03.05. is given in the lecture. ˝

§03.07 Theorem of Radon-Nikodym. Let µ P MσpA q be a σ-finite measure and let ν P MpA q be a
µ-continuous measure, i.e. ν ! µ. Then ν has a density f “ dν{dµ P Mě0

pA q with respect to µ,
that is, ν “ fµ.

§03.08 Proof of Theorem §03.07. is given in the lecture. ˝

§03.09 Remark. Let µ, ν P MσpA q be σ-finite measures with ν ! µ and let f “ dν{dµ P Mě0
pA q be a

µ-density of ν . Then Theorem §03.07 implies directly the usual chain rules:
(a) If g P MpA q is ν -quasiintegrable, then ν pg1Aq “ µpgf1Aq for all A P A .

(b) If ρ P MσpA q is a σ-finite measure with ρ ! ν ! µ then dρ
dµ

“
dρ
dν

dν
dµ

µ-a.e..

(c) If h P Mr0,1s
pA q with h “

dν
dpν`µq

µ-a.e. then dν
dµ

“ h
1´h

µ-a.e.. ˝

§03.10 Example.
(a) Continuous probability measures on pR

k
,B

k
q as studied in the lecture EWS are probability

measures dominated by the Lebesgue measure λ
k with corresponding (Radon-Nikodym-)

density.

(b) Discret probability measures on a countable set Ω introduced in the lecture EWS are proba-
bility measures dominated by the counting measure ζ

Ω
and the mass function corresponds to

the (Radon-Nikodym-) density. Similarly, if Ω Ď R then the discrete measure µ P MσpBq

with mass function p as in Example §01.18 (c) is absolutely continuous with respect to the
counting measure ζ

Ω
P MσpBq with (Radon-Nikodym-) density p. ˝

§03.11 Lebesgue’s decomposition theorem. Let µ, ν P MσpA q be σ-finite measures on pΩ,A q. Then
there exists a unique decomposition ν “ νa ` νs of ν into two measures νa, νs P MpA q such
that νa ! µ and νs K µ is the µ-continuous, respectively the µ-singular part of ν . Moreover,
νa, νs P MσpA q are σ-finite, and νa, νs P MfipA q are finite if and only if ν P MepA q is finite. νa has
a µ-density dνa{dµ P Mě0

pA q with dνa{dµ P Rě0 µ-a.e.

§03.12 Proof of Theorem §03.11. is given in the lecture. ˝
End LE06
2026/05/06

§03.13 Remark. If f “ dνa{dµ P Mě0
pA q is a µ-density of νa as in Theorem §03.11 then the positive

real function f̃ :“ f1tf PRě0u P Mě0
pA q is also a µ-density of νa, since f “ f̃ µ-a.e. In other words

f̃ P Mě0
pA q is also a version of the Radon-Nikodym density of νa with respect to µ. Consequently,

without loss of generality we chose here and subsequently a positive real version of the Radon-
Nikodym density. Furthermore, given f “ dνa{dµ P Mě0

pA q let us define a numerical function
L :“ f1Nc ` 81N P Mě0

pA q with µpNq “ 0 “ νspN cq where tL “ 8u “ N and the Lebesgue
decomposition writes ν “ Lµ ` 1tL“8uν , i.e. for all A P A we have νpAq “ µp1ALq ` νpA X

tL “ 8uq. ˝

§03.14 Definition. Let ν, µ P MσpA q be two σ-finite measures on pΩ,A q, where ν ! µ does not neces-
sarily hold. Any positive numerical function L P Mě0

pA q satisfying

µpL “ 8q “ 0 and ν “ Lµ ` 1tL“8uν (03.01)
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is called density ratio (DR) of ν with respect to µ, or µ-density ratio of ν . For probability
measures a density ratio is also called likelihood ratio (LR). ˝

§03.15 Lemma. Let ν, µ P MσpA q be two σ-finite measures. Then the µ-density ratio L P Mě0
pA q of ν

is unique up to pν ` µq-a.e. equivalence.

§03.16 Proof of Lemma §03.15. is given in the lecture. ˝

Alternative formulation of the theorem of Radon-Nikodym

§03.17 Definition. Let pΩ,A , µq be a measure space and let F Ď MpA q be a class of numerical func-
tions. Any function g P MpA q satisfying the following two conditions
(eS1) f ď g µ-a.e. for all f P F;

(eS2) if h P MpA q satisfies f ď h µ-a.e. for all f P F, then g ď h µ-a.e.
is called a µ-essential supremum over F, symbolically g “ µ-ess supfPF f . ˝

§03.18 Remark. The µ-essential supremum can be seen as an extension of the usual concept of the
supremum. If F is countable and µ P MσpA q is σ-finite, then g :“ supfPF f satisfies the con-
ditions §03.17 (eS1) and (eS2), and hence supfPF f “ µ-ess supfPF f µ-a.e. In contrast, if for
example F “ t1txu, x P Bu with uncountable B P B such that λpBq P Rą0, then the λ-essential
supremum and the usual supremum differ. Precisely, supfPF f “ 1B ‰ 0 “ λ-ess supfPF f . ˝

§03.19 Lemma. Let µ P MσpA q and F Ď MpA q. Then:
(i) g :“ µ-ess supfPF f exists and it is µ-a.e. uniquely determined, that is, if g P MpA q is a

solution of Definition §03.17 (eS1) and (eS2) then also rg P MpA q with µptg ‰ rguq “ 0.

(ii) There exists a sequence pfnq
nPN

in F with g “ supnPN fn µ-a.e.

(iii) If F is increasing filtered (for all h, k P F exists f P F with f ě h _ k), then there exists an
isotone sequence pfnq

nPN
in F with fn Ò g µ-a.e..

§03.20 Proof of Lemma §03.19. We refer to Witting (1985, Satz 1.102, S.105). ˝

§03.21 Lemma. Let µ, ν P MfipA q be finite and mutually not singular measures on pΩ,A q. Then there
is Ω˝ P A with µpΩ˝q P Rą0 and ε P Rą0 with ε1Ω˝

µ ď 1Ω˝
ν .

§03.22 Proof of Lemma §03.21. The claim is shown in Klenke (2020, Lemma 7.46, p.184) with help
of the Hahn-decomposition for signed measures. An alternative proof of the claim is given in the
proof of Bauer (1992, Theorem 17.10, p.117) exploiting Bauer (1992, Lemma 17.9, p.114). ˝

§03.23 Lemma. Let ν, µ P MfipA q be finite with ν ď µ. Set F :“ tf P Mě0
pA q : fµ ď νu. There

exists g P Mě0
pA q such that g “ µ-ess supfPF f µ-a.e. and ν “ gµ, that is, g is a version of the

µ-density of ν .

§03.24 Proof of Lemma §03.23. is given in the lecture. ˝

§04 Measures on product spaces

§04|01 Finite product measures

§04.01 Reminder. Let I be an arbitrary nonempty index set and let pSi,Si q, i P I , be measurable
spaces. The set SI :“ iPI Si of all maps psiqiPI : I Ñ YiPISi such that si P Si for all i P I is
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called product space or Cartesian product. We identify the map i ÞÑ si and the family psiqiPI . If
Si “ S for all i P I then we write S

I
:“ SI , and in case n :“ |I | P N also S

n
:“ S

I for short.
For every J Ď I the map

ΠJ : Si Q sI :“ psiqiPI ÞÑ psjqjPJ “: sJ P SJ

is called canonical projection and in particular for j P I the map

Πj :“ Πtju : SI Q sI :“ psiqiPI ÞÑ sj P Sj

is called coordinate map such that iPI Ei “
Ş

iPI Π
´1
i pEiq for all Ei Ď Si and i P I . ˝

§04.02 Definition. Let I be an arbitrary nonempty index set.
(a) Let pΩ,A q be a measurable space and for each i P I let Ai Ď A be a σ-algebra. The

σ-algebra
ľ

iPI
Ai :“

č

iPI
Ai and

ł

iPI
Ai :“ σp

ď

iPI
Ai q

is respectively the largest σ-algebra on Ω, that belongs to all Ai , i P I, and the smallest
σ-algebra on Ω, that contains all Ai , i P I.

(b) For each i P I let pSi,Si q be a measurable space. The product-σ-algebra

SI :“
â

iPI
Si

is the smallest σ-algebra on the product space SI “ iPI Si such that for every i P I the
coordinate map Πi : SI Ñ Si is measurable with respect to SI-Si , i.e. Πi P MpSI, Siq; that is,

SI “
â

iPI
Si :“

ł

iPI
σpΠiq “

ł

iPI
Π´1

i pSi q.

If pSi,Si q “ pS,S q for all i P I, then we also write S I :“ SI , and S n :“ S I in case
n :“ |I| P N. The family pΠiqiPI is called the canonical process on pSI,SIq. ˝

Consider now the situation of finitely many measure spaces pSi,Si , µi
q, i P JnK, where n P N.

§04.03 Lemma. For every i P JnK let Ei be a generator of the σ-algebra Si on Si and let pEikqkPN
be a

sequence in Ei such that Eik Ò Si. Then the product-σ-algebra SJnK “
Â

iPJnK Si is generated by
the class of sets t iPJnK Ei: Ei P Ei , i P JnKu.

§04.04 Proof of Lemma §04.03. is given in the lecture. ˝

§04.05 Remark. Let S1 “ tH, S1u and E1 “ tHu. Let E2 “ S2 be a σ-algebra on S2 containing at
least 4 elements. Then the class of sets tH ˆ E: E P E2u does not generate the product-σ-algebra
S1 b S2 . Consequently, the restrictive assumption on the generator in Lemma §04.03 cannot
simply be dispensed with. On the other hand side by applying Lemma §04.03 the product-σ-
Algebra SJnK “

Â

iPJnK Si is generated by the class of sets t iPJnK Ei: Ei P Si , i P JnKu ˝

§04.06 Definition. A measure µJnK P MpSJnKq on pSJnK,SJnKq is called product measure if

µJnK

`

iPJnK Ei

˘

“ µJnK

`

č

iPJnK

Π´1
i pEiq

˘

“
ź

iPJnK

µ
i
pEiq for Ei P Si , i P JnK.

In this case we write
Â

iPJnKµi :“ µJnK. If µ
i
“ µ for all i P JnK, then we write µn :“ µJnK. ˝
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§04.07 Lemma (Uniqueness of finite product measures). For every i P JnK let Ei be a X-closed generator
of the σ-algebra Si on Si and let (uC) pEikqkPN

be a sequence in Ei such that µ
i
pEikq P Rě0 for

every k P N and Eik Ò Si.Then there is at most one measure µJnK P MpSJnKq on pSJnK,SJnKq with

µJnK

`

iPJnK Ei

˘

“
ź

iPJnK

µ
i
pEiq for Ei P Ei , i P JnK.

§04.08 Proof of Lemma §04.07. is given in the lecture. ˝

§04.09 Remark. Under the assumptions of Lemma §04.07 follows immediately that for every i P JnK
the measure µ

i
P MσpSi q is σ-finite. ˝

§04.10 Notation. For i P J2K let pSi,Si q be a measurable space. For all E Ď S1 ˆ S2, s1 P S1 and s2 P S2

we denote with Es1 :“ ts P S2: ps1, sq P Eu Ď S2 or Es2
:“ ts P S1: ps, s2q P Eu Ď S1, respectively,

the s1-slice or s2-slice of E. ˝

§04.11 Lemma. For all E P S1 b S2 , s1 P S1 and s2 P S2 we have Es1 P S2 und E
s2

P S1 .

§04.12 Proof of Lemma §04.11. is given in the lecture. ˝

§04.13 Remark. Due to Lemma §04.11 µ
2
pEs1q and µ

1
pE

s2
q are well-defined for all E P S1 b S2 , s1 P S1

and s2 P S2. ˝
End LE07
2026/05/08

§04.14 Lemma. For i P J2K let µ
i
P MσpSi q be a σ-finite measure on pSi,Si q. Then, for all E P S1 bS2 ,

the map µ
2
pE‚q : s1 ÞÑ µ

2
pEs1q and µ

1
pE

‚

q : s2 ÞÑ µ
1
pE

s2
q defined on S1 respectively S2 is positive

numerical, that is, µ
2
pE‚q P Mě0

pS1q and µ
1
pE

‚

q P Mě0
pS2q.

§04.15 Proof of Lemma §04.14. is given in the lecture. ˝

§04.16 Theorem (Existence of a product measure). For i P J2K let µ
i

P MσpSi q be a σ-finite measure on
pSi,Si q. Then there exists a unique product measure µJ2K on pSJ2K,SJ2Kq. Moreover, µJ2K P MσpSJ2Kq

is also σ-finite and µ
1

`

µ
2
pE‚q

˘

“ µJ2KpEq “ µ
2

`

µ
1
pE

‚

q

˘

for all E P SJ2K.

§04.17 Proof of Theorem §04.16. is given in the lecture. ˝

§04.18 Remark. The last statement can easily be extended to a finite product measure. It should be
noted that the parentheses in the products can be arbitrarily rearranged. Formally we identify the
product sets SJn´1K ˆ Sn und SJnK as usual with help of the bijection psJn´1K, snq ÞÑ sJnK “ psiqiPJnK. The
agreed equality of the sets implies then directly the equality of the corresponding products of
σ-algebras SJn´1K b Sn and SJnK and the associative property p

Â

iPJmK Si q b p
Â

iPJn´mK Sm`iq “
Â

iPJnK Si for m P Jn ´ 1K. ˝

§04.19 Corollary (Existence of product measures). For i P JnK let µ
i

P MσpSi q be a σ-finite measure on
pSi,Si q. Then there exists a unique σ-finite product measure µJnK P MσpSJnKq on pSJnK,SJnKq.

§04.20 Proof of Corollary §04.19. is given in the lecture. ˝

§04.21 Remark. For measures that are not necessarily σ-finite, it is still possible to prove the existence,
but no longer the uniqueness, of a product measure. ˝

§04|02 Projective family

§04.22 Reminder. If pΩi, τiq, i P I, are topological spaces, then the product topology τ on ΩI is the
coarsest topology with respect to which all coordinate maps Πi : ΩI Ñ Ωi are continuous. ˝

Probability theory 21

https://creativecommons.org/licenses/by-nc/4.0/deed.de


Chapter 1 Measure and integration theory §04 Measures on product spaces

§04.23 Lemma. Let I be countable, for every i P I let Si be a separable, complete metric space (Polish)
with Borel σ-algebra Bi :“ BSi

and let BSI
be the Borel σ-algebra with respect to the product

topology on SI “ iPI Si. Then SI is Polish and BSI
“ BI “

Â

iPI Bi. In particular, BRn “ B
n

for n P N.

§04.24 Proof of Lemma §04.23. We refer to Klenke (2020, Theorem 14.8, p.303) or Bauer (1992,
Theorem 22.1, p.151). ˝

§04.25 Definition. Let I be an arbitrary nonempty index set and for any J Ď I let ΠJ be the canonical
projection on pSI,SIq. For any E P SJ , Π´1

J pEq P SI is called a cylinder set with base J .
The set of such cylinder sets is denoted by ZJ :“ tΠ´1

J pEq: E P SJ u Ď SI . In particular, if
EJ “ jPJ Ej P SJ , then Π´1

J pEq P SI is called a rectangular cylinder with base J . The set
of such rectangular cylinders will be denoted by Z

R

J :“ tΠ´1
J pEJ q: EJ “ jPJ Ej P SJ u Ď SI . For

every i P I let Ei Ď Si . The set of rectangular cylinders for which in addition Ej P Ej for
all j P J holds will be denoted by Z

E ,R

J :“ tΠ´1
J pEJ q: EJ “ jPJ Ej,Ej P Ej , j P J u Ď SI . Write

Z :“
Ť

tZJ : J Ď I finiteu and similarly define Z
R and Z

E ,R. ˝

§04.26 Remark. Every ZJ is a σ-algebra, and Z is a algebra where SI “ σpZq. Moreover, if every Ei is
X-closed, then Z

E ,R is also X-closed (Exercise). ˝

§04.27 Lemma. For any i P I let Ei Ď Si be a generator of Si .
(i) SJ “ σp jPJ Ej : Ej P Ej , j P J q for every finite J Ď I.

(ii) SI “ σpZ
R
q “ σpZ

E ,R
q.

(iii) Let (A1) µ P MσpSIq be a σ-finite measure on pSI,SIq, assume (A2) every Ei is X-closed,
and (A3) there is a sequence pEnqnPN

in Z
E ,R with En Ò SI and µpEnq P Rě0 for all n P N.

Then µ is uniquely determined by the values µpAq for all A P Z
E ,R.

§04.28 Proof of Lemma §04.27. (i) and (ii) are exercises. (iii) follows immediately from §01.28, since
Z

E ,R is a X-closed generator of SI. ˝

§04.29 Comment. The condition (A3) in Lemma §04.27 (iii) is fulfilled, if µ P MfipSIq is finite and
Si P Ei for every i P I (compare Lemma §01.28). ˝

§04.30 Notation. For J Ď K Ď I the map ΠK
J : SK Q sK “ pskqkPK ÞÑ psjqjPJ “ sJ P SJ is called

canonical projection, where evidently ΠJ “ ΠI
J . ˝

§04.31 Definition. For every finite J Ď I let PJ P MprpSJ q be a probability measure on pSJ ,SJ q.
The familiy tPJ : J Ď I finiteu is called projective or consistent if PJ “ PK ˝ pΠK

J q´1 for all finite
J Ď K Ď I. ˝

§04.32 Remark. Let P P MprpSIq be a probability measure on pSI,SIq. Since ΠJ “ ΠK
J ˝ ΠK, the

family tPJ :“ P ˝ Π´1
J : J Ď I finiteu is consistent. Thus, consistency is a necessary condition for

the existence of a measure P on the product space with PJ :“ P ˝ Π´1
J . If all the measurable

spaces are Polish spaces then this condition is also sufficient. ˝

§04.33 Kolmogorov’s extension theorem. Let I be an arbitrary nonempty index set and let Si be a
separable and complete metric space (Polish) with Borel σ algebra Bi :“ BSi

for all i P I.
Let tPJ : J Ď I finiteu be a consistent family of probability measures. Then there exists a unique
probability measure P P MprpBIq on pSI,BIq with PJ “ P ˝Π´1

J for all finite J Ď I. P is called
projective limit.

§04.34 Proof of Theorem §04.33. We refer to Klenke (2020, Theorem 14.39, p.319) ˝
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§04.35 Definition. Let Pi P MprpSi q be a probability measure on pSi,Si q for all i P I. A probability
measure PI P MprpSIq on pSI,SIq is called product measure of the Pi , i P I, if

PI
`

č

jPJ
Π´1

j pEjq
˘

“
ź

jPJ
Pj pEjq for Ej P Sj , j P J Ď I finite.

In this case we write
Â

iPIPi :“ PI . If Pi “ P for all i P I then PI :“ PI and Pn :“ PI in case
n :“ |I| P N. ˝

§04.36 Remark. Let I be an arbitrary nonempty index set. For every i P I let Si be a separable and
complete metric space (Polish) with Borel σ-algebra Bi :“ BSi

and Pi P MprpBiq be a probability
measure on pSi,Biq. For every finite J Ď I letPJ :“

Â

jPJ Pj be the finite product measure of the
Pj , j P J . Evidently, the family tPJ : J Ď I finiteu is projective. Making use of Theorem §04.33
there exists a unique product measure PI :“

Â

iPIPi P MprpBIq on pSI,BIq. Considering the
canonical process pΠiqiPI under PI , all coordinate maps Πi are independent, i.e. KKiPIΠi. ˝

§04|03 Integration with respect to product measures

§04.37 Notation. Let h : S1 ˆ S2 Ñ S3 be a map. For all s1 P S1 and s2 P S2 we denote by hs1 : S2 Ñ S3

with s2 ÞÑ hs1
ps2q :“ hps1, s2q and hs2 : S1 Ñ S3 with s1 ÞÑ hs2ps1q :“ hps1, s2q, respectively, the

s1-slice and s2-slice of h. ˝

§04.38 Lemma. For i P J3K, let pSi,Si q be a measurable space. For all h P MpS1 b S2 ,S3q, s1 P S1 and
s2 P S2 we have hs1

P MpS2 ,S3q and hs2 P MpS1 ,S3q.

§04.39 Proof of Lemma §04.38. is given in the lecture. ˝

§04.40 Theorem (Tonelli). For i P J2K let µ
i
P MσpSi q be a σ-finite measure on pSi,Si q. Then, for every

h P Mě0
pS1 b S2q the map µ

1
ph‚

q : s2 ÞÑ µ
1
phs2q and µ

2
ph‚q : s1 ÞÑ µ

2
phs1q defined on S1 and S2,

respectively, is positive numerical, that is, µ
1
ph‚

q P Mě0
pS2q and µ

2
ph‚q P Mě0

pS1q. Moreover, it
holds

pµ
1

b µ
2
qphq “ µ

2
pµ

1
ph

‚
qq “

ż

µ
1
ph

s2
qµ

2
pds2q “

ż ż

hps1, s2qµ1
pds1qµ2

pds2q

“

ż

µ
2
phs1qµ1

pds1q “ µ
1
pµ

2
ph‚qq

§04.41 Proof of Theorem §04.40. is given in the lecture. ˝

§04.42 Definition. Let pΩ,A , µq be a measure space, pS,S q be a measurable space, and N P A be
an µ-null set. A function h : N c :“ ΩzN Ñ S is called µ-almost everywhere defined and
A -S -measurable if h´1pS q Ď A or in equal h̃ P MpA ,S q with h̃|Nc “ h holds.

§04.43 Remark. If h, g P MpA q and h, g P R µ-almost everywhere, then the function g ´ h is µ-
almost everywhere defined and A -B-measurable. This holds in particular if g and h are µ-
integrable. Now, if f is R-valued, µ-almost everywhere defined with µ-null set N and A -B-
measurable, then there exists f̃ P MpA q with f̃ |Nc “ f . Evidently, for any other f̃2 P MpA q with
f̃2|Nc “ f we have f̃ “ f̃2 µ-a.e.. Consequently, if f̃ , and hence f̃2, is furthermore µ-integrable,
then we define for f the integral µpfq “

ş

f dµ :“ µpf̃q “ µpf̃2q. Finally, if h, g P MpA q

are µ-integrable, then h ´ g P MpA q is µ-almost everywhere defined, A -B-measurable, and
µph ´ gq “ µphq ´ µpgq. ˝
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§04.44 Corollary (Fubini’s theorem). Let pSi,Si , µi
q, i P J2K, be σ-finite measure spaces and h P

L
1
pµ

1
b µ

2
q. Then µ

2
ph‚q : s1 ÞÑ µ

2
phs1q is µ

1
-almost everywhere defined and S1 -B-measurable,

and µ
1
ph‚

q : s2 ÞÑ µ
1
phs2q is µ

2
-almost everywhere defined and S2 -B-measurable. It holds that

µ
2
pµ

1
ph

‚
qq “

ż

µ
1
ph

s2
qµ

2
pds2q “ pµ

1
b µ

2
qphq “

ż

µ
2
phs1qµ1

pds1q “ µ
1
pµ

2
ph‚qq.

§04.45 Proof of Corollary §04.44. is given in the lecture. ˝

§04.46 Remark. The last statements can be easily extended to finite product measures, as in Re-
mark §04.18. ˝

End LE08
2026/05/13

§04.47 Theorem. For each i P JnK, let pSi,Si , µi
q be a σ-finite measure space, f

i
P Mě0

pSi q, and νi :“
f
i
µ

i
P MσpS q. Then the product measure νJnK “

Â

iPJnK νi P MσpSJnKq is σ-finite and absolutely
continuous with respect to the product measure µJnK “

Â

iPJnKµi P MσpSJnKq with product density
Â

iPJnK fi :“
ś

iPJnK fipΠiq P Mě0
pSJnKq, meaning νJnK “

Â

iPJnK νi “
Â

iPJnK pf
i
µ

i
q “ p

Â

iPJnK fiqµJnK.

§04.48 Proof of Theorem §04.47. is given in the lecture. ˝

§04.49 Reminder. Now, let ν “ P0 and µ “ P1 be probability measures on pS,S q, where it is not
necessarily the case that P0 ! P1 . Then any positive, measurable function L P Mě0

pS q with P0 “

LP1 ` 1L“8P0 and P1pL P Rě0q “ 1 is is a P1 -likelihood ratio of P0 (cf. Definition §03.14). Let
µ P MσpS q denote a σ-finite measure such that Pi ! µ, i P J2K, (for example, the finite measure
µ “ P0 ` P1 ), and let f

i
P Mě0

pS q be a µ-density of Pi , i P J2K. Then

L‹ :“
f
0

f
1

1tf1PRą0u ` 81tf1“0uXtf0PRą0u P Mě0
pS q

is a specific choice of the P1 -likelihood ratio of P0 . A P0 -likelihood ratio of P1 is given by

p1{L‹q “
f
1

f
0

1tf0PRą0u ` 81tf0“0uXtf1PRą0u P Mě0
pS q

In the special case where P0 ! P1 , the P1 -likelihood ratio of P0 is a P1 -density of P0 and is P1 -
determined. ˝

§04.50 Lemma. For each i P JnK, let P0|i,P1|i P MprpSi q be probability measures on pSi,Si q with P1|i-
density ratio Li of P0|i. Then the product L :“

Â

iPJnKLi “
ś

iPJnK LipΠiq is a density ratio of
P0 :“

Â

iPJnKP0|i with respect to P1 :“
Â

iPJnKP1|i.

§04.51 Proof of Lemma §04.50. is given in the lecture. ˝

§04|04 Integration with respect to transition kernels

§04.52 Definition. Let pΩ,A q and pS,S q be two measurable spaces. A map κ : Ω ˆ S Ñ Rě0

is called a (σ-)finite transition kernel from pΩ,A q to pS,S q if it satisfies the following two
conditions:
(tK1) For all ω P Ω the ω-slice κω : S Ñ Rě0 with B ÞÑ κωpBq :“ κpω,Bq is a (σ-)finite

measure on pS,S q, i.e. κ‚ : Ω Ñ MfipS q, respectively, κ‚ : Ω Ñ MσpS q, with
ω ÞÑ κω.

(tK2) For all B P S the B-slice κB : Ω Ñ Rě0 with ω ÞÑ κBpωq :“ κpω,Bq is positive,
numerical and A -measurable, i.e. κ‚ : S Ñ Mě0

pA q with B ÞÑ κB.
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If for every ω P Ω, the measure in (tK1) is a probability measure, i.e. κ‚ : Ω Ñ MprpS q, and
hence κ‚ : S Ñ Mr0,1s

pA q, then κ is called a Markov kernel.

If there exists σ-finite measure ν P MσpS q and a function f P Mě0
pA b S q such that for every

ω P Ω the ω-slice f
ω

P Mě0
pS q is a ν -density of κω then f is called ν -density of the transition

kernel κ and we write κ‚ “ f
‚
ν : Ω Q ω ÞÑ κω “ f

ω
ν P MσpS q. ˝

§04.53 Remark. It suffices to verify condition (tK2) for sets from a X-closed generator E of S only,
which contains S or a sequence pEnqnPN

of sets such that En Ò S. Then D :“ tB P S : κB P Mě0
pA qu

is a Dynkin system (exercise) with E Ď D Ď S , and from the π-λ-Theorem §01.11, it follows
that D “ σpE q “ S . ˝

§04.54 Lemma. Let κ be a finite transition kernel from pΩ,A q to pS,S q, and let h P Mě0
pA b S q be

positive numerical. Then the function κ‚ph‚q : Ω Ñ Rě0 defined by

ω ÞÑ κωphωq “

ż

hω dκω “

ż

hωpsqκωpdsq

belongs to Mě0
pA q. If f is ν -density of the transition kernel κ, then

κ‚ph‚q “ f
‚
ν ph‚q “ ν pf

‚
h‚q with ω ÞÑ ν pf

ω
hωq “

ż

hωfω dν “

ż

hωpsqf
ω
psqν pdsq.

§04.55 Proof of Lemma §04.54. is given in the lecture. ˝

§04.56 Notation. For 1D P Mě0
pA b S q, that is, D P A b S , according to Lemma §04.54, the function

κ‚

`

D‚

˘

“ κ‚

`

p1Dq‚

˘

: Ω Ñ Rě0 defined by

ω ÞÑ κωpDωq “ κω

`

p1Dqω
˘

“

ż

1Dpω, sqκωpdsq

belongs to Mě0
pA q. ˝

§04.57 Lemma. Let pΩ,A , µq be a finite measure space, pS,S q be a measurable space, and κ be a
finite transition kernel from pΩ,A q to pS,S q. Then there exists a uniquely determined σ-finite
measure µ d κ P MσpA b S q on the product space pΩ ˆ S,A b S q such that

pµ d κqpDq “ µpκ‚

`

D‚

˘

q for D P A b S ,

where for all A P A and B P S , we have

pµ d κqpA ˆ Bq “ µ
`

1Aκ
B
˘

“

ż

A

κB dµ “

ż

A

κpω,Bqµpdωq.

If κ is a Markov kernel and µ is a probability measure, then µ d κ is a probability measure.

§04.58 Proof of Lemma §04.57. is given in the lecture. ˝

§04.59 Theorem (Tonelli/Fubini for transition kernel). Let pΩ,A , µq be a finite measure space, pS,S q be
a measurable space, and κ be a finite transition kernel from pΩ,A q to pS,S q. If h P Mě0

pA b S q

or h P L
1
pµ d κq then

pµ d κqphq “ µpκ‚ph‚qq “

ż

κωphωqµpdωq “

ż

`

ż

hω dκω

˘

µpdωq

“

ż ż

hpω, sqκpω, dsqµpdωq.
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§04.60 Proof of Theorem §04.59. is given in the lecture. ˝

§04.61 Notation. Consider a probability space pΩ,A ,Pq, a measurable space pS,S q, and a Markov
kernel κ from pΩ,A q to pS,S q. Due to Lemma §04.57, P d κ P MprpA b S q is an uniquely
determined probability measure on pΩ ˆ S,A b S q. Then we denote by

pPκqpSq :“ PpκS
˘

“

ż

κS dP “

ż

κpω, SqPpdωq, for S P S

the marginal distribution Pκ P MprpS q on pS,S q induced by P d κ P MprpA b S q. ˝
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Chapter 2

Conditional expectation

§05 Discretely or continuously distributed random variables

§05.01 Reminder. Let pΩ,A ,Pq be a probability space and B P A with PpBq P Rą0. For any A P A

P
`

A
ˇ

ˇB
˘

:“
PpA X Bq

PpBq
P Rě0

is called the conditional probability of A given B. ˝

§05.02 Property.
(i) Let pS,Xq be a discretely distributed random variable assuming values in pS ˆ X, 2SˆXq

and admitting a joint probability mass function pS,X : S ˆ X Ñ r0, 1s with respect to the
product counting measure ζ

S
b ζ

X
on S ˆ X. For any s P S with strictly positive marginal

probability mass function pSpsq P Rą0 of S at the point s the map

pX|S“s : X Ñ r0, 1s with x ÞÑ pX|S“s
pxq :“

pS,Xpx, sq

pSpsq
(05.01)

is a probability mass function with respect to the counting measure ζ
X

on X.

(ii) Let pS,Xq be a continuously distributed random vector with joint probability density fS,X :
R

m`n
Ñ Rě0 with respect to the Lebesgue measure λ

m`n on Rm`n. For any s P R
m with

strictly positive marginal density fSpsq P Rą0 of S at the point s the map

fX|S“s : R
n

Ñ Rě0 with x ÞÑ fX|S“s
pxq :“

fS,Xps, xq

fSpsq
(05.02)

is a probability density with respect to the Lebesgue measure λ
n on Rn. ˝

§05.03 Remark. Since the sets ts P S: pSpsq “ 0u and ts P R
m
: fSpsq “ 0u are null sets with respect to the

distribution PS of S, the functions pX|S“s and fX|S“s are indeed for PS-almost every s P S and
s P R

m defined, i.e., defined outside a PS-null set only. We may arbitrarily choose densities on
those null sets, for example, the marginal densities pX|S“s “ pX and fX|S“s “ fX . ˝

§05.04 Definition.
(a) Let pS,Xq be a discrete distributed random variable with values in pS ˆ X, 2SˆXq. For

each s P S with strictly positive marginal probability mass function of S at the point s, the
distribution denoted by P

X|S“s with probability mass function pX|S“s given in (05.01) is
called the conditional distribution (with conditional probability mass function) of X given
S “ s. For h P Mě0

p2Xq or h P L
1
pP

X|S“s
q, the quantity

E
X|S“s

phq :“ P
X|S“s

phq “
ÿ

xPX

hpxqpX|S“s
pxq “

ż

hpX|S“s dζ
X
,

is called the conditional expectation of hpXq given S “ s.
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(b) Let pS,Xq be a continuous distributed random variable with values inRn`m. For each s P R
m

with strictly positive marginal density of S at the point s, the distribution denoted by PX|S“s

with probability density fX|S“s given in (05.02) is called the conditional distribution (with
conditional probability density) of X given S “ s. For h P Mě0

pB
n
q or h P L

1
pP

X|S“s
q, the

quantity

E
X|S“s

phq :“ P
X|S“s

phq “

ż

hpxqfX|S“s
pxqλ

n
pdxq “

ż

h fX|S“s dλ
n

is called the conditional expectation of hpXq given S “ s. ˝

§05.05 Remark. Let’s consider the continuous case (statements for the discrete case follow analo-
gously). For each h P L

1
pP

X
q we have

ş

|h|fS,X
s

dλ
n

P Rě0 for PS-almost every s P S. Con-
sequently, the conditional expectation EX|S“s

phq “ P
X|S“s

phq of hpXq given S “ s as well as
the conditional density fX|S“s exist for PS-almost every s P S, while on the corresponding
P

S-null set we may define them arbitrarily. Thus, different versions (specifications) only dif-
fer on a PS-null set. We see later that we can choose a version in such a way that the map
s ÞÑ φpsq :“ E

X|S“s
phq “ P

X|S“s
phq is measurable. In this case, for all B P B

m:

E
S
p1Bφq “ P

S
p1Bφq “

ż

1Bφ fS dλ
m

“

ż

R
m
1Bpsq

ż

R
n
hpxq fS,Xps, xqλ

n
pdxqλ

m
pdsq

“

ż

R
m`n
1Bpsqhpxq fS,Xps, xq λ

m`n
pdps, xqq “ Pp1BpSqhpXqq “ Ep1BpSqhpXqq.

The measurability and the last equality are the starting point for the following more general ap-
proach, which allows us to cover both the discrete and continuous cases. The subsequent results
and properties can then be transferred to the conditional densities, distributions, and expectations
introduced so far. ˝

§05.06 Example.

(a) Let X “ |W1 ´ W2| and S “ W1 ` W2, where X represents the absolute difference and S
represents the sum of the face values of two independent fair dices pW1,W2q. Then, pS,Xq

is discretely distributed with values in J0, 5K ˆ J2, 12K, and the conditional probability mass
functions of X given S “ s are as follows:

s

pX|S“spxq 2 3 4 5 6 7 8 9 10 11 12 pXpxq

x

0 1 0 1
3

0 1
5

0 1
5

0 1
3

0 1 6
36

1 0 1 0 1
2

0 1
3

0 1
2

0 1 0 10
36

2 0 0 2
3

0 2
5

0 2
5

0 2
3

0 0 8
36

3 0 0 0 1
2

0 1
3

0 1
2

0 0 0 6
36

4 0 0 0 0 2
5

0 2
5

0 0 0 0 4
36

5 0 0 0 0 0 1
3

0 0 0 0 0 2
36

pSpsq 1
36

2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

1
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(b) Let X and S be random vectors with

Y :“

ˆ

S
X

˙

„ N
pµ,Σq

with µ “

ˆ

µS

µX

˙

P R
n`m

and

Σ “

ˆ

ΣS ΣSX

ΣXS ΣX

˙

ą 0 (strictly positive definit),

hence X „ N
pµX ,ΣXq

, S „ N
pµS ,ΣSq

and CovpX,Sq “ ΣXS “ ΣT
SX . The conditional distribution of

X given S “ s is a N
pµX|S“s,ΣX|S“sq

distribution with

µX|S“s :“ µX ` ΣXSΣ
´1
S ps ´ µSq P R

m
and ΣX|S“s :“ ΣX ´ ΣXSΣ

´1
S ΣSX ą 0.

By definition, µX|S“s is precisely the conditional expectation of X given S “ s. To prove
this statement, we use the fact that for Σ ą 0 we have ΣX ą 0, ΣS ą 0 and also E :“
ΣX ´ ΣXSΣ

´1
S ΣSX ą 0, setting F :“ ΣXSΣ

´1
S it follows

Σ´1
“

ˆ

Σ´1
S ` FTE´1F ´FTE´1

´E´1F E´1

˙

ą 0.

For the joint density f
Npµ,Σq

of Y “ pS
T
, X

T
q
T and the marginal density f

NpµS,ΣSq

of S , with y “

pxT, sTq
T and normalisation constant c, we have:

f
Npµ,Σq

pyq

f
NpµS,ΣSq

psq
“ c exp

␣

´ 1
2
py ´ µq

T
Σ´1

py ´ µq ` 1
2
ps ´ µSq

T
Σ´1

ps ´ µSq
(

“ c exp
␣

´ 1
2
px ´ pµX ` F ps ´ µSqqq

T
E´1

px ´ pµX ` F ps ´ µSqqq
(

.

Since µX|S“s “ µX ` F ps ´ µSq and ΣX|S“s “ E the claim follows. X´1
˝

§06 Positive numerical random variables

In the following, let pΩ,A ,Pq denote a probability space, E denote the expectation with respect
to P and F Ď A denotes a sub-σ-algebra of A .

§06.01 Reminder. Mě0
pA q denotes the set of all positive numerical random variables defined on pΩ,A q.

Since F Ď A , Mě0
pF q is a subset of Mě0

pA q, and EpY q is thus defined for any Y P Mě0
pF q. ˝

§06.02 Theorem. For every X P Mě0
pA q, there exists a solution Y P Mě0

pF q to the Radon-Nikodym
equation Ep1FY q “ Ep1FXq for every F P F , where Y is unique up to P-a.e. equality.

End LE09
2026/05/15

§06.03 Proof of Theorem §06.02. is given in the lecture. ˝

§06.04 Definition. For X P Mě0
pA q, any function Y : Ω Ñ Rě0 is called a version (specification)

of the conditional expectation of X given F , symbolically E
`

X
ˇ

ˇF
˘

:“ Y , if it satisfies the
following two conditions:
(cE1) Y is F -Bě0-measurable, i.e. Y P Mě0

pF q and

(cE2) Ep1FY q “ Ep1FXq for every F P F . (Radon-Nikodym equation)
Any function

E
`

‚
ˇ

ˇF
˘

: Mě0
pA q Q X ÞÑ E

`

X
ˇ

ˇF
˘

P Mě0
pF q
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is called a version (specification) of the conditional expectation with respect to P given F . The
map implied by E

`

‚
ˇ

ˇF
˘

P
`

‚
ˇ

ˇF
˘

: Ω ˆ A Ñ Rě0 with pω,Aq ÞÑ P
`

A
ˇ

ˇF
˘

pωq :“ E
`

1A
ˇ

ˇF
˘

pωq (06.01)

is called a version of the conditional distribution of P given F . For each A P A , we denote by
P
`

A
ˇ

ˇF
˘

the A-slice of P
`

‚
ˇ

ˇF
˘

, that is, P
`

A
ˇ

ˇF
˘

“ E
`

1A
ˇ

ˇF
˘

P Mě0
pF q due to (cE1). By

(cE2), every version P
`

A
ˇ

ˇF
˘

is solution to the Radon-Nikodym equation

PpF X Aq “ Pp1FP
`

A
ˇ

ˇF
˘

q “

ż

F

P
`

A
ˇ

ˇF
˘

pωqPpdωq for all F P F . ˝

§06.05 Remark. According to Theorem §06.02, for every X P Mě0
pA q, versions of the conditional

expectation of X given F differ only on a P-null set. This property generally does not transfer
to versions of the conditional expectation with respect to P given F , as for every X P Mě0

pA q,
we obtain a set of exceptions, and their union is generally not a P-null set anymore. Considering
a version P

`

‚
ˇ

ˇF
˘

of the conditional distribution of P given F , a desirable property is that
for every ω P Ω the corresponding ω-slice, i.e. the mapping P

`

‚
ˇ

ˇF
˘

pωq : A Ñ r0, 1s with
A ÞÑ P

`

A
ˇ

ˇF
˘

pωq, is a probability measure on pΩ,A q, symbolically P
`

‚
ˇ

ˇF
˘

pωq P MprpA q. ˝

§06.06 Reminder (compare Definition §04.52). Let pS,S q and pΩ,A q be measurable spaces. A map-
ping κ : S ˆ A Ñ Rě0 is called Markov kernel from pS,S q to pΩ,A q, if it satisfies the
following two conditions:
(Mk1) For all s P S the s-slice κs : A Ñ r0, 1s with A ÞÑ κspAq :“ κps, Aq is a probability

measure on pΩ,A q, symbollically κ‚ : S Ñ MprpA q with s ÞÑ κs.

(Mk2) For all A P A the A-slice κA : S Ñ r0, 1s with s ÞÑ κA
psq :“ κps, Aq is S -Br0,1s-

measurable, symbolically κ‚ : A Ñ Mr0,1s
pS q with A ÞÑ κA. ˝

§06.07 Notation (compare §04.61). Consider the probability space pΩ,A ,Pq, the measurable space
pΩ,F q with sub-σ-algebra F Ď A , the restriction PF :“ P|F of P to F and an arbi-
trary Markov kernel κ from pΩ,F ,PF q to pΩ,A q. Then due to Lemma §04.57 there exists
an uniquely determined probability measure PF d κ on pΩ ˆ Ω,F b A q satisfying

pPF d κqpF ˆ Aq “ PFp1Fκ
A
q “

ż

F

κpω,AqPFpdωq, for all A P A , F P F .

If h P Mě0
pF b A q or h P L

1
pPF d κq then

pPF d κqphq “ PFpκ‚ph‚qq “

ż

Ω

ż

Ω

hpω1, ω2qκpω1, dω2qPFpdω1q

(see Theorem §04.59). Moreover, we denote by PFκ P MprpA q with

pPFκqpAq “ pPF d κqpΩ ˆ Aq “ PFpκA
q “

ż

Ω

κpω,AqPFpdωq, for all F P F ,

the marginal distribution on pΩ,A q induced by PF d κ P MprpF b A q. If the Markov kernel κ
satisfies

PpF X Aq “ pPF d κqpF ˆ Aq “ PFp1Fκ
A
q “ Pp1Fκ

A
q, for all A P A , F P F , (06.02)

and hence PFκ “ P P MprpA q then P
`

‚
ˇ

ˇF
˘

:“ κ is a version of the conditional distribution of
P given F . Indeed, (cE1) holds since P

`

A
ˇ

ˇF
˘

“ κA P Mě0
pF q for all A P A , and by (06.02)

P
`

A
ˇ

ˇF
˘

“ κA satisfies (cE2). In this case we write PF dP
`

‚
ˇ

ˇF
˘

where PFP
`

‚
ˇ

ˇF
˘

“ P. ˝
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§06.08 Definition.
(a) P

`

‚
ˇ

ˇF
˘

is called regular version of the conditional distribution ofP given F , ifP
`

‚
ˇ

ˇF
˘

is
a Markov kernel from pΩ,F q to pΩ,A q fulfilling (06.02), that is, the map κ :“ P

`

‚
ˇ

ˇF
˘

:

Ω ˆ A Ñ Rě0 with pω,Aq ÞÑ κpω,Aq :“ P
`

A
ˇ

ˇF
˘

pωq satisfies the conditions (Mk1) and
(Mk2), and every A-slice κA “ P

`

A
ˇ

ˇF
˘

is solution to the Radon-Nikodym equation (cE2).

(b) E
`

‚
ˇ

ˇF
˘

is called regular version of the conditional expectation with respect to P given F ,
if the by (06.01) induced version P

`

‚
ˇ

ˇF
˘

of the conditional distribution of P given F is
regular, and for every ω P Ω the map E

`

‚
ˇ

ˇF
˘

pωq : Mě0
pA q Ñ Rě0 is the expectation with

respect to the probability measure P
`

‚
ˇ

ˇF
˘

pωq P MprpA q. ˝

§06.09 Notation. If E
`

‚
ˇ

ˇF
˘

is a regular version of the conditional expectation with respect to P given
F , and P

`

‚
ˇ

ˇF
˘

is the by (06.01) induced regular version of the conditional distribution of P
given F , then we use for X P Mě0

pA q both notations E
`

X
ˇ

ˇF
˘

“ P
`

X
ˇ

ˇF
˘

as before. ˝

§06.10 Theorem.
(i) To every regular version of the conditional distribution of P given F , there exists a corre-

sponding regular version of the conditional expectation with respect to P given F that it
implies.

(ii) For any probability measure P on pR
k
,B

k
q and sub-σ-algebra F Ď B

k, there exists a
regular version of the conditional distribution of P given F .

§06.11 Proof of Theorem §06.10. (i) using the proof strategy of approximation with simple random
variables, (ii) Klenke (2020, Theorem 8.37, p.206) ˝

§06.12 Remark. Before we establish properties of the conditional expectation, we will construct ver-
sions of the conditional expectation or distribution in simple situations. It will be evident that
even a regular version of the conditional distribution is not unique, but in many situations of
interest to us, it is uniquely determined up to almost everywhere equality. ˝

§06|01 Simple conditions

We first consider a sub-σ-algebra F of A generated by a single measurable set B P A , that is,
F “ tH, B,Bc,Ωu “ σptBuq.

§06.13 Reminder. Let pΩ,A ,Pq be a probability space. According to Theorem §02.02, there exists a
uniquely determined expectation E : Mě0

pA q Ñ Rě0 with respect to P, which is (I1) linear, (I2)
monotone convergent and (I3) normed. ˝

§06.14 Conditional expectation. Let B P A with PpBq P Rą0. Then

P
`

‚
ˇ

ˇB
˘

: A Ñ r0, 1s with A ÞÑ P
`

A
ˇ

ˇB
˘

“
PpA X Bq

PpBq
(06.03)

is a probability measure on pΩ,A q. Correspondingly, there exists a uniquely determined expec-
tation with respect to P

`

‚
ˇ

ˇB
˘

, which we denote by E
`

‚
ˇ

ˇB
˘

. Due to (I3) it satisfies

@A P A : E
`

1A
ˇ

ˇB
˘

“ P
`

A
ˇ

ˇB
˘

“
PpA X Bq

PpBq
“
Ep1A1Bq

PpBq
“ P

`

1A
ˇ

ˇB
˘

.

Since for every X P Mě0
pA q it still holds that X1B P Mě0

pA q, the expectation E
`

‚
ˇ

ˇB
˘

also
satisfies

@X P Mě0
pA q : E

`

X
ˇ

ˇB
˘

“
EpX1Bq

PpBq
“ P

`

X
ˇ

ˇB
˘

.
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If Bc
“ ΩzB P A with PpB

c
q P Rą0, then we can analogously consider the probability measure

P
`

‚
ˇ

ˇB
c˘ on pΩ,A q and the corresponding expectation E

`

‚
ˇ

ˇB
c˘ with respect to P

`

‚
ˇ

ˇB
c˘. For

every X P Mě0
pA q is then

E
`

X
ˇ

ˇF
˘

: Ω Ñ Rě0 with ω ÞÑ E
`

X
ˇ

ˇF
˘

pωq :“ E
`

X
ˇ

ˇB
˘

1Bpωq ` E
`

X
ˇ

ˇB
c˘

1
B

cpωq

measurable with respect to the sub-σ-algebra F :“ σptBuq “ tH, B,B
c
,Ωu Ď A , that is,

E
`

X
ˇ

ˇF
˘

is a simple numerical random variable on pΩ,F q, symbolically E
`

X
ˇ

ˇF
˘

P Mě0
pF q.

For every ω P Ω, either ω P B and E
`

X
ˇ

ˇF
˘

pωq “ E
`

X
ˇ

ˇB
˘

or ω P B
c and E

`

X
ˇ

ˇF
˘

pωq “

E
`

X
ˇ

ˇB
c˘, such that

E
`

‚
ˇ

ˇF
˘

: Mě0
pA q Ñ Mě0

pF q with X ÞÑ E
`

X
ˇ

ˇF
˘

:“ E
`

X
ˇ

ˇB
˘

1B`E
`

X
ˇ

ˇB
c˘

1
B

c.(06.04)

We note that given ω P B , E
`

‚
ˇ

ˇB
˘

“ E
`

‚
ˇ

ˇF
˘

pωq. For every X P Mě0
pA q, E

`

X
ˇ

ˇF
˘

is
particularly a solution of the Radon-Nikodym equation (simple verification!)

@F P F : Ep1FE
`

X
ˇ

ˇF
˘

q “ Ep1FXq. (06.05)

Thus, the mapping E
`

‚
ˇ

ˇF
˘

in (06.04) satisfies conditions (cE1) and (cE2), and it is therefore a
version of the conditional expectation with respect to P given F . ˝

§06.15 Regular version. We further note that the version of the conditional expectation E
`

‚
ˇ

ˇF
˘

given
in (06.04) implies by (06.01) a regular version P

`

‚
ˇ

ˇF
˘

of the conditional distribution. Indeed,
the map κ :“ P

`

‚
ˇ

ˇF
˘

: Ω ˆ A Ñ Rě0 given by

pω,Aq ÞÑ κpω,Aq :“ P
`

A
ˇ

ˇF
˘

pωq “ P
`

A
ˇ

ˇB
˘

p1qrBsω ` P
`

A
ˇ

ˇB
c˘

1
B

cpωq,

satisfies the conditions (Mk1) and (Mk2), and hence it is a Markov kernel from pΩ,F q to pΩ,A q.
Consider (Mk1). For ω P Ω either ω P B , and thus κω “ P

`

‚
ˇ

ˇF
˘

pωq “ P
`

‚
ˇ

ˇB
˘

P MprpA q,
or ω P B

c and κω “ P
`

‚
ˇ

ˇF
˘

pωq “ P
`

‚
ˇ

ˇB
c˘

P MprpA q. Consequently, κ‚ : Ω Ñ MprpA q

with ω ÞÑ κω “ P
`

‚
ˇ

ˇF
˘

pωq, i.e. every ω-slice κω “ P
`

‚
ˇ

ˇF
˘

pωq is a probability measure
on pΩ,A q. On the other hand, condition (Mk2) is fulfilled since every A-slice satisfies κA “

P
`

A
ˇ

ˇF
˘

“ E
`

1A
ˇ

ˇF
˘

P Mr0,1s
pF q, i.e. κ‚ : A Ñ Mr0,1s

pF q with A ÞÑ κA “ P
`

A
ˇ

ˇF
˘

. Moreover,
by (06.05), κA “ P

`

A
ˇ

ˇF
˘

“ E
`

1A
ˇ

ˇF
˘

is solution to the Radon-Nikodym equation (cE2) for
every A P A . Consequently, the implied version P

`

‚
ˇ

ˇF
˘

of the conditional distribution of P
given F given in (06.01) is regular. On the other hand, by construction, for every ω P Ω the
mapping E

`

‚
ˇ

ˇF
˘

pωq is the expectation with respect to the probability measure P
`

‚
ˇ

ˇF
˘

pωq so
that the version E

`

‚
ˇ

ˇF
˘

in (06.04) is also regular. ˝

§06.16 Conditional distribution given a P-null set B . For B P A with PpBq “ 0, P
`

‚
ˇ

ˇB
˘

and
hence also E

`

‚
ˇ

ˇF
˘

as well as P
`

‚
ˇ

ˇF
˘

are yet not defined. Here and subsequently, we agree
on P

`

‚
ˇ

ˇB
˘

:“ P and hence E
`

‚
ˇ

ˇB
˘

“ E. On the other hand side, since PpB
c
q “ 1 for all

X P Mě0
pA q we have

E
`

X
ˇ

ˇB
c˘

“
EpX1

B
cq

PpB
c
q

“ EpX q.

The mapping (06.04) becomes then

E
`

‚
ˇ

ˇF
˘

: Mě0
pA q Q X ÞÑ E

`

X
ˇ

ˇF
˘

:“ EpXq P Mě0
pF q (06.06)

satisfying for all X P Mě0
pA q the conditions (cE1) and (cE2), that is, E

`

X
ˇ

ˇF
˘

P Mě0
pF q and

Ep1FE
`

X
ˇ

ˇF
˘

q “ EpXqPpF q “ Ep1FXq for all F P F . Consequently, E
`

‚
ˇ

ˇF
˘

“ E as in
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(06.06) is a version of the conditional expectation with respect to P given F and the implied
version of the conditional distribution given in (06.01) is regular. Indeed, the map

κ “ P
`

‚
ˇ

ˇF
˘

: Ω ˆ A Q pω,Aq ÞÑ κpω,Aq :“ P
`

A
ˇ

ˇF
˘

pωq “ PpAq P r0, 1s,

is a Markov kernel from pΩ,F q to pΩ,A q satisfying (Mk1) and (Mk2). Moreover, every A-slice
κA “ PpAq is solution to the Radon-Nikodym equation (cE2). Consequently, P

`

‚
ˇ

ˇF
˘

“ P

is a regular version of the conditional distribution of P given F . By construction, for every
ω P Ω, the map E

`

‚
ˇ

ˇF
˘

pωq “ E is the expectation with respect to the probability measure
P
`

‚
ˇ

ˇF
˘

pωq “ P, and hence the version E
`

‚
ˇ

ˇF
˘

given in (06.06) is regular. ˝

§06.17 Comment. All statements made so far regarding E
`

‚
ˇ

ˇF
˘

and P
`

‚
ˇ

ˇF
˘

apply to any sub-σ-
algebra of A of the form F “ σptBuq with B P A . Obviously, in the situation where PpBq “ 0
the choice P

`

‚
ˇ

ˇB
˘

“ P is arbitrary. The statements hold equally if we set P
`

‚
ˇ

ˇB
˘

:“ P̃ and
E
`

‚
ˇ

ˇB
˘

:“ Ẽ for any P̃ P MprpA q and expectation Ẽ with respect to P̃. It is important to note
that in the situation where PpBq “ 0, a different choice only changes E

`

‚
ˇ

ˇF
˘

and P
`

‚
ˇ

ˇF
˘

on the null set B with respect to P, so E
`

‚
ˇ

ˇF
˘

and P
`

‚
ˇ

ˇF
˘

are unique up to equality almost
everywhere with respect to P. ˝

§06.18 Illustration. Consider the probability space pr0, 1q,Br0,1q,UGr0, 1qq. The following graphs illus-
trate a random variable X P MpBr0,1qq as well as the regular version of the conditional expectation
of X given F “ σptBuq with B “ r0, 0.5q P Br0,1q.

0 0.5 1

EpXq

Ω “ r0, 1q

R

X

0 0.5 1

E
`

X
ˇ

ˇB
˘

Ep1BXq

Ω “ r0, 1q

R

X

0 0.5 1

E
`

X
ˇ

ˇBc
˘

Ep1BcXq

Ω “ r0, 1q

R

X

0 0.5 1

Ω “ r0, 1q

R

X

E
`

X
ˇ

ˇσptBuq
˘
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§06|02 Countable conditions

We now consider a sub-σ-algebra F “ σpPq of A , generated by a countable, measurable parti-
tion P “ tBi: i P Iu Ď A‰H of Ω.

§06.19 Conditional expectation. Let P “ tBi: i P Iu Ď A‰H be a countable, measurable partition of
Ω. For any B P P with PpBq P Rą0 we define P

`

‚
ˇ

ˇB
˘

as in (06.03), and in case PpBq “ 0 we set
as before P

`

‚
ˇ

ˇB
˘

:“ P. Moreover, let E
`

‚
ˇ

ˇB
˘

denote the expectation with respect to P
`

‚
ˇ

ˇB
˘

.
For F “ σpPq the map

E
`

‚
ˇ

ˇF
˘

: Mě0
pA q Q X ÞÑ E

`

X
ˇ

ˇF
˘

:“
ÿ

BPP

E
`

X
ˇ

ˇB
˘

1B P Mě0
pF q (06.07)

satisfies the conditions (cE1) and (cE2). The function f : Ω Ñ I with ω ÞÑ fpωq “ i :ô ω P Bi

is F -2I-measurable, and for every X P Mě0
pA q, the function g : I Ñ Rě0 with i ÞÑ E

`

X
ˇ

ˇBi

˘

is
2I-Bě0-measurable. Consequently, E

`

X
ˇ

ˇF
˘

“ g ˝f P Mě0
pF q is a F -Bě0-measurable function

and (cE1) is fulfilled. Moreover, for each F P F exists J Ď I with F “
Ţ

jPJ Bj and

Ep1FE
`

X
ˇ

ˇF
˘

q “
ÿ

jPJ
Ep1Bj

E
`

X
ˇ

ˇF
˘

q “
ÿ

jPJ
Ep1Bj

E
`

X
ˇ

ˇBj

˘

q

“
ÿ

jPJ
PpBjqE

`

X
ˇ

ˇBj

˘

“
ÿ

jPJ
Ep1Bj

Xq “ Ep1FXq, (06.08)

hence, (cE2) is satisfied. Consequently, E
`

‚
ˇ

ˇF
˘

as in (06.07) is a version of the conditional
expectation with respect to P given F . Furthermore, the implied version in (06.01) of the
conditional distribution is regular. Indeed, the map κ “ P

`

‚
ˇ

ˇF
˘

: Ω ˆ A Ñ Rě0 given by

pω,Aq ÞÑ κpω,Aq :“ P
`

A
ˇ

ˇF
˘

pωq “ E
`

1A
ˇ

ˇF
˘

pωq “
ÿ

BPP

P
`

A
ˇ

ˇB
˘

1Bpωq

satisfies the conditions (Mk1) and (Mk2), and hence it is a Markov kernel from pΩ,F q to pΩ,A q.
For each ω P Ω there exists a unique B P P with ω P B and the corresponding ω-slice satisfies
κω “ P

`

‚
ˇ

ˇF
˘

pωq “ P
`

‚
ˇ

ˇB
˘

P MprpA q. Consequently, κ‚ : Ω Ñ MprpA q with ω ÞÑ

κω “ P
`

‚
ˇ

ˇF
˘

pωq, and (Mk1) is fulfilled. On the other hand, every A-slice satisfies κA “

P
`

A
ˇ

ˇF
˘

“ E
`

1A
ˇ

ˇF
˘

P Mr0,1s
pF q, i.e. κ‚ : A Ñ Mr0,1s

pF q with A ÞÑ κA “ P
`

A
ˇ

ˇF
˘

, and
(Mk2) is fulfilled. Moreover, by (06.08), κA “ P

`

A
ˇ

ˇF
˘

“ E
`

1A
ˇ

ˇF
˘

is solution to the Radon-
Nikodym equation (cE2) for every A P A . Consequently, P

`

‚
ˇ

ˇF
˘

is a regular version of the
conditional distribution of P given F . By construction, for every ω P Ω, the map E

`

‚
ˇ

ˇF
˘

pωq

is the expectation with respect to the probability measure P
`

‚
ˇ

ˇF
˘

pωq, and hence the version
E
`

‚
ˇ

ˇF
˘

given in (06.08) is regular. ˝

§06.20 Illustration. Consider as in Illustration §06.18 the probability space pr0, 1q,Br0,1q,UGr0, 1qq.
The following graphs illustrate a random variable X P MpBr0,1qq as well as the regular version
of the conditional expectation of X given F “ σpPpjqq, j P J2K, for the two measurable partitions
Pp1q “ tr i´1

4
, i
4
q: i P J4Ku and Pp2q “ tr i´1

8
, i
8
q: i P J8Ku of Ω “ r0, 1q.
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0 0.5 10.25 0.75

Ω “ r0, 1q

X

E
`

X
ˇ

ˇσpPp1qq
˘

0 0.5 10.25 0.75

Ω “ r0, 1q

X

E
`

X
ˇ

ˇσpPp2qq
˘

§06|03 Induced conditional distribution

§06.21 Reminder. If X P MpA ,X q is a random variable on a probability space pΩ,A ,Pq with values
in a measurable space pX,X q, then the image probability measure PX :“ P ˝ X

´1
P MprpX q is

also called the distribution on pX,X q induced by X . ˝

§06.22 Definition. Let X P MpA ,X q be a random variable on a probability space pΩ,A ,Pq with
values in a measurable space pX,X q and let F Ď A be a sub-σ-algebra of A .
(a) For each version P

`

‚
ˇ

ˇF
˘

of the conditional distribution of P given F , the map

P
X
`

‚
ˇ

ˇF
˘

: Ω ˆ X Q pω,Bq ÞÑ P
X
`

B
ˇ

ˇF
˘

pωq :“ P
`

X
´1

pBq
ˇ

ˇF
˘

pωq P Rě0

induced by X is called version of the conditional distribution of PX given F . By (cE2), for
each B P X every version PX

`

B
ˇ

ˇF
˘

is solution to the Radon-Nikodym equation

PpX
´1

pBq X F q “ PpP
`

X
´1

pBq
ˇ

ˇF
˘

1F q “ PpP
X
`

B
ˇ

ˇF
˘

1F q for all F P F .

If in addition PX
`

‚
ˇ

ˇF
˘

is a Markov kernel from pΩ,F q to pX,X q, then the version
P

X
`

‚
ˇ

ˇF
˘

is called regular.

(b) Given any version E
`

‚
ˇ

ˇF
˘

of the conditional expectation with respect to P given F , for
each h P Mě0

pX q the random variable EX
`

h
ˇ

ˇF
˘

:“ E
`

hpXq
ˇ

ˇF
˘

P Mě0
pF q is called version

of the conditional expectation of hpXq given F and the mapping induced by X

E
X
`

‚
ˇ

ˇF
˘

: Mě0
pX q P h ÞÑ E

X
`

h
ˇ

ˇF
˘

P Mě0
pF q

is called the conditional expectation with respect to PX given F . By (cE2), every version
E

X
`

h
ˇ

ˇF
˘

is solution to the Radon-Nikodym equation

EphpXq1F q “ EpE
`

hpXq
ˇ

ˇF
˘

1F q “ EpE
X
`

h
ˇ

ˇF
˘

1F q for all F P F .

The version E
`

‚
ˇ

ˇF
˘

is called regular, if the implied version

P
X
`

‚
ˇ

ˇF
˘

: Ω ˆ X Q pω,Bq ÞÑ P
X
`

B
ˇ

ˇF
˘

pωq :“ E
X
`

1B
ˇ

ˇF
˘

pωq P Rě0 (06.09)

of the conditional distribution of PX given F is regular, and for each ω P Ω, the map
E

X
`

‚
ˇ

ˇF
˘

pωq : Mě0
pX q Ñ Rě0 is the expectation with respect to PX

`

‚
ˇ

ˇF
˘

pωq. ˝
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§06.23 Remark. The mapPX
`

‚
ˇ

ˇF
˘

satisfies the condition (Mk2) for any versionP
`

‚
ˇ

ˇF
˘

by definition
(cE1). In addition let P

`

‚
ˇ

ˇF
˘

be a regular version, then every ω-slice P
`

‚
ˇ

ˇF
˘

pωq P MprpA q is
a probability measure on pΩ,A q and by definitionPX

`

‚
ˇ

ˇF
˘

pωq “ P
`

‚
ˇ

ˇF
˘

pωq˝X
´1

P MprpX q

is the image probability measure of P
`

‚
ˇ

ˇF
˘

pωq under X . Therefore, PX
`

‚
ˇ

ˇF
˘

satisfies also
(Mk1), and hence, it is a Markov kernel. Consequently, the version PX

`

‚
ˇ

ˇF
˘

is regular, since
every A-slice P

`

A
ˇ

ˇF
˘

“ E
`

1A
ˇ

ˇF
˘

is also solution to the Radon-Nikodym equation (cE2).
For any regular version E

`

‚
ˇ

ˇF
˘

the induced version P
`

‚
ˇ

ˇF
˘

, and hence PX
`

‚
ˇ

ˇF
˘

, is also
regular. For each ω P Ω by the transformation formula (see Lemma §02.27) the induced version
E

X
`

‚
ˇ

ˇF
˘

pωq is the expectation with respect to the image probability measure PX
`

‚
ˇ

ˇF
˘

pωq. ˝

§06|04 Conditional expectation given a random variable

§06.24 Reminder. Let F “ σpSq be the sub-σ-algebra in A generated by a random variable S defined
on pΩ,A ,Pq with values in a measurable space pS,S q, i.e., S P MpA ,S q. We denote as before
by PS the image probability measure of P under S, and by ES the corresponding expectation.
If Y P Mě0

pσpSqq is a positive numerical, σpSq-measurable, random variable, then there exists
φ P Mě0

pS q with Y “ φ ˝ S, that is, Y pωq “ φpSpωqq for all ω P Ω. The function φ is uniquely
determined by Y and S only on SpΩq Ď S. ˝

§06.25 Definition. For S : pΩ,A ,Pq Ñ pS,S q let E
`

X
ˇ

ˇσpSq
˘

P Mě0
pσpSqq be a version of the condi-

tional expectation of X P Mě0
pA q given σpSq and let φ P Mě0

pS q fulfil E
`

X
ˇ

ˇσpSq
˘

“ φpSq as in

§06.24. E |S
pXq :“ φ is called version of the conditional expectation of X given S. By (cE2),

every version E |S
pXq is solution to the Radon-Nikodym equation

Ep1S´1pBqXq “ Ep1S´1pBqE
`

X
ˇ

ˇσpSq
˘

q “ E
S
p1BE

|S
pXqq for all B P S .

Any map

E
|S : Mě0

pA q Ñ Mě0
pS q with X ÞÑ E

|S
pXq

is called version of the conditional expectation with respect to P given S. The induced mapping

P
|S : S ˆ A Ñ Rě0 with ps, Aq ÞÑ P

|S
pAqpsq :“ E

|S
p1Aqpsq

is called version of the conditional distribution of P given S. By (cE2), for each A P A every
version P |S

pAq “ E
|S

p1Aq is solution to the Radon-Nikodym equation

PpS´1
pBq X Aq “ P

S
p1BP

|S
pAqq “

ż

B

P
|S

pAqdP
S for all B P S .

If in addition P |S is a Markov kernel from pS,S q to pΩ,A q, then the version P |S is called
regular. Similarly, the version E |S is called regular, if the induced version P |S is regular, and
for each s P S, the map E |S

p‚qpsq : Mě0
pA q Ñ Rě0 is the expectation with respect to P |S

p‚qpsq P

MprpA q. ˝

§06.26 Notation. Let X P Mě0
pA q and A P A . For any version of the conditional expectation, respec-

tively, distribution with respect to P given S we write also shortly E
|S“s

pXq :“ E
|S

pXqpsq and

P
|S“s

pAq :“ P
|S

pAqpsq for s P S. A s-slice of P |S is thus denoted by P |S“s : A Ñ Rě0 with
A ÞÑ P

|S“s
pAq while P |S

pAq denotes an A-slice of P |S. ˝
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§06.27 Property. For X P Mě0
pA q let φ1pSq and φ2pSq with φ1, φ2 P Mě0

pS q be two versions of the
conditional expectation E

`

X
ˇ

ˇσpSq
˘

of X given σpSq. By Theorem §06.02, we have φ1pSq “ φ2pSq

P-a.e. and hence φ1 “ φ2 P
S-a.e. In opposite to E

`

X
ˇ

ˇσpSq
˘

, any version φ does not only depend
on σpSq but also on the specific choice of the random variable S. ˝

§06.28 Remark. Let P
`

‚
ˇ

ˇσpSq
˘

be a version of the conditional distribution of P given σpSq and let P |S

be an induced version of the conditional distribution of P given S. If P |S is regular, i.e. κ :“ P
|S

is a Markov kernel from pS,S q to pΩ,A q. Then the map

pω,Aq ÞÑ κpSpωq, Aq “ P
|S“Spωq

pAq “ P
`

A
ˇ

ˇσpSq
˘

pωq

is a Markov kernel from pΩ, σpSqq to pΩ,A q, and hence P
`

‚
ˇ

ˇσpSq
˘

is regular. Evidently, (Mk1)
and (Mk2) are satisfied, since κSpωq “ P

|S“Spωq
P MprpA q for all ω P Ω and the composition of

measurable functions is measurable. If S is surjective, then the converse also holds, because in
this case P

`

‚
ˇ

ˇσpSq
˘

determines uniquely P |S (compare Reminder §06.24). ˝

§06.29 Example. Let S : pΩ,A ,Pq Ñ pt0, 1u, 2t0,1uq be a simple random variable, that is, tS “ 1u “

S´1pt1uq P A . Since σpSq “ σptS´1pt1uquq we follow Subsection §06|01 and a version of the
conditional expectation with respect to P given σpSq is given by

E
`

‚
ˇ

ˇσpSq
˘

: Mě0
pA q Ñ Mě0

pσpSqq with

X ÞÑ E
`

X
ˇ

ˇσpSq
˘

“ E
`

X
ˇ

ˇS´1
pt1uq

˘

1S´1pt1uq ` E
`

X
ˇ

ˇS´1
pt0uq

˘

1S´1pt0uq “ φpSq

and φ P Mě0
p2t0,1u

q with

s ÞÑ φpsq “ E
`

X
ˇ

ˇS´1
pt1uq

˘

1t1upsq ` E
`

X
ˇ

ˇS´1
pt0uq

˘

1t0upsq.

Consequently, E |S
“ E

`

‚
ˇ

ˇS´1pt1uq
˘

1t1u ` E
`

‚
ˇ

ˇS´1pt0uq
˘

1t0u is a version of the conditional
expectation with respect to P given S where in particular E |S“1

“ E
`

‚
ˇ

ˇS´1pt1uq
˘

and E |S“0
“

E
`

‚
ˇ

ˇS´1pt0uq
˘

. ˝

§06|05 Induced conditional distribution given a random variable

§06.30 Reminder. Let pS,Xq be a random variable on pΩ,A ,Pq with values in the product space
S ˆX equipped with the product σ-algebra S b X . We denote by PS,X the joint distribution on
pSˆX,S bX q induced by pS,Xq, and by ΠX : SˆX Ñ X and ΠS : SˆX Ñ S the coordinate
maps, where ps, xq ÞÑ ΠXps, xq :“ x and ps, xq ÞÑ ΠSps, xq :“ s. The marginal distribution of
X and S satisfies PX

“ P ˝ X´1 “ P ˝ pΠXpS,Xqq´1 “ P
S,X

˝ Π´1
X and PS

“ P
X,S

˝ Π´1
S ,

respectively. The random variables ΠX and ΠS are evidently surjective. Our goal is to introduce
a conditional distribution of X given S, using Definitions §06.22 and §06.25. Consider first a
version P

`

‚
ˇ

ˇσpSq
˘

: Ω ˆ A Ñ Rě0 of the conditional distribution of P given σpSq implying by
Definition §06.22 a version PX

`

‚
ˇ

ˇσpSq
˘

: Ω ˆ X Ñ Rě0 of the conditional distribution of PX

given σpSq induced by X , which in turn induces by Definition §06.25 a version PX|S : S ˆ X Ñ

Rě0 of the conditional distribution of PX given S. Note that PX
`

‚
ˇ

ˇσpSq
˘

is regular if P
`

‚
ˇ

ˇσpSq
˘

is regular (see Remark §06.28), but in general regularity of PX|S is not implied. However, if
P

pS,Xq
`

‚
ˇ

ˇσpΠSq
˘

is a regular version on pΩ :“ SˆX,A :“ S bX q of the conditional distribution
of PpS,Xq given σpΠSq, then by Definition §06.22 the version PX

`

‚
ˇ

ˇσpΠSq
˘

of the conditional
distribution of PX given σpΠSq induced by X :“ ΠX is regular, and by Definition §06.25 the
version PX|S of the conditional distribution of PX given S :“ ΠS is also regular since ΠS is
surjective. ˝

§06.31 Definition. Let PS,X be the joint distribution of the coordinate maps pS :“ ΠS, X :“ ΠXq on
pS ˆ X,S b X q.
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(a) For each version PS,X
`

‚
ˇ

ˇσpΠSq
˘

of the conditional distribution of PS,X given σpΠSq, the map

P
X|S : S ˆ X Ñ Rě0 with ps, Bq ÞÑ P

X|S
ps, Bq :“ φpsq and

P
X
`

B
ˇ

ˇσpΠSq
˘

“ P
S,X
`

Π´1
X pBq

ˇ

ˇσpΠSq
˘

“ φpΠSq

is called version of the conditional distribution of PX given S. For s P S and B P X
we denote by PX|S“s and PX|S

pBq the s-slice and B-slice of PX|S, respectively, where every
B-slice satisfies PX|S

pBq P Mě0
pS q due to (cE1). Moreover, by (cE2), PX|S

pBq is solution to
the Radon-Nikodym equation

P
S,X

pA ˆ Bq “ P
S
p1AP

X|S
pBqq “

ż

A

P
X|S

pBq dP
S for all A P S .

If in additionPX|S is a Markov kernel from pS,S q to pX,X q, then the versionPX|S is called
regular and PS

d P
X|S

“ P
S,X (see Notation §06.07). If every s-slice PX|S“s

P MprpX q of a
regular version PX|S has a finite first absolute moment, i.e. PX|S“s

P M1
prpX q, then we write

P
|S“s

pXq :“ P
X|S“s

pidXq “

ż

X

xP
X|S“s

pdxq.

(b) For each version ES,X
`

‚
ˇ

ˇσpΠSq
˘

of the conditional expectation with respect to PS,X given
σpΠSq, the map

E
X|S : Mě0

pX q Ñ Mě0
pS q with h ÞÑ E

X|S
phq :“ φ and

E
X
`

h
ˇ

ˇσpΠSq
˘

“ E
S,X
`

hpΠXq
ˇ

ˇσpΠSq
˘

“ φpΠSq

is called version of the conditional expectation with respect to PX given S. By (cE2), for all
h P Mě0

pX q any version EX|S
phq P Mě0

pS q is solution to the Radon-Nikodym equation

E
S,X

phpΠXq1Π´1
S pBqq “ E

S,X
p1Π´1

S pBqE
S,X
`

hpΠXq
ˇ

ˇσpΠSq
˘

q

“ E
S
p1BE

X|S
phqq for all B P S .

The version EX|S is called regular, if the implied version

P
X|S

: S ˆ X Ñ Rě0 with ps, Bq ÞÑ P
X|S

ps, Bq :“ E
X|S

p1Bqpsq

of the conditional distribution ofPX given S is regular, and for each s P S, the mapEX|S“s :“
E

X|S
p‚qpsq : Mě0

pX q Ñ Rě0 is the expectation with respect to PX|S“s
P MprpX q. ˝

§06|06 Properties

§06.32 Preliminary. Let pΩ,A ,Pq be a probability space, F Ď A a sub-σ-algebra and X P Mě0
pA q.

A random variable Y P Mě0
pF q is solution to the Radon-Nikodym equation

(cE2) Ep1FY q “ Ep1FXq for every F P F

if and only if EpZY q “ EpZXq for all Z P Mě0
pF q. Moreover, for X̃ P Mě0

pA q with X “ X̃
P-a.e., Y P Mě0

pF q satisfies (cE2) if and only if Ep1FY q “ Ep1F X̃q for every F P F , and
hence E

`

X
ˇ

ˇF
˘

“ E
`

X̃
ˇ

ˇF
˘

P-a.e.. Let Ω P E Ď F be X-closed generator of F “ σpE q and
EpXq P Rě0. Y P Mě0

pF q satisfies (cE2) if and only if Ep1EY q “ Ep1EXq for every E P E . By
Lemma §01.28 (note that Ω P E and XPpΩq “ EpXq P Rě0) the finite measures XP and Y P
agree also on A , i.e., (cE2) is satisfied, if they agree on E . ˝
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§06.33 Proposition. Let G Ď F Ď A be sub-σ-algebras, X, Y P Mě0
pA q and let E

`

‚
ˇ

ˇF
˘

and
E
`

‚
ˇ

ˇG
˘

be versions of the conditional expectation with respect to P P MprpA q given F and G ,
respectively. Then:

(i) E
`

aX ` bY
ˇ

ˇF
˘

“ aE
`

X
ˇ

ˇF
˘

` bE
`

Y
ˇ

ˇF
˘

P-a.e. for all a, b P Rě0; (linear) End LE10
2026/05/20

(ii) E
`

X
ˇ

ˇF
˘

ď E
`

Y
ˇ

ˇF
˘

P-a.e. if X ď Y P-a.e.; (monotone)

(iii) supnPN E
`

Xn

ˇ

ˇF
˘

“ E
`

X
ˇ

ˇF
˘

P-a.e. for all Xn Ò X in Mě0
pA q;(monotone convergence)

(iv) E
`

lim inf
nÑ8

Xn

ˇ

ˇF
˘

ď lim inf
nÑ8

E
`

Xn

ˇ

ˇF
˘

P-a.e. for all pXnq
nPN

in Mě0
pA q; (Fatou)

(v) for all Z P Mě0
pF q we have E

`

ZX
ˇ

ˇF
˘

“ ZE
`

X
ˇ

ˇF
˘

P-a.e. and E
`

Z
ˇ

ˇF
˘

“ Z P-a.e.,
in particular E

`

1
ˇ

ˇF
˘

“ 1 P-a.e.

(vi) E
`

E
`

X
ˇ

ˇF
˘
ˇ

ˇG
˘

“ E
`

E
`

X
ˇ

ˇG
˘
ˇ

ˇF
˘

“ E
`

X
ˇ

ˇG
˘

P-a.e.; (tower property)

(vii) E
`

X
ˇ

ˇF
˘

“ EpXq P-a.e. if σpXq and F are independent; (independence)

(viii) E
`

X
ˇ

ˇT P
˘

“ EpXq P-a.e. for T P :“ tA P A : PpAq P t0, 1uu and hence E
`

X
ˇ

ˇT
˘

“

EpXq P-a.e. for T “ tH,Ωu;

(ix) EpE
`

X
ˇ

ˇF
˘

q “ EpXq (total probability)

§06.34 Proof of Proposition §06.33. is given in the lecture. ˝

§06.35 Theorem. Let P0 ,P1 P MprpA q be probability measures with P0 ! P1 , S P MpA ,S q and let E |S
0

and E |S
1 be versions of the conditional expectation with respect to P0 and P1 given S. Then:

(i) PS
0

! P
S

1 ;

(ii) dP
S

0

dP
S

1

“ E
|S
1 p

dP0
dP1

q P
S

1 -a.e.;

(iii) If h P Mě0
pA q is P0 -quasiintegrable, then

E
|S

1 ph
dP0
dP1

q “ E
|S

0 phq
dP

S
0

dP
S

1

P
S

1 -a.e. and E
|S

0 phq “
E

|S
1 ph

dP0
dP1

q

E
|S
1 p

dP0
dP1

q
P

S

0 -a.e.

Let rP0 P MprpA q be another probability measure with rP0 ! P1 , let L and LS be respectively a
likelihood ratio (LR) of rP0 with respect to P0 and rP

S
0 with respect to PS

0 , where tL “ 8u and
tLS “ 8u is respectively the singular area of rP0 with respect to P0 and rP

S
0 with respect to PS

0 .
Then setting φ :“ rP

|S
0

`

L P Rě0

˘

it holds that

(iv) rP0pL “ 8q “ rP
S

0 pLS “ 8q ` P0pL
SpSqp1 ´ φpSqqq;

(v) E |S
0 pLq “ LSφ P

S
0 -a.e.

§06.36 Proof of Theorem §06.35. (i)-(iii) is given in the lecture, for (iv) and (v) we refer to Witting
(1985, Satz 1.121, S.121) ˝

§07 Integrable random variables

§07.01 Reminder. Let pΩ,A ,Pq be a probability space, F Ď A a sub-σ-algebra and X P MpA q

a numerical random variable. Making use of the decomposition X “ X
`

´ X
´ with X

`

“

X _ 0, X
´

:“ p´Xq _ 0 P Mě0
pA q the expectation EpXq :“ PpXq “ PpX

`

q ´ PpX
´

q is
defined for any X with PpX

`

q ^PpX
´

q P Rě0. In the sequel let L̄1
pA ,Pq :“ L̄

1
pΩ,A ,Pq “ tX P

MpA q : Pp|X |q P Rě0u and we denote by E : L̄
1
pA ,Pq Ñ R the unique expectation with respect

to P. Since MpF q Ď MpA q we have L̄
1
pF ,Pq Ď L̄

1
pA ,Pq. If X P L̄

1
pA ,Pq then EpX

`

q P Rě0
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and any version of the conditional expectation of X` given F satisfies E
`

X
`
ˇ

ˇF
˘

P Mě0
pF q

due to (cE1) and by (cE2), any version E
`

X
`
ˇ

ˇF
˘

is solution to the Radon-Nikodym equation
Ep1FE

`

X
`
ˇ

ˇF
˘

q “ Ep1FX
`

q for all F P F . Note that with F “ Ω we have in particular
EpE

`

X
`
ˇ

ˇF
˘

q “ EpX
`

q P Rě0. Consequently, we can choose E
`

X
`
ˇ

ˇF
˘

P Mě0
pF q and simi-

larly E
`

X
´
ˇ

ˇF
˘

P Mě0
pF q. In this case, the random variable Y :“ E

`

X
`
ˇ

ˇF
˘

´ E
`

X
´
ˇ

ˇF
˘

P

MpF q is again solution to the Radon-Nikodym equation (cE2), where evidently Y P L̄
1
pF ,Pq. ˝

§07.02 Definition. For X P L̄
1
pA ,Pq, any function Y : Ω Ñ R is called version (specification) of

the conditional expectation of X given F , symbolically E
`

X
ˇ

ˇF
˘

:“ Y , if it satisfies the
following two conditions:
(cE1) Y P L̄

1
pF ,Pq, i.e. Y P MpF q is P-integrable

(cE2) Ep1FY q “ Ep1FXq for every F P F . (Radon-Nikodym equation)
Any mapping

E
`

‚
ˇ

ˇF
˘

: L̄
1
pA ,Pq Q X ÞÑ E

`

X
ˇ

ˇF
˘

P L̄
1
pF ,Pq

is called a version (specification) of the conditional expectation with respect to P given F .
E
`

‚
ˇ

ˇF
˘

is called regular version of the conditional expectation with respect to P given F , if
the implied versionP

`

‚
ˇ

ˇF
˘

of the conditional distribution ofP given F as in (06.01) is regular,
and for every ω P Ω the map E

`

‚
ˇ

ˇF
˘

pωq : L̄
1
pA ,Pq Ñ R is the expectation with respect to the

probability measure P
`

‚
ˇ

ˇF
˘

pωq. ˝

§07.03 Remark.
(a) Let X be a random variable on pΩ,A ,Pq with values in a measurable space pX,X q and let

F Ď A be a sub-σ-algebra. We define similarly to Definition §06.22 (b) for h P L̄
1
pX ,PX

q

a version EX
`

h
ˇ

ˇF
˘

P L̄
1
pF ,Pq of the conditional expectation of hpXq given F as well as a

(regular) version

E
X
`

‚
ˇ

ˇF
˘

: L̄
1
pX ,P

X
q Q h ÞÑ E

X
`

h
ˇ

ˇF
˘

P L̄
1
pF ,Pq

of the conditional expectation with respect to PX given F .

(b) Let S be a random variable on pΩ,A ,Pq with values in a measurable space pS,S q. We
define similarly to Definition §06.25 for X P L̄

1
pA ,Pq a version E |S

pXq P L̄
1
pS ,PS

q of the
conditional expectation of X given S as well as a (regular) version

E
|S : L̄

1
pA ,Pq Q X ÞÑ E

|S
pXq P L̄

1
pS ,P

S
q

of the conditional expectation with respect to P given S.

(c) Let pS,Xq be a random variable on pΩ,A ,Pq with values in a measurable product space
pS ˆ X,S b X q. We define similarly to Definition §06.31 (b) for h P L̄

1
pX ,PX

q a version
E

X|S
phq P L̄

1
pS ,PS

q of the conditional expectation of hpXq given S as well as a (regular)
version

E
X|S : L̄

1
pX ,P

X
q Q h ÞÑ E

X|S
phq P L̄

1
pS ,P

S
q

of the conditional expectation with respect to PX given S. If similar to Definition §06.31
(a) PX|S is a regular version of the conditional distribution of PX given S, and if a s-
slice PX|S“s

P MprpX q has, for example, a finite first absolute moment, then we write also
P

|S“s
pXq :“ P

X|S“s
pidXq “

ş

X
xPX|S“s

pdxq. ˝
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§07.04 Theorem. Let X, Y P L̄
1
pA ,Pq and F Ď A be a sub-σ-algebra. For every version E

`

‚
ˇ

ˇF
˘

of the conditional expectation with respect to P given F the following statements hold P-a.e.
(i) If aX ` bY P MpA q for a, b P R, then E

`

aX ` bY
ˇ

ˇF
˘

“ aE
`

X
ˇ

ˇF
˘

` bE
`

Y
ˇ

ˇF
˘

;(linear)

(ii) E
`

X
ˇ

ˇF
˘

ď E
`

Y
ˇ

ˇF
˘

if X ď Y ; (monotone)

(iii) |E
`

X
ˇ

ˇF
˘

| ď E
`

|X|
ˇ

ˇF
˘

; (triangle inequality)

(iv) Pp|S| “ 8q “ 0 for every S P MpA q with E
`

|S|
ˇ

ˇF
˘

P Rě0 P-a.e.; (finite)

(v) ϕ
`

E
`

X
ˇ

ˇF
˘˘

ď E
``

ϕpXq
˘ˇ

ˇF
˘

for every convex ϕ : R Ñ R (Jensen’s inequality)
with X,ϕpXq P L

1
pA ,Pq;

(vi) limnÑ8E
`

Xn

ˇ

ˇF
˘

“ E
`

X
ˇ

ˇF
˘

P-a.e. and in L
1
pA ,Pq (dominated convergence)

for all Xn Ñ X P-a.e. with supnPN |Xn| ď Y .

If the version is regular, and hence, E
`

‚
ˇ

ˇF
˘

pωq is the expectation with respect to the probability
measure P

`

‚
ˇ

ˇF
˘

pωq for all ω P Ω, then the statements (i)-(vi) hold for all ω P Ω.

§07.05 Proof of Theorem §07.04. is given in the lecture. For a regular version (i)-(vi) are shown in the
lecture EWS. ˝

§07.06 Theorem. Let X,Y P L̄
1
pA ,Pq and let G Ď F Ď A be sub-σ-algebras. For every version

E
`

‚
ˇ

ˇF
˘

and E
`

‚
ˇ

ˇG
˘

of the conditional expectation with respect to P P MprpA q given F and
G , respectively, the following statements hold
(i) E

`

XZ
ˇ

ˇF
˘

“ ZE
`

X
ˇ

ˇF
˘

P-a.e. for all Z P MpF q with Ep|XZ|q P Rě0 and
E
`

Z
ˇ

ˇF
˘

“ E
`

Z
ˇ

ˇσpZq
˘

“ Z P-a.e. for all Z P L̄
1
pF ,Pq;

(ii) E
`

E
`

X
ˇ

ˇF
˘ˇ

ˇG
˘

“ E
`

E
`

X
ˇ

ˇG
˘ˇ

ˇF
˘

“ E
`

X
ˇ

ˇG
˘

P-a.e.; (tower property)

(iii) E
`

X
ˇ

ˇF
˘

“ EpXq P-a.e. if σpXq and F are independent; (independence)

(iv) E
`

X
ˇ

ˇT
˘

“ EpXq P-a.e. for T :“
␣

A P A |PpAq P t0, 1u
(

;

(v) EpE
`

X
ˇ

ˇF
˘

q “ EpXq. (total probability)
In addition let S : pΩ,A q Ñ pS,S q, T : pΩ,A q Ñ pT ,T q. Then
(vi) E |S

phpSqXq “ hE |S
pXq P

S-a.e. for h P MpS q with Ep|hpSqX|q P Rě0;

(vii) E |S,T
pXY q “ E

|S
pXqE

|T
pY q P

S,T -a.e. if pX,Sq and pY, T q are independent.

§07.07 Proof of Theorem §07.06. is given in the lecture. ˝
End LE11
2026/05/22

§07|01 Regular versions

§07.08 Reminder. Let pS,Xq be a random variable on pΩ,A ,Pq with values in the measurable prod-
uct space pS ˆ X,S b X q. A regular version PX|S of the conditional distribution of PX given
S, if it exists, is a Markov kernel from pS,S q to pX,X q, which is a solution to the Radon-
Nikodym equation PS

d P
X|S

“ P
S,X , that is, for every B P X hold

PpS´1
pAq X X´1

pBqq “ P
S,X

pA ˆ Bq “ P
S
p1AP

X|S
pBqq “

ż

A

P
X|S

pBq dP
S

@ A P S .

Often it is useful to consider, in addition to PX|S, a regular version PS,X|S of the conditional
distribution of PS,X given S defined as a Markov kernel ps,Dq ÞÑ P

S,X|S“s
pDq from pS,S q to

pS ˆ X,S b X q, which is for every D P S b X solution to the Radon-Nikodym equation

PppS,Xq
´1

pDq X S´1
pBqq “ P

S,X
pD X pB ˆ Xqq “ P

S
pP

S,X|S
pDq1Bq

“

ż

B

P
S,X|S

pDq dP
S

@ B P S .
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Then the conditional distribution PX|S arises again from the conditional distribution PS,X|S as the
marginal distribution according to PX|S

pBq “ P
S,X|S

pS ˆ Bq, B P X . We further denote with
Ds :“ tx P X: ps, xq P Du or hspxq :“ hps, xq the s-slice of D Ď S ˆ X or h : S ˆ X Ñ R,
respectively, for a given s P S. ˝

§07.09 Theorem. Let pS,Xq be a random variable on pΩ,A ,Pq with values in pS ˆX,S b X q. Let
P

X|S be a regular version of the conditional distribution of PX given S.
(i) The map ps,Dq ÞÑ P

S,X|S“s
pDq :“ P

X|S“s
pDsq is a regular version of the conditional distri-

bution of PS,X given S.

(ii) If h P MpS b X q is PS,X-quasiintegrable, then

P
S,X|S“s

phq “

ż

hs dP
X|S“s

“ P
X|S“s

phsq for PS-a.e. s P S,

as well as for all A P S and B P X

P
S,X

ph1AˆBq “ P
S
`

1AP
S,X|S

p1Bhq
˘

“

ż

A

`

ż

B

hs dP
X|S“s

˘

P
S
pdsq.

§07.10 Proof of Theorem §07.09. is given in the lecture. ˝

§07.11 Remark. Intuitively, it is tempting to write PX|S
pfSq for PpX,Sq|S

pfq. However, this is not jus-
tified because PX|S

pfSq cannot be obtained as an S -measurable solution of a Radon-Nikodym
equation, and thus cannot be formulated in the usual way as a conditional expectation (see Wit-
ting (1985, S.125) for further discussion). On the other hand, for simplification in computation,
fpS,Xq can be replaced by fps,Xq in the integrand, so the symbolic notation S “ s can be
understood as substitution. The justification for such substitution follows from the fact that
ps,Dq ÞÑ P

X|S“s
pDsq is a regular version of the conditional expectation PpS,Xq|S (under the as-

sumptions of Theorem §07.09). For D “ tsu ˆ X, it follows that PpS,Xq|S“s
pDq “ P

X|S“s
pXq “ 1

for PS-a.e. s P S. Thus, the conditional distribution PpS,Xq|S concentrates on the set tS “ su for
P

S-a.e. s P S. ˝

§07.12 Example.
(a) Let X,S P L

1
pA ,Pq be independent. Then P-a.e. hold

E
`

X ` S
ˇ

ˇσpSq
˘

“ E
`

X
ˇ

ˇσpSq
˘

` E
`

S
ˇ

ˇσpSq
˘

“ EpXq ` S.

More general, let f P MpS b X q be PS,X-quasiintegrable. Since XKKS (see also Theo-
rem §07.13 below) the Markov kernel ps,Bq ÞÑ P

X
pBq from pS,S q to pX,X q is a regular

version of the conditional distribution of PX given S. Making use of Theorem §07.09 (ii) it
follows that E |S“s

pfpS,Xqq “ P
S,X|S“s

pfq “ P
X

pfsq “ P
`

fps,Xq
˘

for PS-a.e. s P S.

(b) Let pXiqiPJnK be an independent family in L
1
pA ,Pq with EpXiq “ 0, i P JnK. For m P JnK set

Fm :“ σppXiqiPJmKq and Sm :“
ř

iPJmK Xi, then P-a.e. holds

E
`

Sn

ˇ

ˇFm

˘

“
ÿ

iPJnK

E
`

Xi

ˇ

ˇFm

˘

“
ÿ

iPJmK

Xi `
ÿ

iPLm,nK

EpXiq “ Sm.

Since σpSmq Ď Fm from Theorem §07.06 (ii) follows P-a.e.

E
`

Sn

ˇ

ˇσpSmq
˘

“ E
`

E
`

Sn

ˇ

ˇFm

˘
ˇ

ˇσpSmq
˘

“ E
`

Sm

ˇ

ˇσpSmq
˘

“ Sm. ˝

§07.13 Theorem. Let pS,Xq be a random variable on pΩ,A ,Pq with values in pS ˆ X,S b X q.
If there exists a regular version PX|S of the conditional distribution of PX given S, then the
following three statements are equivalent:
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(i) X and S are independent under P, symbolically XKKS.

(ii) There exists a version PX|S which is independent of S.

(iii) PX|S
“ P

X
P

S-a.e..
If XKKS then for each g : pS ˆ X,S b X q Ñ pT ,T q there exists a PS-null set N such that
P

gpS,Xq|S“s
pCq “ P

gps,Xq|S“s
pCq for all C P T and s P N c.

§07.14 Proof of Theorem §07.13. (i)ô(ii)ô(iii) is an exercise, for the addendum we refer to Witting
(1985, Satz 1.129, S.130). ˝

§07|02 Conditional density

§07.15 Preliminary. An explicit representation of a regular version of the conditional distribution PX|S

of X given S, and thus a way to demonstrate its existence, can be provided when the joint
distribution has a density with respect to a product measure of σ-finite measures. We still denote
by Ds :“ tx P X: ps, xq P Du or fspxq :“ fps, xq the s-slice of D Ď S ˆ X or f : S ˆ X Ñ R,
respectively, for a given s P S, and by fxpsq :“ fps, xq the x-slice of f for a given x P X. ˝

§07.16 Definition. Let pS,Xq be a random variable on pΩ,A ,Pq with values in pS ˆ X,S b X q

and PpS,Xq
! pν b µq with pν b µq-density f :“ dPpS,Xq

{dpν b µq P Mě0
pS b X q for σ-finite

measures µ P MσpX q and ν P MσpS q. We denote by fX P Mě0
pX q and fS P Mě0

pS q version
of the marginal µ-density and ν -density, respectively, that is, fSpsq “

ş

f
s
dµ “ µpf

s
q for ν -a.e.

s P S and fXpxq “ νpfxq for µ-a.e. x P X. The pS b X q-Bě0-measurable map

fX|S :“ pf {fSq1tfSPRą0u ` fX1tfS“0u : S ˆ X Ñ Rě0 with

ps, xq ÞÑ fX|S
ps, xq :“

f ps, xq

fSpsq
1tfSpsqPRą0u ` fXpxq1tfSpsq“0u (07.01)

is called regular version of the conditional µ-density ofPX given S. A s-slice of fX|S P Mě0
pS b X q

is again denoted by fX|S“s P Mě0
pX q. ˝

§07.17 Theorem. Under the assumptions of Definition §07.16 we have
(i) The Markov kernel ps, Bq ÞÑ P

X|S“s
pBq “ fX|S“sµpBq “ µp1Bf

X|S“sq and

ps,Dq ÞÑ P
S,X|S“s

pDq “ P
X|S“s

pDsq “ fX|S“sµpDsq “ µp1Ds
fX|S“s

q “

ż

Ds

fX|S“s dµ

define regular versionsPX|S andPpS,Xq|S of the conditional distribution ofPX andPpS,Xq given
S. In particular, fX|S is a µ-density of the Markov kernel PX|S, i.e. PX|S

“ fX|Sµ.

(ii) If h P MpS b X q is PpS,Xq-quasiintegrable, then

P
S,X|S“s

phq “ µphsf
X|S“s

q “ fX|S“sµphsq for PS-a.e. s P S,

as well as for all B P X and A P S

P
S,X

ph1AˆBq “ ν
`

1Af
SP

X|S
p1Bh‚q

˘

“

ż

A

µp1Bhsf
X|S“s

q fSpsqνpdsq.

§07.18 Proof of Theorem §07.17. is given in the lecture. ˝

§07.19 Remark. The terms introduced in Definition §05.04 (a) and (b) can now be incorporated into
the more general approach. To this end, let pS,Xq be a random variable with a joint distribution
P

S,X on pS ˆ X,S b X q.
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(a) Let S ˆ X be countable, hence pS,Xq is discretely distributed, as in Definition §05.04 (a).
The mass function pX|S : 2Z b 2X Ñ r0, 1s given by

pz, xq ÞÑ pX|S
ps, xq “

pS,Xps, xq

pSpsq
1tpSpsqPRą0u ` pX

pxq1tpSpsq“0u

defines a regular version pX|S of the conditional ζ
X
-mass function of PX given S. A s-slice

of pX|S P Mě0
p2Z b 2Xq is again denoted by pX|S“s P Mě0

p2Xq. The Markov kernel PX|S
“ pX|Sζ

X

from pS, 2Sq to pX, 2Xq with ζ
X
-mass function pX|S satisfies (cE1), i.e. PX|S

pBq P Mr0,1s
p2Sq,

and (cE2), because for every B P 2X and A P 2S

P
S,X

pA ˆ Bq “
ÿ

sPA

ÿ

xPB

pS,X
px, sq “

ÿ

sPA

pS
psqP

X|S“s
pBq “ P

S
p1AP

X|S
pBqq.

(b) Let pS,Xq be continuous distributed with values in pRm`n,B
m`n

q, as in Definition §05.04
(b). The B

m`n-Bě0-measurable map

ps, xq ÞÑ fX|S
ps, xq “

fS,Xps, xq

fSpsq
1tfSpsqPRą0u ` fXpxq1tfSpsq“0u

defines a regular version fX|S of the conditional λn-density of PX given S. A s-slice of
fX|S P Mě0

pB
m`n

q is again denoted by fX|S“s P Mě0
pB

n
q. The Markov kernel PX|S

“ fX|Sλ
n

from pR
m
,B

m
q to pR

n
,B

n
q with λ

n-density fX|S satisfies (cE1), i.e. PX|S
pBq P Mr0,1s

pB
m

q, and
(cE2), because for every B P B

n and A P B
m

P
S,X

pA ˆ Bq “

ż

A

ż

B

fS,Xps, xq λ
n

pdxq λ
m

pdsq

“

ż

A

fSpsqP
X|S“s

pBq λ
m

pdsq “ P
S
p1AP

X|S
pBqq ˝

§07.20 Corollary. Under the assumptions of Definition §07.16 X and S are independent under P,
symbolically XKKS, if and only if, fX|S“s “ fX µ-a.e. for PS-a.e. s P S.

§07.21 Proof of Corollary §07.20. The claim follows directly from Theorems §07.13 and §07.17. ˝

§07.22 Example.
(a) By Corollary §07.20 in Example §05.06 (a) X and S are not independent, since, for instance,

pX|S“2 ‰ pX with PS
pt2uq “ pSp2q “ 1{36 P Rą0. On the other hand, in Example §05.06 (b)

X and S are independent, i.e., pX|S “ pX P
S-a.e., if and only if ΣXS “ 0, that is, if X and S

are uncorrelated.

(b) For a P Rą0 let X „ Expa and Y „ Expa be independent. Then X and S “ X ` Y are not
independent, since PX|S“s

“ Ur0,ss for λ-a.e. s P Rě0. In contrast, W :“ X{pX ` Y q and S
are independent, since PW |S

“ Ur0,1s λ-a.e. (exercise). ˝

§07|03 Best prediction

§07.23 Preliminary. Let pH, x¨, ¨y
H

q be a Hilbert space, let ∥¨∥
H

denote the induced norm, and let U be a
closed linear subspace of H. For every element h P H there exists a uniquely determined element
uh P U with ∥h ´ uh∥H “ infuPU∥h ´ u∥

H
. The map ΠU : H Ñ U with h ÞÑ ΠUphq :“ uh is

called orthogonal projection. If UK denotes the orthogonal complement of U in H, then for all
h, g P H hold:

44 Probability theory

https://creativecommons.org/licenses/by-nc/4.0/deed.de


§07 Integrable random variables Chapter 2 Conditional expectation

(a) ΠU ˝ ΠU “ ΠU, (projection)

(b) h ´ ΠUphq P UK, (orthogonal)

(c) h “ ΠUphq ` ph ´ ΠUphqq unique decomposition of h into an orthogonal direct sum of
elements from U and UK,

(d) ΠU is linear and self-adjoint, that is, xΠUphq, gy
H

“ xh,ΠUpgqy
H

. ˝

§07.24 Property. L
2
pF ,Pq is a closed linear subspace of L2

pA ,Pq for every sub-σ-algebra F Ď A . ˝

§07.25 Lemma. Let F Ď A be a sub-σ-algebra and let E
`

‚
ˇ

ˇF
˘

be a version of the conditional
expectation. Then E

`

‚
ˇ

ˇF
˘

: L
2
pA ,Pq Ñ L

2
pF ,Pq is a orthogonal projection, that is, for all

X P L
2
pA ,Pq and Y P L

2
pF ,Pq we have

∥X ´ Y ∥2
L

2 “ Ep|X ´ Y |
2
q ě Ep|X ´ E

`

X
ˇ

ˇF
˘

|
2
q “ ∥X ´ E

`

X
ˇ

ˇF
˘

∥2
L

2 ,

where equality holds if and only if Y “ E
`

X
ˇ

ˇF
˘

P-a.e.

§07.26 Proof of Lemma §07.25. Exercise. ˝

§07.27 Comment. Let S : pΩ,A q Ñ pS,S q and φ P MpσpSqq such that E
`

X
ˇ

ˇS
˘

“ φpSq. By
Lemma §07.25 we have E

`

|X ´ φpSq|2
˘

ď E
`

|X ´ hpSq|2
˘

for any h P L
2
pS ,PS

q. φpSq is
called best prediction of X by S. In the lecture EWS we have shown for any S P L

2 with
VarpSq P Rą0 that a˚S ` b˚ “ EpXq `

CovpX,Sq

VarpSq
pS ´ EpSqq satisfies E

`

|X ´ pa˚S ` b˚q|2
˘

ď

E
`

|X ´ paS ` bq|2
˘

for all a, b P R. a˚S ` b˚ is called best linear prediction of X by S.
Evidently, any best prediction, which is also (affine) linear, is a best linear prediction, but the
converse does generally not apply. ˝

§07.28 Example.
(a) Let X and S be jointly normally distributed (as in Example §05.06 (b) with n “ m “ 1).

If VarpSq P Rą0 then the best prediction and the best linear prediction coincide, that is,
E
`

X
ˇ

ˇσpSq
˘

“ µX ` ΣXSΣ
´1
S pS ´ µSq.

(b) Let U and S be independent and identically N
p0,1q

-distributed, and let X :“ S2 ` S ` U .
Then E

`

X
ˇ

ˇσpSq
˘

“ S2 ` S is the best prediction of X by S (use Example §07.12 (a)).
Its mean squared prediction error satisfies E

`

|X ´ E
`

X
ˇ

ˇσpSq
˘

|2
˘

“ EpUq2 “ 1. The best
linear prediction of X by S is in this case Z˚ “ S ` 1, since CovpX,Sq “ 1, EpXq “ 1,
VarpSq “ 1 and EpSq “ 0. Therefore, we have E

`

|X ´ Z˚|2
˘

“ EpS4q ` EpU2q ´

2EpS2q ` 1 “ 3 ą 1 “ E
`

|X ´ E
`

X
ˇ

ˇσpSq
˘

|2
˘

. ˝

§07.29 Lemma. Let p P Rě1, let F Ď A be a sub-σ-algebra and let E
`

‚
ˇ

ˇF
˘

be a version of the
conditional expectation. Then the linear map E

`

‚
ˇ

ˇF
˘

: L
p
pA ,Pq Ñ L

p
pF ,Pq is a contraction,

that is ∥E
`

X
ˇ

ˇF
˘

∥
L

p ď ∥X∥
L

p for all X P L
p
pA ,Pq, and therefore it is bounded and continuous.

Consequently, pE
`

Xn

ˇ

ˇF
˘

q
nPN

converges in L
p
pF ,Pq for every in L

p
pA ,Pq convergent pXnq

nPN
.

§07.30 Proof of Lemma §07.29. is given in the lecture. ˝

§07.31 Reminder. A family pXiqiPI of random variables in L
1
pA ,Pq with arbitrary nonempty index set

I satisfying

inf tsup
iPI
P
`

|Xi|1t|Xi|ěau

˘

: a P Rě0u “ 0

is called uniformly P-integrable (see Definition §02.39). ˝
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§07.32 Lemma. For any nonempty index set I and J let pXiqiPI be an uniformly P-integrable family
of random variables in L

1
pA ,Pq and let pFj qjPJ by a family of sub-σ-algebra of A . Then the

family
`

E
`

Xi

ˇ

ˇFj

˘˘

iPI,jPJ is uniformly P-integrable in L
1
pA ,Pq. In particular, for X P L

1
pA ,Pq

and J :“ tF : F is sub-σ-algebra of A u, the family
`

E
`

X
ˇ

ˇF
˘˘

F PJ is uniformly P-integrable in
L

1
pA ,Pq.

§07.33 Proof of Lemma §07.32. Klenke (2020, Corollary 8.22, p.199) ˝

§08 Bayes approach

§08.01 Preliminary. Consider a statistical experiment pX,X ,PΘ :“ pPθ qθPΘ
q, where Pθ P MprpX q for

every θ P Θ by definition. In addition let pΘ,T q be a measurable space. Consider the map

P‚ : Θ ˆ X Ñ r0, 1s with pθ,Bq ÞÑ Pθ pBq.

Evidently, for each θ P Θ the map Pθ : X Ñ r0, 1s (the θ-slice of P‚ ) is a probability measure,
i.e. Pθ P MprpX q. If for each B P X the B-slice P‚ pBq : Θ Ñ r0, 1s of P‚ with θ ÞÑ Pθ pBq is
T -Br0,1s-measurable, i.e. P‚ pBq P Mr0,1s

pX q, then P‚ satisfies the conditions (Mk1) and (Mk2) (see
Reminder §06.06), and hence it is a Markov kernel from pΘ,T q to pX,X q. ˝

§08.02 Definition. Let pX,X ,PΘq be a statistical experiment, pΘ,T q a measurable space and P‚ with
pθ, F q ÞÑ Pθ pF q a Markov kernel from pΘ,T q to pX,X q. Let ϑ be a pΘ,T q-valued random
variable such that the parameter θ P Θ can be seen as realisation of ϑ. The probability measure
P

ϑ
P MprpT q of ϑ on pΘ,T q is called a-priori distribution of the parameter θ and we denote

by Eϑ the expectation with respect to Pϑ . ˝

§08.03 Reminder. A Markov kernel P‚ from pΘ,T q to pX,X q and an a-priori distribution Pϑ
P

MprpT q determine uniquely (compare Lemma §04.57) the joint distribution Pϑ,X
“ P

ϑ
d P‚ P

MprpT b X q on the measurable space pΘ ˆ X,T b X q where for all A P T and B P X hold

P
ϑ,X

pA ˆ Bq “ pP
ϑ

d P‚ qpA ˆ Bq “ P
ϑ
`

1AP‚ pBq
˘

“

ż

A

Pθ pBqP
ϑ
pdθq.

The marginal distribution PX :“ P
ϑ
P‚ of X on pX,X q induced by Ppϑ,Xq is given by

P
X

pBq “ pP
ϑ
P‚ qpBq “ P

ϑ
`

P‚ pBq
˘

“

ż

P‚ pBq dP
ϑ

“

ż

Pθ pBqP
ϑ
pdθq

for all B P X (compare Notation §06.07). ˝

§08.04 Definition. Let pX,X ,PΘq be a statistical experiment, pΘ,T q a measurable space, pϑ, Xq a
random variable with values in pΘ ˆ X,T b X q, Pϑ

P MprpT q an a-priori distribution of ϑ
on pΘ,T q, and P‚ a Markov kernel from pΘ,T q to pX,X q. The joint distribution Pϑ,X

“

P
ϑ

d P‚ of pϑ, Xq is determined by the regular conditional distribution PX|ϑ :“ P‚ of PX given
ϑ and the a-priori distribution Pϑ . A regular version of the conditional distribution P

ϑ|X of
P

ϑ given X , if it exists, is called a-posteriori distribution of ϑ given X . If for every x P X

the a-posteriori distribution Pϑ|X“x has a finite first absolute moment, then the random variable
E

|X
pϑq “ P

|X
pϑq with x ÞÑ E

|X“x
pϑq :“ P

|X“x
pϑq :“ P

ϑ|X“x
pidΘq “

ş

Θ
θPϑ|X“x

pdθq is called
a-posteriori expectation of ϑ given X . ˝
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§08.05 Notation. Let pX,X ,PΘq be a statistical experiment, pΘ,T q a measurable space, and PΘ a
family of probability measures dominated by a σ-finite measure µ P MσpX q (Pθ ! µ for all
θ P Θ) with corresponding µ-densities pf

θ
q
θPΘ

in Mě0
pX q. Let in addition f

‚
: Θ ˆ X Ñ Rě0

with pθ, xq ÞÑ f
θ
pxq be a pT b X q-Bě0-measurable function, i.e. f

‚
P Mě0

pT b X q. A θ-slice
and x-slice of f

‚
we denote by f

θ
P Mě0

pX q and f
‚
pxq P Mě0

pT q, respectively. Then, by Fubini’s
theorem

P‚ “ f
‚
µ : Θ ˆ X Ñ r0, 1s with pθ, Bq ÞÑ Pθ pBq “ f

θ
µpBq “ µp1Bfθq “

ż

B

f
θ
dµ

is a Markov kernel from pΘ,T q to pX,X q. Evidently, f
‚
is the µ-density of the Markov kernelP‚

(see Definition §04.52). Consider a random variable pϑ, Xq with values in pΘˆX,T bX q. Let
the a-priori distribution Pϑ admit a ν -density fϑ with respect to a σ-finite measure ν P MσpT q.
The joint distribution Pϑ,X

“ P
ϑ

d P
X|ϑ (determined by the regular conditional distribution

P
X|ϑ :“ P‚ and the a-priori distribution Pϑ) is dominated by the product measure ν b µ P

MσpT b X q with pν b µq-density

fϑf
‚

P Mě0
pT b X q with pθ, xq ÞÑ fϑpθqf

θ
pxq.

The marginal distribution PX
“ P

ϑ
P‚ P MprpX q of X is dominated by µ P MσpX q with µ-

density

fX P Mě0
pX q with x ÞÑ fXpxq “ νpf

‚
pxqfϑq “

ż

f
‚
pxqfϑ dν “

ż

Θ

f
θ
pxqfϑpθqνpdθq.

The pX b T q-Bě0-measurable function given by

fϑ|X : X ˆ Θ Ñ Rě0 with

px, θq ÞÑ fϑ|X
px, θq :“

f
θ
pxqfϑpθq

fXpxq
1tfXpxqPRą0u ` fϑpθq1tfXpxq“0u (08.01)

is a ν -density of the Markov kernel Pϑ|X :“ fϑ|Xν from pX,X q to pΘ,T q, that is,

P
ϑ|X

“ fϑ|Xν : X ˆ T Ñ r0, 1s with px, F q ÞÑ P
ϑ|X“x

pF q “ fϑ|X“xνpF q “ νp1F f
ϑ|X“x

q,

where fϑ|X“x P Mě0
pT q denotes a x-slice of fϑ|X P Mě0

pX b T q (see Theorem §07.17 (i)). ˝

§08.06 Corollary. Let pX,X ,PΘq be a statistical experiment, pΘ,T , νq a σ-finite measure space, and
P‚ a Markov kernel from pΘ,T q to pX,X q with µ-density f

‚
with respect to a σ-finite measure

µ P MσpX q. Consider a random variable pX,ϑq with values in pX ˆ Θ,X b T q. Let the
a-priori distribution Pϑ of ϑ admit a ν -density fϑ and let PX,ϑ :“ P

ϑ
d P‚ be the joint distri-

bution of pX,ϑq. The Markov kernel Pϑ|X from pX,X q to pΘ,T q with ν -density fϑ|X given in
(08.01) is then a regular version of the conditional distribution ofPϑ given X , i.e an a-posteriori
distribution of ϑ.

§08.07 Proof of Corollary §08.06. Follows directly from Theorem §07.17 (i). ˝
End LE12
2026/05/27
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Chapter 3

Stochastic processes and stopping times

§09 Stochastic processes

In the sequel let pΩ,A ,Pq be a probability space, pX,X q a measurable space and T be a
nonempty index set.

§09.01 Definition. A family pXtqtPT of random variables on pΩ,A ,Pq with values in pX,X q is called
stochastic process with time domain T and state space X. A stochastic process pXtqtPT is called
time-discrete (or time series) if T Ď Z and time-continuous if pa, bq Ď T Ď R for numerical
numbers a P R and b P Rąa. For each fixed ω P Ω the family pXtpωqq

tPT is called sample path
(Pfad), trajectory (Trajektorie) or realisation (Realisierung) of pXtqtPT . If T “ Zě0 or T “ Rě0

the law of X0 is called initial distribution. ˝

§09.02 Example. Let pYj qjPN
be a sequence of independent and identically distributed (i.i.d.) Rademacher

random variables on a probability space pΩ,A ,Pq, that is Y1 takes values in t´1, 1u with
PpY1 “ ´1q “ 1{2 “ PpY1 “ 1q. Set X0 :“ 0 and Xn :“

ř

jPJnK Yj for n P N. The time-
discrete stochastic process pXnqnPZě0

with state space pZ, 2Zq is called symmetric simple random
walk on Z. ˝

§09.03 Remark. Since we are interested in the behavior of the family of random variables pXtqtPT and
not a single random variable Xt, we consider XT :“ pXtqtPT as a random variable taking values
in the product space pX

T
,X

T
q (compare Definition §04.02). Then the map

XT : Ω Q ω ÞÑ XT pωq “ pXtpωqq
tPT P X

T

is A -X T -measurable, i.e. XT P MpA ,X
T

q. We denote by PXT :“ P ˝ X
´1

T the distribution
of XT , i.e., the image measure of P under XT on pX

T
,X

T
q. The questions of interest to us

in the following will depend only on this distribution, so it is not a limitation to assume that
pX

T
,X

T
,PXT q is the underlying probability space and that each component Xt of the stochastic

process correspond exactly to the coordinate map Πt (see Reminder §04.01 and Notation §04.30).
If XT “ pXtqtPT is a stochastic process on an abstract probability space pΩ,A ,Pq, then the
canonical proces ΠT “ pΠtqtPT of coordinate maps Πt : X

T
Ñ X form a stochastic process

defined on pX
T
,X

T
,PXT q that has the same distribution as XT . A characterisation of the dis-

tribution of a stochastic process is often complicated and it is generally not given by an explicit
formula. Therefore, we are interested in characterizing it using the distribution of the individual
random variables Xt. ˝

§09.04 Definition. Let XT “ pXtqtPT be a stochastic process with distribution PXT on pX
T
,X

T
q. For

each finite J Ď T let PXJ “ P
XT

J :“ P
XT ˝ Π´1

J be the joint distribution of the random variables
XJ “ pXjqjPJ “ ΠJ ˝XT . The family of probability measures tP

XT

J “ P
XJ P MprpX

J
q: J Ď T finiteu

is called the family of the finite-dimensional distributions of XT or PXT . ˝

§09.05 Remark. Let PXT P MprpX
T

q be the distribution of a stochastic process XT with values in
pX

T
,X

T
q then the family of finite-dimensional distributions tP

XT

J “ P
XJ P MprpX

J
q: J Ď T finiteu
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is a projective family (see Definition §04.31). Indeed, we have PXT

J “ P
XT ˝ Π´1

J “ P
XT ˝ pΠK

J ˝

ΠKq´1 “ P
XT ˝ Π´1

K ˝ pΠK
J q´1 “ P

XT

K ˝ pΠK
J q´1 for all finite J Ď K Ď T . On the other hand,

using Kolmogorov’s Extension Theorem §04.33, the family of finite-dimensional distributions
uniquely determines the probability measure PXT when X s a Polish space endowed with the
Borel σ-algebra X “ BX. ˝

§09.06 Definition. Two stochastic processes XT “ pXtqtPT and YT “ pYt qtPT on pΩ,A ,Pq with time
domain T are called

indistinguishable (ununterscheidbar), if there is a P-null set N P A such that tXt ‰ Yt u Ď N
for all t P T ,

modifications (Versionen, Modifikationen) of each other, if Xt “ Yt P-a.e. for all t P T . ˝

§09.07 Remark.

(a) Obviously, indistinguishable processes are modifications of each other. The converse is in
general false.

(b) If XT and YT are modifications of each other, then XT and YT share the same finite-dimensional
distributions. Processes with the same finite-dimensional distributions need not even be de-
fined on the same probability space and will in general not be modifications of each other.

(c) Let XT and YT be modifications of each other. If the time domain T is countable, then XT

and YT are indistinguishable since the countable union of the P-null sets tXt ‰ Yt u, t P T ,
is still a P-null set. ˝

§09.08 Definition. A stochastic process XT “ pXtqtPT with T Ď R and state space X is called

real (numerical, positive real, etc.), if each Xt is real (numerical, positive real, etc.),

process with independent increments, if XT is real and KKjPJnKpXtj
´Xtj´1

q (independent) for every
t
0

P T , t
j

P T
ątj´1

, j P JnK, and n P N,

Gaussian process, if XT is real ist and XJ “ pXjqjPJ is normally distributed for every finite
J Ď T ,

(Ls-)integrable, if each Xt is (Ls-)integrable.

Let in addition T Ď R be closed under addition (e.g. T “ Zě0). Define for s P T the shift
(-operator) ϑs : X

T
Q xT “ px

t
q
tPT ÞÑ ϑs

pxT q :“ xT `s :“pxtqtPT `s
“ pxt`sqtPT P X

T . Then XT is
called

stationary, if XT and XT `s :“ϑs
pXT q are identically distributed, symbolically XT

d
“ XT `s, for

every s P T ,

process with stationary increments, if XT is real and pϑt
pXT qq

s`r
´ pϑt

pXT qq
r

d
“ Xs`r ´ Xr for all

t, s, r P T . (If 0 P T , then it suffices to consider r “ 0.) ˝

§09.09 Example.

(a) If tXt : t P T u are i.i.d. random variables, then XT “ pXtqtPT is stationary.

(b) Let XZ “ pXzqzPZ
be real and stationary, and let k P N and ai P R, i P J0, kK. Setting

Yz :“
ř

iPJ0,kK aiXz´i for z P Z the real process YZ “ pYzqzPZ
is stationary. If in addition

ai P Rě0, i P J0, kK and
ř

iPJ0,kK ai “ 1 then YZ is called moving average of XT (with weights
paiqiPJ0,kK). ˝
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§10 Stopping times

In the sequel let H ‰ T Ď R be a nonempty real time domain and XT “ pXtqtPT be a stochas-
tic process on a probability space pΩ,A ,Pq with state space pX,X q and image probability
measure PXT P MprpX

T
q on pX

T
,X

T
q.

§10.01 Definition. A family FT “ pFt q
tPT of σ-algebras with Ft Ď A for each t P T is called filtration

if Fs Ď Ft for all s P T and t P T
ěs

. In this case pΩ,A ,P,FT q is called filtered probability
space. ˝

Here and subsequently, we denote by suptT u P R an arbitrary element suptT u P RzT satisfy-
ing t ď suptT u for all t P T . For example, suptT u “ 8 is always possible.

§10.02 Definition. A stochastic process XT “ pXtqtPT on a filtered probability space pΩ,A ,P,FT q

with state space pX,X q is called adapted to the filtration FT “ pFt q
tPT , or FT -adapted for

short, if Xt P MpFt ,X q is Ft -X -measurable, i.e. σpXtq Ď Ft , for every t P T . If σtpXT q :“
Ž

sPT
ďt

σpXsq “ σptXs: s P T
ďt

uq for all t P T , then we call σT pXT q “ pσtpXT qq
tPT natural filtration

or filtration generated by XT . Set FsuptT u
:“

Ž

tPT Ft Ď A and σsuptT u
pXT q :“

Ž

tPT σpXtq “

σptXt : t P T uq Ď A . ˝

§10.03 Remark. Clearly, a stochastic process is always adapted to the natural filtration it generates.
The natural filtration is the smallest filtration to which the process is adapted. We write shortly,
σT pXT q Ď FT , if σtpXT q Ď Ft for all t P T . ˝

§10.04 Example. Let YN “ pYnqnPN
be a time series of real random variables generating the filtration

σNpYT q “ pσnpYT q “ σptYj : j P JnKuqq
nPN

, and let XN “ pXn :“
ř

jPJnK Yj qnPN
be the time series of

partial sums. Then XN is adapted to σNpYNq, that is, σNpXNq Ď σNpYNq. Clearly, pYj qjPJnK is also
measurable with respect to σnpXT q “ σptXj : j P JnKuq, and hence σNpYNq Ď σNpXNq. Consequently,
σNpYNq “ σNpXNq. Let ZN “ pZn :“

ř

jPJnK 1p0,1qpYj qq
nPN

. Then ZN is adapted to σNpYNq where in
general σNpZNq Ř σNpYNq. ˝

§10.05 Definition. Let T P tZě0,Nu. A stochastic process XT “ pXnqnPT on a filtered probability
space pΩ,A ,P,FT q with state space pX,X q is called predictable (vorhersagbar) with respect
to the filtration FT , or FT -predictable for short, if X0 is constant (in case 0 P T ) and ϑ1

pXT q is
FT -adapted, that is, Xn`1 P MpFn ,X q is Fn -X -measurable for every n P T . A numerical, FT -
predictable process XT on pΩ,A ,P,FT q is called increasing if Xn ď Xn`1 P-a.e. for all n P T .
XT is called decreasing if ´XT is increasing. ˝

§10.06 Definition. A numerical random variable τ P MpA q with values in

T Y tsuptT uu “: T Ď R

is called stopping time with respect to the filtration FT , or FT -stopping time for short, if the
process p1tτďtuqtPT is FT -adapted, that is, tτ ď tu P Ft for every t P T . A stopping time is called
finite if it takes values in T only. ˝

§10.07 Remark. Clearly, tτ ą tu “ tτ ď tuc P Ft for all t P T . On the event tτ ď tu the stopping
time τ has already occurred by the time t, and in contrast, on the event tτ ą tu, it will occur
later. Since there exists pt

n
q
nPN

in T with t
n

Ò suptT u, it follows that

tτ P T u “
ď

nPN

tτ ď t
n
u P FsuptT u
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and also tτ “ suptT uu “ tτ P T u
c

P FsuptT u
. Therefore, the stopping time τ is also FsuptT u

-B-
measurable, i.e. τ P MpFsuptT u

,Bq. ˝

§10.08 Lemma. Let T be countable and τ P MpA q with values in T . Then τ is a FT -stopping time if
and only if the process p1tτ“tuqtPT is FT -adapted, that is, tτ “ tu P Ft for all t P T .

§10.09 Proof of Lemma §10.08. Exercise. ˝

§10.10 Example.
(a) Let t

˝
P T , then τ “ t

˝
(constant) is a FT -stopping time. Indeed, for all t P T either

tτ ď tu “ H P Ft if t P T
ăt

˝

, or tτ ď tu “ Ω P Ft if t P T
ět

˝

.

(b) Let XZě0
“ pXnqnPZě0

be a stochastic process with state space pX,X q which is FZě0
-adapted.

For B P X consider the hitting time (Treffzeit), the first time XZě0
is in B, that is, for ω P Ω

τBpωq :“

#

mintn P Zě0 : Xnpωq P Bu, if ω P
Ť

nPZě0
X

´1

n pBq,

8 “ suptZě0u, otherwise,

where τH “ 8 and τX “ 0 are constant. Then τB is a FZě0
-stopping time. Indeed, since

X
´1

n pBq P Fn Ď Ft for all n P J0, tK we have tτB ď tu “
Ť

nPJ0,tK X
´1

n pBq P Ft for all
t P Zě0 “ T . ˝

§10.11 Lemma. Let τ and σ be stopping times. Then:
(i) τ _ σ and τ ^ σ are stopping times.

Let T Ď Rě0 be closed under addition. Then:
(ii) τ ` σ is a stopping time.

(iii) τ ` s is a stopping time for s P T , but in general τ ´ s is not.

§10.12 Proof of Lemma §10.11. Exercise. ˝

§10.13 Remark. We expect the properties (i) and (ii) in Lemma §10.11 from stopping times. For (iii),
it should be noted that τ ´ s peeks s time units into the future (since tτ ´ s ď tu P Ft`s), while
τ ` s looks s time units into the past. However, stopping times are only allowed to look into the
past. ˝

§10.14 Example (§10.10 (b) continued). For A,B P X consider the hitting times τA and τB. Then τB ď τA
for A Ď B. In particular, this implies τAYB ď τA ^ τB and τA _ τB ď τAXB. ˝

§10.15 Definition. Let τ be a FT -stopping time on pΩ,A q. Then we call

Fτ :“ tA P FsuptT u
: A X tτ ď tu P Ft for all t P T u

the σ-algebra of τ -past. ˝

§10.16 Remark. Clearly, Fτ Ď FsuptT u
is closed under complements and σ-Y-closed with Ω P Fτ . Con-

sequently, Fτ is a σ-algebra. Since tτ ď suptT uu “ Ω, for all A P FsuptT u
follows immediately

A X tτ ď suptT uu “ A P FsuptT u
, and hence also the seemingly stronger identity

Fτ “ tA P FsuptT u
: A X tτ ď tu P Ft for all t P T u.

Furthermore, since tτ P T u P FsuptT u
(compare Remark §10.07) and tτ P T u X tτ ď tu “

tτ ď tu P Ft for all t P T , it follows tτ P T u P Fτ , and hence

tτ “ suptT uu “ tτ P T u
c

P Fτ .
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Finally, the σ-algebra of τ -past satisfies

Fτ “ tA P FsuptT u
: A X tτ “ tu P Ft for all t P T u

if T is countable. ˝

§10.17 Example. For a constant stopping time τ “ t
˝

with t
˝

P T follows Fτ “ Ft
˝

. Indeed, it
holds Fτ “ Fτ X tτ ď t

˝
u Ď Ft

˝

. On the other hand, for each A P Ft
˝

and t P T follows
A X tτ ď tu “ A P Ft

˝

Ď Ft for t
˝

ď t and A X tτ ď tu “ H P Ft for t ă t
˝
. Consequently,

A P Fτ and hence also Ft
˝

Ď Fτ . ˝

§10.18 Lemma. Let τ and σ be FT -stopping times. Then:
(i) Fσ X tσ ď τ u Ď Fτ^σ “ Fτ X Fσ ,

(ii) τ is Fτ -measurable,

(iii) Fτ “ Ft on tτ “ tu, i.e., Fτ X tτ “ tu “ Ft X tτ “ tu, for all t P T , and

(iv) Fτ_σ “ Fτ _ Fσ .
From (i) follows tσ ď τ u P Fσ X Fτ , Fσ “ Fτ on tσ “ τ u, and Fσ Ď Fτ for σ ď τ .

§10.19 Proof of Lemma §10.18. is given in the lecture. ˝

§10.20 Definition. For a stopping time τ and a process XT “ pXtqtPT on pΩ,A q define

Xτ : Ω Ě tτ P T u Ñ X with ω ÞÑ Xτ pωq :“ Xτ pωqpωq

or in equal Xτ :“ Xt on tτ “ tu for all t P T . ˝

§10.21 Remark. Keep in mind that a function h : Ω Ě B Ñ X with B P A is A -X -measurable, if
h´1pX q Ď A (compare Definition §04.42). If T is countable and τ is a FT -stopping time, then
f : Ω Ě tτ P T u Ñ X is Fτ -X -measurable, if for all t P T the restriction of f on tτ “ tu is
Ft -X -measurable, that is tf P BuXtτ “ tu “ f´1pBqXtτ “ tu P Ft for all B P X . Indeed,
then f´1pBq X tτ ď tu “

Ť

sPT :sďt f
´1pBq X tτ “ su P Ft for all B P X and t P T . From

Definition §10.15 follows thus f´1pX q Ď Fτ or in other words f is Fτ -X -measurable. ˝

§10.22 Lemma. Let T be countable, let XT be a FT -adapted process and let τ be a FT -stopping time.
Then Xτ is Fτ -X -measurable.

§10.23 Proof of Lemma §10.22. is given in the lecture. ˝

§10.24 Remark. For uncountable T and fixed ω, the mapping XT pωq : T Ñ X with t ÞÑ Xtpωq is gen-
erally not measurable, thus the composition Xτ is also not always measurable. Under additional
assumptions regarding the regularity of the paths XT pωq : t ÞÑ Xtpωq, such as right-continuity,
the measurability of the composition Xτ can be ensured (c.f. Kallenberg (2002, Lemma 7.5,
S.122)). ˝

§10.25 Corollary. Let T be countable, XT a FT -adapted process, and pτtqtPT an isotone family of finite
FT -stopping times, that is, τt takes values in T and τt ď τs for all t P T and s P T

ět
. The

stochastic process pXτtqtPT is adapted to the filtration pFτt
q
tPT . In particular, for any FT -stopping

time τ the process pXτ^tqtPT is adapted to both filtration pFτ^tqtPT and FT “ pFt q
tPT .

§10.26 Proof of Corollary §10.25. is given in the lecture. ˝

§10.27 Definition. Let T be countable time domain, XT “ pXtqtPT a FT -adapted process, and τ a FT -
stopping time. We define the stopped process X

τ
“ pX

τ

t :“ Xτ^tqtPT , which is adapted to both
filtrations FT “ pFt q

tPT and F τ

T “ pF τ

t :“ Fτ^tqtPT . ˝
End LE13
2026/05/29
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Chapter 4

Martingale theory

In the following, let T Ď R be a non-empty time domain and pΩ,A ,P,FT “ pFt q
tPT q a filtered

probability space. For Y P Mě0
pA q or Y P L̄

1
pPq and a sub-σ-algebra S Ď A , E

`

Y
ˇ

ˇS
˘

denotes, as before, a version of the conditional expectation of Y given S .

§11 Positive (super-) martingale

§11.01 Definition. A positive (numerical) FT -adapted stochastic process XT “ pXtqtPT on a filtered
probability space pΩ,A ,P,FT q is called

positive (FT -) supermartingale, if Xs ě E
`

Xt

ˇ

ˇFs

˘

P-a.e. for all s P T and t P T
ąs

,

positive (FT -) martingale, if Xs “ E
`

Xt

ˇ

ˇFs

˘

P-a.e. for all s P T and t P T
ąs

.

A d-dimensional stochastic process XT “ ppX
1

t , . . . , X
d

t qq
tPT on pΩ,A ,P,FT q is called positive

(FT -) (super-) martingale if each coordinate process X
k

T “ pX
k

t q
tPT is a positive (FT -) (super-)

martingale. ˝

§11.02 Remark.
(a) Let XT “ pXtqtPT be a FT -supermartingale, then

E
`

Xr

ˇ

ˇFs

˘

ě E
`

E
`

Xt

ˇ

ˇFr

˘ˇ

ˇFs

˘

ě E
`

Xt

ˇ

ˇFs

˘

P-a.e. for all s P T , r P T
ąs

, t P T
ąr

,

and hence EpXrq ě EpXtq and the map EpXT q :“ pEpXtqqtPT is monotonically decreasing,
and constant in case of a FT -martingale.

(b) In case T P tN,Zě0,Zu, it is sufficient to consider at each instant s only t “ s ` 1, since

Xs ě E
`

Xs`1

ˇ

ˇFs

˘

ě E
`

E
`

Xs`2

ˇ

ˇFs`1

˘
ˇ

ˇFs

˘

“ E
`

Xs`2

ˇ

ˇFs

˘

P-a.e. for all s P T

by employing the tower property, and by induction Xs ě E
`

Xs`m

ˇ

ˇFs

˘

P-a.e. for all s P T
and m P N.

(c) If we do not explicitly specify the filtration FT , we implicitly assume that FT “ σT pXT q is the
filtration generated by XT .

(d) Let FT and F ˝

T be filtrations on pΩ,A ,Pq with FT Ď F ˝

T , and let XT be FT -adapted (and
hence also F ˝

T -adapted). If XT is a positive F ˝

T - (super-) martingale, then it is also a positive
FT -(super-)martingale, since

Xs “ E
`

Xs

ˇ

ˇFs

˘

ě E
`

E
`

Xt

ˇ

ˇF
˝

s

˘ˇ

ˇFs

˘

“ E
`

Xt

ˇ

ˇFs

˘

P-a.e. for all s P T , t P T
ąs
.

Consequently, a positive FT - (super-) martingale XT is also a (super-) martingale with re-
spect to its own natural filtration σT pXT q. ˝
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§11.03 Example.
(a) Let YN “ pYnqnPN

be a sequence of independent positive numerical random variables in
Mě0

pA q with EpYnq “ 1 for all n P N. Moreover let FN “ σNpYNq be the filtration gener-
ated by YN such that σnpYNq and Yn`1 are independent. Then pXn :“

ś

iPJnK Yi qnPN
is a positive

σNpYNq-martingale, since

E
`

Xn`1

ˇ

ˇσnpYNq
˘

“ E
`

XnYn`1

ˇ

ˇσnpYNq
˘

“ XnE
`

Yn`1

ˇ

ˇσnpYNq
˘

“ XnEpYn`1q “ Xn P-a.e.

(b) Let Z P Mě0
pA q be a positive numerical random variable and FN “ pFnq

nPN
a filtration. Then

pXn :“ E
`

Z
ˇ

ˇFn

˘

q
nPN

is a positive numerical FN-martingale since

E
`

Xn`1

ˇ

ˇFn

˘

“ E
`

E
`

Z
ˇ

ˇFn`1

˘
ˇ

ˇFn

˘

“ E
`

Z
ˇ

ˇFn

˘

“ Xn P-a.e. ˝

§11.04 Lemma.
(i) aXT ` bYT “ paXt ` bYt qtPT is a positive FT -(super-)martingale, if XT and YT are positive

FT -(super-)martingales, and a, b P Rě0.

(ii) XT ^ YT “ pXt ^ Yt qtPT is a positive FT -supermartingale, if XT and YT are positive FT -
supermartingales.

(iii) If XN “ pXnqnPN
is a positive FN-supermartingale with EpXkq ě EpX1q for some k P N, then

XJkK “ pXnqnPJkK is a positive FJkK “ pFnq
nPJkK-martingale. If there exists a sub-sequence pknq

nPN

in N with kn Ò 8 and EpXknq ě EpX1q for all n P N, then XN is a positive FN-martingales.

(iv) Let XN “ pXnqnPN
and YN “ pYnqnPN

be positive FN-supermartingale and τ a FN-stopping
time with Xτ pωq ě Yτ pωq for all ω P tτ P Nu. Then ZN “ pZn :“ Xn1tnăτ u ` Yn1tτďnuqnPN

is
a positive FN-supermartingale.

§11.05 Proof of Lemma §11.04. is given in the lecture. ˝

§11.06 Proposition (Maximal inequality). Let XN “ pXnqnPN
be a positive FN-supermartingale. Then

supnPN Xn is P-a.e. finite on the event tX1 P Rě0u and for every a P Rą0 holds

P
`

sup
nPN

Xn ě a
ˇ

ˇF1

˘

“ E
`

1tsupnPN Xněau

ˇ

ˇF1

˘

ď minpX1{a, 1q P-a.e.

§11.07 Proof of Proposition §11.06. is given in the lecture. ˝

§11.08 Remark. The last statement also holds if the constant a P Rą0 is replaced by a positive F1 -
measurable random variable A P Mě0

pF1 q, i.e., it also holds

P
`

sup
nPN

Xn ě A
ˇ

ˇF1

˘

“ E
`

1tsupnPN XněAu

ˇ

ˇF1

˘

ď minpX1{A, 1q P-a.e. on tA P Rą0u.

In particular, it follows that:
(a) 1 “ P

`

supnPN Xn ě A
ˇ

ˇF1

˘

ď min
`

X1{A, 1
˘

P-a.e. on tA P Rą0u for every positive F1 -
measurable random variable A P Mě0

pF1 q with A ď supnPN Xn, and hence A ď X1 P-a.e. In
other words, X1 is the largest F1 -measurable lower bound of supnPN Xn.

(b) More general, for every k P N, maxnPJkK Xn is the largest Fk -measurable lower bound
of supnPN Xn. Indeed, pmaxnPJkK Xn, Xk`1, Xk`2, . . . q is a supermartingale adapted to the
filtration pFk`nqnPZě0

, and, from Proposition §11.06 follows A ď maxnPJkK Xn P-a.e. for every
positive Fk -measurable random variable A P Mě0

pFk q with A ď supnPN Xn. ˝
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§11.09 Definition. Let x
N

“ px
n
q
nPN

be a sequence in R. For a P R and b P Rąa define by induction

τ0 :“ τ0pxNq :“ 1, σk :“ σkpxNq :“ inf tn P Něτk´1
: x

n
P Rďau and

τk :“ τkpxNq :“ inf tn P Něσk : xn
P Rěbu, @ k P N

(where inf H “ 8). The number of upward crossings of the interval ra, bs by the sequence x
N

is
denoted by βa,b :“ βa,bpxNq :“ sup tk P Zě0: τkpxNq P Nu. ˝

§11.10 Remark. Let XN “ pXnqnPN
be a numerical FN-adapted stochastic process. Then τk :“ τkpXNq

(and σk :“ σkpXNq) defined in Definition §11.09 is a FN-stopping time for every k P N. Indeed,
for each n P N tτk “ nu (and also tσk “ nu) is a Fn -measurable event. In particular, τk ď τk`1

holds for all k P N. ˝

§11.11 Lemma. Let XN “ pXnqnPN
be a sequence of numerical random variables defined on pΩ,A q,

σ8
pXNq “ σptXt : t P Nuq Ď A , a P R and b P Rąa. The random number βa,bpXNq : Ω Ñ Zě0 Ď Rě0

with ω ÞÑ βa,bpXNpωqq of upward crossings of the interval ra, bs is a σ8
pXNq-Bě0-measurable random

variable.

§11.12 Proof of Lemma §11.11. Exercise. ˝

§11.13 Remark. Evidently, βa,bpxNq “ 8 if lim infnÑ8 x
n

ă a ă b ă lim supnÑ8 x
n
. Conversely, from

βa,bpxNq “ 8 follows lim infnÑ8 x
n

ď a ă b ď lim supnÑ8 x
n
. In other words, a sequence

XN “ pXnqnPN
in R is convergent if and only if βa,bpxNq P Zě0 for all a P Q and b P Qąa. ˝

§11.14 Lemma. A sequence XN “ pXnqnPN
of numerical random variables is convergent P-a.e. if and

only if the associated random number βa,bpXNq of upward crossings of the interval ra, bs is finite
P-a.e., i.e., Ppβa,bpXNq P Zě0q “ 1, for all a P Q and b P Qąa.

§11.15 Proof of Lemma §11.14. Exercise. ˝

§11.16 Lemma (Dubin’s inequality). Let XN “ pXnqnPN
be a positive FN-Supermartingale, k P N and

a P Rą0 and b P Rąa. The associated random number βa,bpXNq of upward crossings satisfies

P
`

βa,bpXNq ě k
ˇ

ˇF1

˘

ď pa{bq
k
min pX1{a, 1q P-a.e..

In particular, βa,bpXNq is finite P-a.e., i.e., Ppβa,bpXNq P Zě0q “ 1.

§11.17 Proof of Lemma §11.16. is given in the lecture. ˝

§11.18 Remark. Let XZ “ pXzqzPZ
be a positive FZ-supermartingale, k P N und a P Rą0 and b P Rąa.

Then

P
`

βa,bpXNq ě k
ˇ

ˇF1

˘

ď pa{bq
k
min

`

p sup
zPZď1

Xzq{a, 1
˘

P-a.e. ˝

§11.19 Theorem. A positive FN-supermartingale XN “ pXnqnPN
converges P-a.e., i.e. Xn

P-a.e.
ÝÝÝÑ X8.

The P-a.e. limit X8 is F
8
-Bě0-measurable and satisfies Xn ě E

`

X8

ˇ

ˇFn

˘

P-a.e. for all n P N.

§11.20 Proof of Theorem §11.19. is given in the lecture. ˝

§11.21 Remark.
(a) Since Xn ě E

`

X8

ˇ

ˇFn

˘

P-a.e. for all n P N, X8 is finiteP-a.e. on the event
Ť

nPN tXn P Rě0u.
Indeed, for every n P N, E

`

X81tXnPRě0u

ˇ

ˇFn

˘

is finite P-a.e. and hence by Theorem §07.04
(iv) also X8 on the event tXn P Rě0u.
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(b) If pXnq
nPN

is a P-integrable positive FN-supermartingale, i.e., Xn P L̄
1

ě0pPq “ L̄
1
pPqXMě0

pA q

for all n P N, then Xn ě E
`

X8

ˇ

ˇFn

˘

implies also X8 P L̄
1

ě0pPq. However, a P-integrable
positive FN-supermartingale does generally not converge in L

1
pPq to X8.

(c) If pXnq
nPN

is a positive FN-martingale, i.e., Xn “ E
`

Xn`1

ˇ

ˇFn

˘

P-a.e. for all n P N, then

from Theorem §11.19 follows Xn

P-a.e.
ÝÝÝÑ X8 and Xn ě E

`

X8

ˇ

ˇFn

˘

for all n P N, where,
in general, the inequalities do not become equalities. The next statement characterises a
situation in which this phenomenon does not occur. ˝

End LE14
2026/06/03

§11.22 Proposition. Let s P Rě1. For every Z P L̄
s

ě0pPq “ L̄
s
pPq X Mě0

pA q, the stochastic process

ZN “ pZn :“ E
`

Z
ˇ

ˇFn

˘

q
nPN

is a positive FN-martingale, which converges P-a.e. and in L
s
pPq to Z8 :“ E

`

Z
ˇ

ˇF
8

˘

.

§11.23 Proof of Proposition §11.22. is given in the lecture. ˝

§11.24 Remark.
(a) A positive FN-martingale ZN “ pZnqnPN

as in Proposition §11.22 and its P-a.e. limit Z8

satisfy the equation Zn “ E
`

Z8

ˇ

ˇFn

˘

P-a.e. for all n P N since

Zn “ E
`

Z
ˇ

ˇFn

˘

“ E
`

E
`

Z
ˇ

ˇF
8

˘
ˇ

ˇFn

˘

“ E
`

Z8

ˇ

ˇFn

˘

P-a.e.

by the tower property (Theorem §07.06 (ii)).

(b) Let XN “ pXnqnPN
be a positive FN-martingale, which converges in L

s
pPq to X8 P L

s

ě0pPq.
The martingale equations Xn “ E

`

Xm

ˇ

ˇFn

˘

P-a.e. for m P Něn and the contraction of the
conditional expectation on L

s
pPq, that is,

∥Xn ´ E
`

X8

ˇ

ˇFn

˘

∥
L

p
pPq

“ ∥E
`

Xm ´ X8

ˇ

ˇFn

˘

∥
L

p
pPq

ď ∥Xm ´ X8∥Lp
pPq

Ñ 0,

imply together Xn “ E
`

X8

ˇ

ˇFn

˘

P-a.e. for all n P N. Consequently, Proposition §11.22
implies, that FN-martingales of the form pE

`

Z
ˇ

ˇFn

˘

q
nPN

with Z P L̄
s

ě0pPq are the positive,
L

s
pPq-convergent FN-martingales in L̄

s

ě0pPq. A positive FN-martingale XN “ pXnqnPN
is called

closable (abschließbar) in L̄
s

ě0pPq if there exists X P L̄
s

ě0pPq such that Xn “ E
`

X
ˇ

ˇFn

˘

P-a.e.
for all n P N.

(c) For Z P L
s

ě0pPq a statement holds similar to Proposition §11.22 by applying the usual de-
composition Z “ Z

`

´ Z
´. ˝

§11.25 Corollary. For every Z P Mě0
pA q, E

`

Z
ˇ

ˇFn

˘

converges P-a.e. to E
`

Z
ˇ

ˇF
8

˘

on the complement
of the event

Ş

nPNtE
`

Z
ˇ

ˇFn

˘

“ 8u.

§11.26 Proof of Corollary §11.25. Exercise. ˝

§11.27 Remark. In Corollary §11.25, integrability is not assumed. In Neveu (1975, S. 31), an F
8
-

measurable random variable Z is constructed, which is finite P-a.e. and satisfies E
`

Z
ˇ

ˇFn

˘

“ 8

P-a.e. for all n P N. In this case, E
`

Z
ˇ

ˇFn

˘ P-a.e.
ÝÝÝÑ E

`

Z
ˇ

ˇF
8

˘

“ Z only holds on a P-null set. ˝

§11.28 Reminder. LetP0 ,P1 P MprpA q be probability measures on the measurable space pΩ,A q, where
P0 ! P1 does not necessarily hold. Then any positive, numerical function L P Mě0

pA q with P0 “

LP1 ` 1tL“8uP0 and P1pL P Rě0q “ 1 is called likelihood ratio of P0 with respect to P1 (vgl. Defi-
nition §03.14). In the particular case P0 ! P1 the P1 -likelihood ratio L of P0 coincides with the P1 -
density dP0{dP1 of P0 and L is unique up to P1 -a.e. equivalence. Moreover, given a sub-σ-algebra
S Ď A for each i P t0, 1u we denote by Ei

`

‚
ˇ

ˇF
˘

: Mě0
pA q Q X ÞÑ Ei

`

X
ˇ

ˇF
˘

P Mě0
pS q a

version of the conditional expectation with respect to Pi given S (see Definition §06.04). ˝
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§11.29 Property. Let P0 ,P1 P MprpA q be probability measures and let L P Mě0
pA q be a P1 -likelihood

ratio of P0 . Then by definition P1pLq “ P0pL P Rě0q P r0, 1s and P1pL “ 8q “ 0, and hence
P0pL “ 0q “ LP1pL “ 0q ` P0ptL “ 0u X tL “ 8uq “ 0.
(i) P0 K P1 ô DA P A : P1pAq “ 0 (hence LP1pAq “ 0) and P0pAq “ 1 (hence P0pA X tL “

8uq “ 1) ô P0pL “ 8q “ 1 ô P1pLq “ 0;

(ii) P0 M P1 ô @A P A : P1pAq “ 0 implies P0pAq P r0, 1q (in particular for A “ tL “ 8u) ô

P0pL “ 8q P r0, 1q ô P1pLq P p0, 1s;

(iii) P0 ! P1 ô @A P A : P1pAq “ 0 implies P0pAq “ 0 (in particular for A “ tL “ 8u) ô

P0pL “ 8q “ 0 ô P1pLq “ 1. ˝

§11.30 Lemma. Let P0 ,P1 P MprpA q be probability measures and let FN “ pFnq
nPN

be a filtration in A .
For n P N denote by P0|n,P1|n P MprpFnq the restrictions of P0 and P1 on Fn , and let Ln P Mě0

pFnq

be a P1|n-likelihood ratio of P0|n.
(i) pLnqnPN

is a positive FN-supermartingale on the filtered probability space pΩ,A ,P1 ,FNq.

(ii) pLnqnPN
is a positive FN-martingale on pΩ,A ,P1 ,FNq if P0|n

! P1|n and dP0|n{dP1|n P Mě0
pFnq is

a P1|n-density of P0|n, and hence Ln “ dP0|n{dP1|n P1 -a.e. for all n P N.

(iii) pLnqnPN
is a closable positive FN-martingale on pΩ,A ,P1 ,FNq with Ln “ P1

`

L
ˇ

ˇFn

˘

P1 -a.e.
for all n P N if P0 ! P1 and L “ dP0{dP1 P Mě0

pA q is a P1 -density of P0 .

§11.31 Proof of Lemma §11.30. is given in the lecture. ˝

§11.32 Remark. The positive FN-supermartingale pLnqnPN
of likelihood ratios given in Lemma §11.30

convergesP1 -a.e. by applying Theorem §11.19. ItsP1 -a.e.-limit L8 is F
8
-measurable and satisfies

Ln ě P1
`

L8

ˇ

ˇFn

˘

P1 -a.e. for all n P N. Making use of Remark §11.24 (b) the closable positive
FN-martingale pLnqnPN

of likelihood ratios in Lemma §11.30 (iii) satisfies also Ln “ P1
`

L8

ˇ

ˇFn

˘

P1 -a.e. for all n P N. If we assume in addition A “ F
8

then L8 “ dP0{dP1 P1 -a.e., and hence
pdP0|n{dP1|nqnPN

converges P1 -a.e. to dP0{dP1 . ˝

§11.33 Lemma. Let P0 ,P1 P MprpA q be probability measures and FN “ pFnq
nPN

a filtration in A “ F
8
.

For n P N, we denote by P0|n,P1|n P MprpFnq the restrictions of P0 ,P1 to Fn , by Ln P Mě0
pFnq a

P1|n-likelihood ratio of P0|n, and by L P Mě0
pA q a P1 -likelihood ratio of P0 . Then LN “ pLnqnPN

converges 1
2
pP0 ` P1q-a.e. to L.

§11.34 Proof of Lemma §11.33. is given in the lecture. ˝

§11.35 Theorem (Kakutani dichotonomy). Let pS,Bq and pSn,Bnq, n P N, be Polish spaces endowed
with corresponding Borel σ-algebras. Then:
(i) For n P N let P0|n,P1|n P MprpBnq be probability measures with P0|n

! P1|n. The corresponding
product measures P0|N :“

Â

nPN P0|n and P1|N :“
Â

nPN P1|n on the product space pSN,BNq

(Definition §04.35) satisfy either P0|N
! P1|N or P0|N K P1|N.

(ii) Let P0 ,P1 P MprpBq be probability measures with P0 !" P1 (equivalent). The corresponding
product measures PN0 :“

Â

nPN P0 and PN1 :“
Â

nPN P1 on the product space pX
N
,B

N
q

(Definition §04.35) satisfy PN0 K P
N

1 if P0 ‰ P1 .

§11.36 Proof of Theorem §11.35. is given in the lecture. ˝

§11.37 Lemma (Optional Stopping). For every positive FN-(super-)martingale XN “ pXnqnPN
and for

every FN-stopping time τ the stopped process Xτ

N “ pX
τ

n :“ Xτ^nqnPN
is a positive (super-) mar-

tingale with respect to F τ

N “ pF τ

n :“ Fτ^nqnPN
and hence FN “ pFnq

nPN
.
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§11.38 Proof of Lemma §11.37. Exercise ˝

§11.39 Theorem (Optional Sampling). Let XN “ pXnqnPN
be a positive FN-supermartingale with P-a.e.-

limit X8. For FN-stopping times τ , σ define Xτ P Mě0
pFτ q and Xσ P Mě0

pFσ q with Xτ :“ Xn on
tτ “ nu and Xσ :“ Xn on tσ “ nu for all n P N “ N Y t8u. Then Xτ ě E

`

Xσ

ˇ

ˇFτ

˘

P-a.e. on
the event tτ ď σu.

§11.40 Proof of Theorem §11.39. is given in the lecture. ˝

§11.41 Remark. In the case of a positive martingale pXnqnPN
, the inequality Xτ ě E

`

Xσ

ˇ

ˇFτ

˘

stated in
Theorem §11.39 does not generally become an equality. ˝

End LE15
2026/06/05

§12 Integrable (sub-, super-)martingale

§12.01 Definition. A (P-, Lr-)integrable FT -adapted stochastic prozess XT “ pXtqtPT on a filtered prob-
ability space pΩ,A ,P,FT q is called

((P-, Lr-)integrable) (FT -)supermartingale, if Xs ě E
`

Xt

ˇ

ˇFs

˘

P-a.e. for all s P T and t P T
ąs

,

((P-, Lr-)integriable) (FT -)submartingale, if Xs ď E
`

Xt

ˇ

ˇFs

˘

P-a.e. for all s P T and t P T
ąs

,

((P-, Lr-)integrable) (FT -)martingale, if Xs “ E
`

Xt

ˇ

ˇFs

˘

P-a.e. for all s P T and t P T
ąs

.

A d-dimensional stochastic process XT “ ppX
1

t , . . . , X
d

t qq
tPT on pΩ,A ,P,FT q is called ((P-,

L
r-)integrable) (FT -)(sub-,super-)martingale if each coordinate process Xk

T “ pX
k

t q
tPT is a ((P-,

L
r-)integrable) (FT -)(sub-,super-)martingale. ˝

§12.02 Lemma.
(i) Let XT and YT be integrable FT -submartingales. Then X _ Y :“ pXt _ Yt qtPT is also an

integrable FT -submartingales, and hence X
`

“ pX
`

t q
tPT .

(ii) Let XT be a P-integrable real FT -martingale and f : R Ñ R a convex function. Then
pfpXtqq

tPT is a P-integrable FT -submartingale, if in addition (A) PpfpXtq
`q P Rě0 for all

t P T .

(iii) PpfpXt
8

q`q P Rě0 implies (A), if t
8
:“ maxtT u P T (i.e. T

ąt
8

“ H).

§12.03 Proof of Lemma §12.02. is given in the lecture. ˝

§12.04 Remark. Let XT be a L
s-integrable FN-martingale for s P Rě1. Then p|Xt|sqtPT is an integrable

FT -submartingale since x ÞÑ |x|s is convex. ˝

§12.05 Theorem. Let XN “ pXnqnPN
be an P-integrable FN-submartingale which satisfies in addition

(A) sup tPpX
`

n q: n P Nu P Rě0. Then XN converges P-a.e. to a P-integrable X8 P MpF
8
q, i.e.

Pp|X8|q P Rě0. If XN is an P-integrable FN-martingale, then (B) sup tPp|Xn|q: n P Nu P Rě0

and (A) are equivalent.

§12.06 Proof of Theorem §12.05. is given in the lecture. ˝

§12.07 Remark. In the Proof §12.06 we show the Krickeberg decomposition XN “ pXn “ Mn ´ AnqnPN

of an integrable FT -submartingale into a positive integrable FN-martingale MN “ pMnqnPN
and a

positive integrable FN-supermartingale AN “ pAnqnPN
. ˝

§12.08 Lemma.
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(i) Let XN “ pXnqnPN
be an P-integrable FN-martingale and let τ be a bounded FN-stopping

time, i.e. there is K P N with τ ď K. Then Xτ “ E
`

XK

ˇ

ˇFτ

˘

P-a.e. and hence EpXτ q “

EpX1q.

(ii) Let XN “ pXnqnPN
be an integrable FN-adapted stochastic process. XN is an integrable

FN-martingale if and only if EpXτ q “ EpX1q for every bounded FN-stopping time τ .

§12.09 Proof of Lemma §12.08. is given in the lecture. ˝

§12.10 Definition. Let XZě0
“ pXnqnPZě0

be a real, FZě0
-adapted process and HZě0

“ pHnqnPZě0

a real, FZě0
-

predictable process (Definition §10.05). The discrete stochastic integral of HZě0
with respect to

XZě0
is the FZě0

-adapted stochastic process rHZě0
dXZě0

s
Zě0

“ prHZě0
dXZě0

s
n
q
nPZě0

defined by

rHZě0
dXZě0

s
0
:“ 0 and rHZě0

dXZě0
s
n
:“

ÿ

kPJnK

HkpXk ´ Xk´1q, @n P N.

If XZě0
is a martingale, then rHZě0

dXZě0
s
Zě0

is called martingale transform of XZě0
. ˝

§12.11 Example. Let XZě0
“ pXnqnPZě0

be a (possibly unfair) game, where Xn ´ Xn´1 represents the
winnings per game in the n-th round. We interpret Hn as the number of game tickets bet in the
n-th game and understand HZě0

as a betting strategy. Clearly, the value of Hn must be determined
at the time n ´ 1, that is, before the outcome of Xn is known. In other words, HZě0

must be
predictable. Now let XZě0

be a fair game, that is, a martingale, and let HZě0
be L

8-integrable
(locally bounded), i.e., each Hn P L

8
pPq is bounded. Because E

`

Xn`1 ´ Xn

ˇ

ˇFn

˘

“ 0 P-a.e., it
follows that

E
`

rHZě0
dXZě0

s
n`1

ˇ

ˇFn

˘

“ E
`

rHZě0
dXZě0

s
n

` Hn`1pXn`1 ´ Xnq
ˇ

ˇFn

˘

“ rHZě0
dXZě0

s
n

` Hn`1E
`

Xn`1 ´ Xn

ˇ

ˇFn

˘

“ rHZě0
dXZě0

s
n
P-a.e.,

and thus the martingale transform rHZě0
dXZě0

s
Zě0

is also a martingale. In the following theorem, we
show that the converse also holds, that is, XZě0

is a martingale if for sufficiently many predictable
processes the discrete stochastic integral is a martingale. ˝

§12.12 Proposition. Let XZě0
“ pXnqnPZě0

be a real, FZě0
-adapted process with X0 P L

1
pPq.

(i) XZě0
is an integrable martingale if and only if for every locally bounded, predictable process

HZě0
, the discrete stochastic integral rHZě0

dXZě0
s
Zě0

is an integrable martingale.

(ii) XZě0
is an integrable submartingale (supermartingale) if and only if rHZě0

dXZě0
s
Zě0

is a sub-
martingale (supermartingale) for every locally bounded, predictable, and positive process
H‚.

§12.13 Proof of Proposition §12.12. is given in the lecture. ˝

§12.14 Remark. The preceding theorem states, in particular, that there is no (locally bounded) betting
strategy that can turn a martingale (or a positive supermartingale in the case of a real-life betting
strategy) into a submartingale. However, this is exactly what is suggested by advertisements for
so-called „system lottery“ and similar schemes. ˝

§13 Regular integrable martingale

§13.01 Reminder.
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(a) A P-integrable FN-martingale XN “ pXnqnPN
with (B) sup tPp|Xn|q: n P Nu P Rě0 converges

P-a.e. to X8 P L
1
pF

8
,Pq by Theorem §12.05.

(b) Let XN “ pXnqnPN
be an uniformly P-integrable (Definition §02.39) process in L

1
pA ,Pq,

that is inf tsupnPN P
`

|Xn|1t|Xn|ěau

˘

: a P Rě0u “ 0. According to Theorem §02.43 (uI1), then
the condition (B) also holds. Moreover, XN “ pXnqnPN

converges in L
1
pPq due to Theo-

rem §02.45 if and only if XN is uniformly P-integrable and convergent in probability, where
P-a.e. convergence implies convergence in probability (Lemma §02.31 (v)). ˝

§13.02 Theorem. For a P-integrable FN-martingale XN “ pXnqnPN
on a filtered probability space

pΩ,A ,P,FNq the following four statements are equivalent:

(rM1) XN converges in L
1
pPq;

(rM2) (B) sup tPp|Xn|q: n P Nu P Rě0 is satisfied. The P-a.e.-limit X8 “ limnÑ8 Xn, which by
Theorem §12.05 in L

1
pPq exists, satisfies Xn “ E

`

X8

ˇ

ˇFn

˘

P-a.e. for all n P N;

(rM3) The FN-martingale XN is closable, i.e., there is a random variable X P L
1
pA ,Pq with

Xn “ E
`

X
ˇ

ˇFn

˘

P-a.e. for all n P N;

(rM4) XN is uniformly P-integrable.

The integrable FN-martingale XN “ pXnqnPN
is called regular if one of the equivalent statements

(rM1)-(rM4) is satisfied.

§13.03 Proof of Theorem §13.02. is given in the lecture. ˝

§13.04 Remark. By Theorem §13.02, for a regular integrable FN-martingale XN “ pXnqnPN
there exists

also X8 P L
1
pF

8
,Pq with

Xn

P-a.e.
ÝÝÝÑ X8 and Xn

L
1
pPq

ÝÝÝÑ X8.

If there is in addition X P L
1
pA ,Pq with Xn “ E

`

X
ˇ

ˇFn

˘

P-a.e. for all n P N, then X8 “

E
`

X
ˇ

ˇF
8

˘

P-a.e. In general, only the random variable X8 is P-a.e. unique, but not the random
variable X . However, X8 “ X P-a.e. holds for F

8
“ A . ˝

§13.05 Corollary (Optional sampling). Let XN “ pXnqnPN
be a regular P-integrable FN-martingale with

P-a.e. limit X8.

(i) For every FN-stopping time τ , Xτ P MpFτ q with Xτ :“ Xn on tτ “ nu for all n P N is a
P-integrable random variable.

(ii) For every pair of FN-stopping times τ , σ with τ ď σ P-a.e. holds also Xτ “ E
`

Xσ

ˇ

ˇFτ

˘

P-a.e.

(iii) The family tXτ : τ is a finite FT -stopping time u is uniformly P-integrable.

§13.06 Proof of Corollary §13.05. is given in the lecture. ˝

§13.07 Remark. Let XN “ pXnqnPN
be a regular P-integrable FN-martingale with P-a.e. limit X8 and

τ , σ FN-stopping times. By definition the random variable Xτ equals X8 on tτ “ 8u (respec-
tively Xσ on tσ “ 8u). Since τ ^ σ ď σ Corollary §13.05 implies Xτ^σ “ E

`

Xσ

ˇ

ˇFτ^σ

˘

P-a.e.
and E

`

Xσ

ˇ

ˇFτ

˘

“ E
`

Xσ

ˇ

ˇFτ^σ

˘

P-a.e. By using Lemma §10.18 (ii) and tτ ď σu P Fτ^σ Ď Fτ

the random variable Y :“ E
`

Xσ

ˇ

ˇFτ^σ

˘

1tτďσu ` Xτ^σ1tτąσu is Fτ^σ-measurable, and hence also
Fτ -measurable. Moreover, for all F P Fτ (and hence also for all F P Fτ^σ Ď Fτ ) it satisfies the
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Radon-Nikodym equation (applying Lemma §10.18 (i), i.e. F X tτ ď σu P Fτ^σ)

Ep1FE
`

Xσ

ˇ

ˇFτ

˘

q “ Ep1FXσq “ Ep1FXtτďσuXσq ` Ep1FXtτąσuXσq

“ Ep1FXtτďσuE
`

Xσ

ˇ

ˇFτ^σ

˘

q ` Ep1FXtτąσuXτ^σq

“ E

ˆ

1F
`

E
`

Xσ

ˇ

ˇFτ^σ

˘

1tτďσu ` Xτ^σ1tτąσu

˘

˙

.

Therewith, we have E
`

Xσ

ˇ

ˇFτ

˘

“ Y P-a.e. and also E
`

Xσ

ˇ

ˇFτ^σ

˘

“ Y P-a.e. implying together
E
`

Xσ

ˇ

ˇFτ

˘

“ E
`

Xσ

ˇ

ˇFτ^σ

˘

P-a.e.. Consequently, for arbitrary FT -stopping times τ , σ follows
Xτ^σ “ E

`

Xσ

ˇ

ˇFτ

˘

P-a.e. ˝

§13.08 Reminder. A sequence XN “ pXnqnPN
is uniformly P-integrable, if it is bounded in L

s
pPq with

s P Rą1, i.e. sup t∥Xn∥Ls : n P Nu P Rě0 (Lemma §02.41 (iv)). ˝

§13.09 Proposition. Every FN-martingale XN is regular, if it is bounded in L
s
pPq with s P Rą1. In this

case the martingale converges in L
s
pPq to its P-a.e.-limit X8 P MpF

8
q.

§13.10 Proof of Proposition §13.09. is given in the lecture. ˝

§13.11 Remark. The last statement does in general not hold for s “ 1. ˝
End LE16
2026/06/10

§13.12 Lemma. For every positive, P-integrable FN-submartingale pXnqnPN
and for all a P Rą0 holds

aPp sup
mPJnK

Xm ą aq ď EpXn1tsupmPJnK Xmąauq for all n P N.

§13.13 Proof of Lemma §13.12. is given in the lecture. ˝

§13.14 Reminder. A sequence pXnq
nPN

is uniformly P-integrable, if supnPN |Xn| is P-integrable (Re-
mark §02.40 (d)). ˝

§13.15 Lemma. Let pXnqnPN
be a FN-martingale bounded in L

s
pA ,Pq with s P Rą1. Then the random

variable supnPN |Xn| P Mě0
pA q is also L

s-integrable with ∥supnPN |Xn|∥Ls ď
s

s´1
supnPN∥Xn∥Ls .

§13.16 Proof of Lemma §13.15. is given in the lecture. ˝

§13.17 Remark. The last statement does in general not hold for s “ 1. However, if the martin-
gale pXnqnPN

satisfies the condition supnPN Ep|Xn|plog |Xnq
`
q P Rě0, then the random variable

supnPN |Xn| P Mě0
pA q is also integrable (Neveu (1975, Proposition IV-2-10, S.70)) and hence

the martingale pXnqnPN
is regular. ˝

The concepts of filtration and (sub-, super-)martingale have never required that the index set T
(interpreted as time) be a subset of Rě0. We now consider the case T “ Zď0. For a filtration
FZď0

“ pFz q
zPZď0

and a P-integrable FZď0
-(sub-, super-) martingale XZď0

“ pXzqzPZď0

, it holds then
Fz´1 Ď Fz , Xz P L

1
pFz ,Pq and E

`

Xz

ˇ

ˇFz´1

˘

“ Xz´1 P-a.e. for all z P Zď0.

§13.18 Definition. A stochastic process XZě0
“ pXnqnPZě0

is called a P-integrable backward FZď0
- (sub-,

super-) martingale, if pX´zqzPZď0

is a P-integrable FZď0
- (sub-, super-) martingale. ˝

§13.19 Remark. A P-integrable backward FZď0
-martingale pXnqnPZě0

is always uniformly P-integrable
by Lemma §07.32 using that X´z “ E

`

X0

ˇ

ˇFz

˘

P-a.e. for all z P Zď0. ˝
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§13.20 Theorem. A P-integrable backward FZď0
-martingale XZě0

“ pXnqnPZě0

converges P-a.e. The
P-a.e. limit X8 is measurable with respect to F́

8
:“

Ş

zPZď0
Fz and P-integrable. Moreover, it

holds X8 “ E
`

X0

ˇ

ˇF́
8

˘

P-a.e. and XZě0
converges to X8 also in L

1
pPq.

§13.21 Proof of Theorem §13.20. is given in the lecture. ˝

§13.22 Corollary (Kolmogorov’s strong law of large numbers). Let pXnqnPN
be a sequence of independent

and identically distributed (i.i.d.) real random variables in L
1
pΩ,A ,Pq, then:

n´1
ÿ

kPJnK

Xk

P-a.e.
ÝÝÝÑ EpX1q and n´1

ÿ

kPJnK

Xk

L
1
pPq

ÝÝÝÑ EpX1q.

§13.23 Proof of Corollary §13.22. is given in the lecture. ˝

§14 Regular stopping time for an integrable martingale

§14.01 Lemma. Let XN “ pXnqnPN
be an integrable FN-(sub-, super-)martingale. For every FN-stopping

time τ the stopped process Xτ

N “ pX
τ

n :“ Xτ^nqnPN
is an integrable (sub-, super-)martingale with

respect to both filtration FN “ pFnq
nPN

and F τ

N “ pF τ

n :“ Fτ^nqnPN
.

§14.02 Proof of Lemma §14.01. Exercise. ˝

§14.03 Definition. A FN-stopping time τ is called regular for an integrable FN-martingale XN “ pXnqnPN
,

if the stopped process Xτ

N “ pX
τ

n :“ Xτ^nqnPN
is regular. ˝

§14.04 Proposition. For a P-integrable FN-martingale XN “ pXnqnPN
on a filtered probability space

pΩ,A ,P,FNq and a FT -stopping time τ the following three statements are equivalent:
(rS1) τ is regular for XN;

(rS2) τ fulfils

(rS2a) XN converges P-a.e. to X8 P MpF
8
q on the event tτ “ 8u,

(rS2b) Xτ P MpFτ q is P-integrable (with Xτ :“ Xn on tτ “ nu for all n P N),

(rS2c) Xτ^n “ E
`

Xτ

ˇ

ˇFn

˘

P-a.e. for all n P N.

(rS3) τ fulfils

(rS3a) pXn1tτąnuqnPN is uniformly P-integrable,

(rS3b) Ep|Xτ |1tτ PNuq P Rě0.

§14.05 Proof of Proposition §14.04. is given in the lecture. ˝

§14.06 Remark. If XN “ pXnqnPN
is anP-integrable martingale satisfying suptPp|Xn|q : n P Nu P Rě0,

The conditions (rS2a)-(rS2b) and (rS3b) are satisfied, and hence in particular if XN is a positive
P-integrable martingale (since Pp|Xn|q “ PpXnq “ PpX1q). ˝

§14.07 Theorem (Optional sampling). Let τ be a regular FN-stopping time for aP-integrable FN-martingale
XN “ pXnq

nPN
with P-a.e.-limit X8 P MpF

8
q on tτ “ 8u, and let σ1, σ2 be FT -stopping times

with σ1 ď σ2 ď τ . For i P J2K define Xσi
P MpFσi

q with Xσi
:“ Xn on tσi “ nu for all n P N. Then,

Xσ1
and Xσ2

are P-integrable and Xσ1
“ E

`

Xσ2

ˇ

ˇFσ1

˘

P-a.e..

§14.08 Proof of Theorem §14.07. is given in the lecture. ˝
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§14.09 Corollary. Let τ and σ be two FN-stopping times with τ ď σ P-a.e. Then τ is regular for a
P-integrable FN-martingale XN “ pXnqnPN

, if σ is regular for XN.

§14.10 Proof of Corollary §14.09. is given in the lecture. ˝

§14.11 Remark. From Corollary §14.09 follows immediately, that every stopping time is regular for a
regular integrable martingale (choose the constant stopping time σ “ 8). On the other hand,
for an integrable martingale is every finite constant stopping time regular, and hence by Corol-
lary §14.09 also every bounded stopping time. ˝

§14.12 Corollary. For a P-integrable martingale pXnqnPN
with sup tPp|Xn|q: n P Nu P Rě0 (hence for

a positive, P-integrable martingale), the hitting time τa :“ inf tn P N: |Xn| ą au with a P Rě0 is
regular (with inf H “ 8, see Example §10.10 (b)).

§14.13 Proof of Corollary §14.12. is given in the lecture. ˝

§14.14 Lemma. Let XN “ pXnqnPN
be a P-integrable FN-martingale. A FN-stopping time τ is regular

for XN and XN converges P-a.e. to 0 on tτ “ 8u if and only if the following two conditions
(c1) P

`

|Xτ |1tτ PNu

˘

P Rě0 and (c2) limnÑ8P
`

|Xn|1tτąnu

˘

“ 0 are satisfied.

§14.15 Proof of Lemma §14.14. is given in the lecture. ˝
End LE17
2026/06/17

§14.16 Example (Wald’s equation). Let XN “ pXnqnPN
be a sequence of i.i.d. real random variables

defined on a filtered probability space pΩ,A ,P, σNpXNqq, where σNpXNq is the filtration generated
by XN (Definition §10.02), and set SN “ pSn :“

ř

iPJnK XiqnPN
. If in addition X1 P L

2
pPq, then

S
˝

N :“ pS
˝

n :“ Sn ´ nPpX1qqnPN
and VN :“ pVn :“ |Sn ´ nPpX1q|2 ´ nVarpX1qqnPN

are P-integrable
σNpXNq-martingales, which are in general not regular. On the other hand, every P-integrable
σNpXNq-stopping time τ , i.e. Ppτ q P Rě0, is regular for both S

˝

N and VN, and Wald’s equations
(a) EpSτ q “ Epτ qEpX1q and (b) EppSτ ´ τEpX1qq

2
q “ Epτ qVarpX1q are satisfied. If in addition

Epτ 2
q P Rě0 and τ ,XN are independent, then it holds also (c) VarpSτ q “ Varpτ qpEpX1qq

2
`

Epτ qVarpX1q. ˝

§15 Regular integrable submartingale

§15.01 Preliminary. The Krickeberg decomposition for submartingales (see Remark §12.07) allows
the theory for integrable martingales to be extended to integrable submartingales without further
difficulties. ˝

§15.02 Reminder.
(a) A P-integrable FT -submartingale pXnqnPN

with (A) sup tPpX
`

n q: n P Nu P Rě0 converges
P-a.e. to X8 P L

1
pF

8
,Pq by Theorem §12.05.

(b) A sequence pX
`

n q
nPN

is uniformly P-integrable (Definition §02.39) in L
1
pA ,Pq, i.e.

inf tsupnPN P
`

X
`

n 1
tX

`

n ěau

˘

: a P Rě0u “ 0, if supnPN X
`

n P L
1
pPq (Remark §02.40 (d)). ˝

§15.03 Theorem. For a P-integrable FT -submartingale pXnqnPN
on a filtered probability space

pΩ,A ,P,FT q the following four statements are equivalent:

(rSM1) The sequence pX
`

n q
nPN

converges in L
1
pPq;

(rSM2) It holds (A) sup tPpX
`

n q: n P Nu P Rě0. The P-a.e.-limit X8 “ limnÑ8 Xn, which exists
in L

1
pPq by Theorem §12.05, satisfies Xn ď E

`

X8

ˇ

ˇFn

˘

P-a.e. for all n P N;
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(rSM3) There is a random variable Y P L
1
pA ,Pq with Xn ď E

`

Y
ˇ

ˇFn

˘

for all n P N;

(rSM4) pX
`

n q
nPN

is uniformly P-integrable in L
1
pA ,Pq.

The P-integrable FT -submartingale pXnqnPN
is called regular if one of the equivalent statements

(rSM1)-(rSM4) is satisfied.

§15.04 Proof of Theorem §15.03. is given in the lecture. ˝

§15.05 Remark. For a negative integrable submartingale (that is, for a positive integrable supermartin-
gale with its sign changed), the statements in §15.03 are obviously fulfilled. In general, however,
the submartingale does not converge in the mean, although it always converges almost surely. In
particular, the statement (rSM1) of the preceding proposition is strictly less restrictive than the
convergence of the submartingale in L

1. On the other hand, for a positive submartingale, (rSM1)
naturally implies L1-convergence. ˝

§15.06 Corollary (Optional sampling). Let pXnqnPN
be a regular P-integrable FT -submartingale with

P-a.e.-limit X8.
(i) For every FT -stopping time τ , the random variable Xτ P MpFτ q is P-integrable (with Xτ :“

Xn on tτ “ nu for all n P N).

(ii) Every pair of FT -stopping times τ , σ with τ ď σ P-a.e. satisfy Xτ ď E
`

Xσ

ˇ

ˇFτ

˘

P-a.e..

§15.07 Proof of Corollary §15.06. is given in the lecture. ˝

§15.08 Remark. In conclusion, it is possible without difficulties to introduce also for integrable sub-
martingales the regularity of a stopping time (see Proposition §14.04 and Theorem §14.07). The
only differences in the statements are the replacement of the word «martingale» with «submartin-
gale» and the retention of the inequalities Xτ^n ď E

`

Xτ

ˇ

ˇFn

˘

and Xσ1
ď E

`

Xσ2

ˇ

ˇFσ1

˘

instead of the
corresponding equalities. ˝

§16 Doob decomposition and square variation

§16.01 Preliminary.. Let XZě0
“ pXnqnPZě0

be a FZě0
-adapted, P-integrable process on a filtered prob-

ability space pΩ,A ,P,FZě0
q. We decompose XZě0

into a sum consisting of a FZě0
-predictable

process AZě0
“ pAnqnPZě0

(Definition §10.05), the trend component or systematic component, and
a P-integrable FZě0

-martingale MZě0
“ pMnqnPZě0

(Definition §12.01), the error component. To
this end, define M0 :“ X0, A0 :“ 0 and for n P N

Mn :“ X0 `
ÿ

kPJnK

`

Xk ´ E
`

Xk

ˇ

ˇFk´1

˘˘

and An :“
ÿ

kPJnK

`

E
`

Xk

ˇ

ˇFk´1

˘

´ Xk´1

˘

.

Evidently, XZě0
“ pXn “ Mn ` AnqnPZě0

“ MZě0
` AZě0

. By construction, for every n P N

Mn ´ Mn´1 “ Xn ´ E
`

Xn

ˇ

ˇFn´1

˘

and An ´ An´1 “ E
`

Xn

ˇ

ˇFn´1

˘

´ Xn´1.

Consequently, AZě0
is FZě0

-predictable (with A0 “ 0), and MZě0
is a P-integrable FZě0

-martingale,
since E

`

Mn ´ Mn´1

ˇ

ˇFn´1

˘

“ E
`

Xn ´ E
`

Xn

ˇ

ˇFn´1

˘
ˇ

ˇFn´1

˘

“ 0 P-a.e. ˝

§16.02 Theorem (Doob decomposition). Let XZě0
be a FZě0

-adapted, P-integrable process. Then there
exists a unique decomposition XZě0

“ MZě0
` AZě0

, where AZě0
is FZě0

-predictable with A0 “

0 and MZě0
is a P-integrable FZě0

-martingale. This representation of XZě0
is called the Doob

decomposition. XZě0
is a submartingale (respectively supermartingale) if and only if AZě0

is an
increasing (respectively decreasing) process (Definition §10.05).
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§16.03 Proof of Theorem §16.02. is given in the lecture. ˝

§16.04 Reminder.
(a) A P-integrable FN-submartingale XN “ pXnqnPN

with (A) sup tPpX
`

n q: n P Nu P Rě0 con-
verges P-a.e. to X8 P L

1
pF

8
,Pq by Theorem §12.05.

(b) A sequence pX
`

n q
nPN

is uniformly P-integrable in L
1
pA ,Pq (Definition §02.39), i.e.

inf tsupnPN P
`

X
`

n 1
tX

`

n ěau

˘

: a P Rě0u “ 0, if supnPN X
`

n P L
1
pPq (Remark §02.40 (d)). ˝

§16.05 Proposition. Let XZě0
“ pXnqnPZě0

be a P-integrable FZě0
-submartingale on a filtered probability

space pΩ,A ,P,FZě0
q and let XZě0

“ MZě0
` AZě0

be its Doob decomposition.

(i) The condition (A) sup tPpX
`

n q: n P Zě0u P Rě0 (which suffices to ensure P-a.e. convergence
of the submartingale) is equivalent to the conjunction of the two conditions:
(i.c1) A8 P L

1
pPq and (i.c2) sup tPp|Mn|q: n P Zě0u P Rě0.

(ii) The convergence in L
1
pPq of the submartingale XZě0

is equivalent to the conjunction of the
two conditions (ii.c1) MZě0

is a regular P-integrable FZě0
-martingale and (i.c1).

(iii) For every FZě0
-stopping time τ regular for the martingale MZě0

, the random variable Xτ is
P-integrable if and only if Aτ is P-integrable, and then EpXτ q “ EpM0q ` EpAτ q.

§16.06 Proof of Proposition §16.05. is given in the lecture. ˝

§16.07 Example. Let XZě0
“ pXnqnPZě0

be a square P-integrable FZě0
-martingale, i.e. Xn P L

2
pA ,Pq,

n P Zě0. By Remark §12.04, X2

Zě0
“ pX

2

nq
nPZě0

is a P-integrable FZě0
-submartingale. Furthermore,

E
`

Xi´1Xi

ˇ

ˇFi´1

˘

“ Xi´1E
`

Xi

ˇ

ˇFi´1

˘

“ X
2

i´1 P-a.e. for all i P N, hence considering the Doob
decomposition X

2

Zě0
“ MZě0

` AZě0
of X2

Zě0
, where MZě0

“ pX
2

n ´ AnqnPZě0

is a P-integrable FZě0
-

martingale, for all n P N we have

An “
ÿ

iPJnK

`

E
`

X
2

i

ˇ

ˇFi´1

˘

´ X
2

i´1

˘

“
ÿ

iPJnK

`

E
`

|Xi ´ Xi´1|2
ˇ

ˇFi´1

˘

´ 2X
2

i´1 ` 2E
`

Xi´1Xi

ˇ

ˇFi´1

˘˘

“
ÿ

iPJnK

E
`

|Xi ´ Xi´1|2
ˇ

ˇFi´1

˘

P-a.e. ˝

§16.08 Definition. Let XZě0
“ pXnqnPZě0

be a square P-integrable FZě0
-martingale. The unique increasing

process AZě0
for which pX

2

n ´ AnqnPZě0

becomes a P-integrable FZě0
-martingale is called square

variation process of XZě0
and is denoted by xXZě0

y
Zě0

:“ pxXZě0
y
n
q
nPZě0

:“ AZě0
. ˝

§16.09 Proposition. Let XZě0
“ pXnqnPZě0

be a square P-integrable FZě0
-martingale with square vari-

ation process xXZě0
y
Zě0

“ pxXZě0
y
n
q
nPZě0

as in Definition §16.08. Then for each n P N we have
xXZě0

y
n

“
ř

iPJnKE
`

|Xi ´ Xi´1|2
ˇ

ˇFi´1

˘

P-a.e. and E
`

xXZě0
y
n

˘

“ VarpXn ´ X0q.

§16.10 Proof of Proposition §16.09. The statement follows immediately from Example §16.07. ˝

§16.11 Example. Let XN “ pXnqnPN
be sequence of independent and square P-integrable random vari-

ables defined on a filtered probability space pΩ,A ,P, σZě0
pXNqqq, where σZě0

pXNq “ pσnpXNqq
nPZě0

with σ0pXNq “ tH,Ωu and σnpXNq “ σpXj : j P JnKq, n P N, is the filtration generated by XN

(Example §10.04).
(a) If EpXnq “ 0 for all n P N, then SZě0

:“ pSnqnPZě0

with S0 :“ 0 and Sn :“
ř

iPJnK Xi, n P N, is
a squareP-integrable σZě0

pXNq-martingale with square variation process xSZě0
y
Zě0

“ pxSZě0
y
n
q
nPZě0

given by xSZě0
y
0

“ 0 and xSZě0
y
n

“
ř

iPJnKE
`

X
2

i

ˇ

ˇσi´1pXNq
˘

“
ř

iPJnKEpX
2

i q P-a.e. for n P N.
Note that in order for xSZě0

y
Zě0

to have this simple form, it is not enough for the random
variables XN “ pXnqnPN

to be uncorrelated.
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(b) If EpXnq “ 1 for all n P N, then PZě0
:“ pPnq

nPZě0

with P0 :“ 1 and Pn :“
ś

iPJnK Xi,
n P N, is a square P-integrable σZě0

pXNq-martingale with square variation process xPZě0
y
Zě0

“

pxPZě0
y
n
q
nPZě0

given by xPZě0
y
0

“ 0 and xPZě0
y
n

“
ř

iPJnKVarpXiqP
2

i´1 P-a.e. for n P N, since
E
`

|Pn ´ Pn´1|2
ˇ

ˇFn´1

˘

“ E
`

|Xn ´ 1|2P 2

n´1

ˇ

ˇFn´1

˘

“ VarpXnqP
2

n´1 P-a.e. for all n P N. Hence,
the square variation process is a truly random process. ˝

§16.12 Lemma. Let XZě0
“ pXnqnPZě0

be a square P-integrable FZě0
-martingale with square variation

process xXZě0
y
Zě0

and let τ be a FZě0
-stopping time. Then the stopped process X

τ

Zě0
has square

variation process xX
τ

Zě0
y
Zě0

“ xXZě0
y
τ

Zě0

“ pxXZě0
y
τ^n

q
nPZě0

.

§16.13 Proof of Lemma §16.12. is given in the lecture. ˝

§16.14 Proposition. Let XZě0
“ pXnqnPZě0

be a square P-integrable FZě0
-martingale with X0 “ 0.

(i) If xXZě0
y

8
:“ sup txXZě0

y
n
: n P Zě0u is P-integrable, then the martingale XZě0

converges in
L

2
pPq and, hence XZě0

is regular; further Epsup tX
2

n : n P Zě0uq ď 4EpxXZě0
y

8
q P Rě0.End LE18

2026/06/19

(ii) If
a

xXZě0
y

8
isP-integrable, then the martingale XZě0

is regular and hence converges in L
1
pPq;

further Epsup t|Xn|: n P Zě0uq ď 3Ep
a

xXZě0
y

8
q P Rě0.

(iii) A FZě0
-stopping time τ with E

`

xXZě0
y
1{2

τ

˘

P Rě0 is regular for the martingale XZě0
; further

Epsup t|Xn|: n P Jτ Kuq ď 3EpxXZě0
y
1{2

τ

˘

P Rě0.

(iv) In every case the martingale XZě0
convergesP-a.e. to a finite limit on the event txXZě0

y
8

P Rě0u.

§16.15 Proof of Proposition §16.14. is given in the lecture. ˝

§16.16 Corollary. For a square P-integrable FZě0
-martingale XZě0

“ pXnqnPZě0

with square variation
process xXZě0

y
Zě0

the following four statements are equivalent: (C1) sup tEpX
2

nq: n P Zě0u P Rě0,
(C2) EpxXZě0

y
8
q P Rě0, (C3) XZě0

converges in L
2
pPq, and (C4) XZě0

converges P-a.e. and in L
2
pPq.

§16.17 Proof of Corollary §16.16. is given in the lecture. ˝

§16.18 Proposition. If XZě0
“ pXnqnPZě0

is a square P-integrable FZě0
-martingale with square variation

process xXZě0
y
Zě0

then for any α P Rą1{2,

xXZě0
y

´α

n
pXn ´ X0q

P-a.e.
ÝÝÝÑ 0 on txXZě0

y
8

“ 8u.

§16.19 Proof of Proposition §16.18. is given in the lecture. ˝

§16.20 Example (Example §16.11 (a) continued). Let XN “ pXnqnPN
be sequence of independent and

square P-integrable random variables defined on a filtered probability space pΩ,A ,P, σZě0
pXNqq,

where σZě0
pXNq is the filtration generated by XN (Example §16.11). Consider again the square

P-integrable σZě0
pXNq-martingale S

˝

Zě0
:“ pS

˝

n q
nPZě0

with S
˝

0 :“ 0 and S
˝

n :“
ř

iPJnK pXi ´ EpXiqq,
n P N, with square variation process xS

˝

Zě0
y
Zě0

“ pxS
˝

Zě0
y
n
q
nPZě0

given by xS
˝

Zě0
y
0

“ 0 and xS
˝

Zě0
y
n

“
ř

iPJnKVarpX
2

i q P-a.e. for n P N. By Proposition §16.18 for any α P Rą1{2 we have

p
ÿ

iPJnK

VarpXiqq
´α
Sn

P-a.e.
ÝÝÝÑ 0 whenever

ÿ

iPN

VarpXiq “ 8.

In particular, n´αS
˝

n

P-a.e.
ÝÝÝÑ 0 if XN is a sequence of i.i.d. square P-integrable random vari-

ables. On the other hand, if panqnPN
is an increasing and diverging sequence of real numbers,

then by Kronecker’s Lemma, a´1
n

ř

iPJnK yi “ op1q for any sequence py
n
q
nPN

of real numbers
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with
ř

iPN a´1
i y

i
P Rě0. Thereby, if

ř

iPN a´2
i VarpXiq P Rě0, then by Corollary §16.16 the P-

integrable σNpXNq-martingale p
ř

iPJnK a
´1
i pXi ´ EpXiqqq

nPN
converges P-a.e. to a finite limit and by

Kronecker’s Lemma, a´1
n

ř

iPJnK pXi ´ EpXiqq
P-a.e.
ÝÝÝÑ 0. In case of independent and identically

distributed (i.i.d.) random variables pXnqnPN
we find n´1

ř

iPJnK pXi ´ EpXiqq
P-a.e.
ÝÝÝÑ 0. ˝
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Chapter 5

Markov chains

§17 Markov chains

§17.01 Definition. Let T “ Zě0 (discrete time) or T “ Rě0 (continuous time), pΩ,A ,Pq a probability
space and pX, 2Xq a countable nonempty state space. A stochastic process pXtqtPT on pΩ,A ,Pq

with state space pX, 2Xq is called Markov chain if for all n P N, for all t
1

ă t
2

ă . . . ă t
n

ă t in
T and for all x1, . . . , xn, x in X withPpXt1

“ x1, . . . , Xtn
“ xnq P Rą0 the Markov property is satisfied:

P
`

Xt “ x
ˇ

ˇXt1
“ x1, . . . , Xtn

“ xn

˘

:“ P
`

X
´1

t ptxuq
ˇ

ˇ

č

iPJnK

X
´1

ti
ptxiuq

˘

“ P
`

X
´1

t ptxuq
ˇ

ˇX
´1

tn
ptxnuq

˘

“: P
`

Xt “ x
ˇ

ˇXtn
“ xn

˘

.

For a Markov chain pXtqtPT and t
1

P T , t
2

P T
ět1

, x1, x2 P X the transition probability to reach
state x2 at time t

2
from state x1 at time t

1
is for PpXt1

“ x1q P Rą0 defined by

Px1,x2
pt

1
, t

2
q :“ P

`

Xt2
“ x2

ˇ

ˇXt1
“ x1

˘

(and Px1,x2

pt
1
, t

2
q :“ PpXt2

“ x2q if PpXt1
“ x1q “ 0). The transition matrix is given by

P‚,‚pt1t2q :“
“

Px1,x2
pt

1
, t

2
q
‰

“ pPx1,x2
pt

1
, t

2
qq

x1,x2PX
.

The transition matrix and the Markov chain are called time-homogeneous if

P‚,‚pt1, t2q “ P‚,‚p0, t2 ´ t
1
q “: P‚,‚pt2 ´ t

1
q

holds for all t
1

P T , t
2

P T
ět1

. ˝

§17.02 Lemma. The transition matrices given in Definition §17.01 satisfy the Chapman-Kolmogorov
equation, that is, (matrix multiplication)

P‚,‚pt1, t3q “ P‚,‚pt1, t2qP‚,‚pt2, t3q for any t
1

ď t
2

ď t
3

in T .

In the time-homogeneous case this gives the semigroup property

P‚,‚pt1 ` t
2
q “ P‚,‚pt1qP‚,‚pt2q for all t

1
, t

2
P T ,

and in particular with one step transition matrix P‚,‚ :“ P‚,‚p1q also P‚,‚pnq “ Pn
‚,‚ for all n P N.

§17.03 Proof of Lemma §17.02. is given in the lecture. ˝

§17.04 Remark. Consider the one step transition matrix P‚,‚ of a time-homogeneous Markov chain as
defined in Lemma §17.02. Identifying the map P‚,‚ : X ˆ X Ñ r0, 1s with px, yq ÞÑ Px,y and
the (infinite dimensional) matrix P‚,‚ :“ pPx,yqx,yPX

, then P‚,‚ is a regular version of the conditional
ζ
X
-mass function of PX1 given X0 (compare Remark §07.19 (a)). In particular, the Markov kernel

P‚,‚ζX
from pX, 2Xq to pX, 2Xq with ζ

X
-mass function P‚,‚, that is,

X ˆ 2X Q px,Bq ÞÑ Px,‚ζX
pBq “ ζ

X
p1BPx,‚q “

ż

B

Px,‚dζX
“

ÿ

yPB

Px,y P r0, 1s
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is a regular version of the conditional distribution of PX1 given X0, i.e. PX1|X0

“ P‚,‚ζX
. Evidently,

the joint distribution of pX0, X1q is given by PpX0,X1q
“ P

X0

d P‚,‚ζX
P Mprp2

X
2

q where

P
pX0,X1q

pB0 ˆ B1q “ P
X0

d P‚,‚ζX
pB0 ˆ B1q “

ÿ

x0PB0

P
X0

ptx
0
uq

ÿ

x1PB1

Px0,x1
for B0, B1 P 2X .

For n P N the joint distribution of XJ0,nK “ pXiqiPJ0,nK is then given iteratively by

P
XJ0,nK

“ P
XJ0,n´1K

d P‚,‚ζX
“ P

X0

d
ä

iPJnK

P‚,‚ζX
P Mprp2

X
n`1

q

where for Bi P 2X , i P J0, nK we have

PpX0 P B0, . . . , Xn P Bnq “ P
XJ0,nK

p iPJ0,nK Biq “
ÿ

x0PB0

P
X0

ptx0uq

ÿ

x1PB1

Px0,x1
¨ ¨ ¨

ÿ

xnPBn

Pxn´1,xn
.

For each finite J Ď Zě0 and n P N with J Ď J0, nK we have XJ “ pXiqiPJ “ ΠJ0,nK
J ˝ XJ0,nK, and

hencePXJ “ P
XJ0,nK ˝pΠJ0,nK

J q´1. Evidently, the family tP
XJ : J Ď Zě0 finiteu of probability measures

is consistent and determines by Kolmogorov’s consistency theorem §04.33 the unique probability
measure PXZě0 P Mprp2

X
Zě0

q on pX
Zě0, 2X

Zě0

q. ˝

§17.05 Preliminary. Consider now an arbitrary one step transition matrix P‚,‚ and an initial (discrete)
probability measure µ P Mprp2

Xq on pX, 2Xq. We eventually define for each n P N a probability
measure

PJ0,nK :“ µ d
ä

iPJnK

P‚,‚ζX
P Mprp2

X
n`1

q

on pX
n`1

, 2X
n`1

q given by

PJ0,nKp iPJ0,nK Biq :“
ÿ

x0PB0

µptx
0
uq

ÿ

x1PB1

Px0,x1
¨ ¨ ¨

ÿ

xnPBn

Pxn´1,xn
for Bi P 2X , i P J0, nK.

For each finite J Ď Zě0 and n P N with J Ď J0, nK we set PJ :“ PJ0,nK ˝ pΠJ0,nK
J q´1. Therewith,

we obtain a consistent family tPJ : J Ď Zě0 finiteu of probability measures on the product space
pX

Zě0, 2X
Zě0

q which determines by Kolmogorov’s consistency theorem §04.33 a unique probability
measure Pµ P Mprp2

X
Zě0

q on pX
Zě0, 2X

Zě0

q. For µ “ δx, a point mass at x P X (see Example §01.18),
we use Px as an abbreviation for Pδx where for every initial probability measure µ and for every
A P 2X

Zě0

evidently holds

PµpAq “
ÿ

xPX

µptxuqPxpAq.

Consider the canonical process ΠZě0
“ pΠzqzPZě0

on pΩ “ X
Zě0,A “ 2X

Zě0

q, where

Πz : X
Zě0

Q xZě0
“ pxnqnPZě0

ÞÑ ΠzpxZě0
q :“ xz P X

for any z P Zě0 (see Remark §09.03). For the family of probability measures pPxqxPX
on pX

Zě0, 2X
Zě0

q

the canonical process ΠZě0
on the probability space pΩ “ X

Zě0,A “ 2X
Zě0

,Pxq is then a time-
homogeneous Markov chain with one step transition matrix P‚,‚ and marginal distributionPΠ0

x “ δx
of Π0 for every x P X. ˝
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§17.06 Definition. A stochastic process XZě0
“ pXnqnPZě0

on pΩ,A q with values in a countable state
space pX, 2Xq is called a time-homogeneous Markov chain with family of probability measures
pPxqxPX

in MprpA q, if
(a) For every x P X, XZě0

is a stochastic process on the probability space pΩ,A ,Pxq with
marginal distribution PxpX0 “ xq “ 1.

(b) The map

κ : X ˆ 2X
Zě0

Q px,Aq ÞÑ κpx,Aq :“ P
XZě0

x pAq “ PxpXZě0
P Aq P r0, 1s

is a Markov kernel. Then for every z P Zě0, the map

κz : X ˆ 2X Q px,Bq ÞÑ κzpx,Bq :“ κpx,Π´1
z pBqq

“ P
XZě0

x pΠ´1
z pBqq “ P

Xn

x pBq “ PxpXn P Bq P r0, 1s

is also a Markov kernel

(c) For every x P X, XZě0
“ pXzqzPZě0

has on pΩ,A ,Pxq with respect to its natural filtration
σZě0

pXZě0
q “ pσzpXZě0

q “ σptXn: n P J0, zKuqq
zPZě0

the time-homogeneous Markov property: For every
x, y P X and all n, z P Zě0 we have

Px
`

Xn`z “ y
ˇ

ˇσnpXZě0
q
˘

“ κzpXn, tyuq Px-a.e.

with n-step transition matrix Pn
‚,‚ “ pPn

x,yqx,yPX
of XZě0

given by

P
n

x,y “ κnpx, tyuq “ PxpXn “ yq for all x, y P X.

We write Ex for the expectation with respect to Px , P
XZě0

x

`

‚
ˇ

ˇA
˘

for a regular version of the
conditional distribution of PXZě0

x given A and Ex

`

fpXZě0
q
ˇ

ˇA
˘

“ E
XZě0

x

`

f
ˇ

ˇA
˘

“ P
XZě0

x

`

f
ˇ

ˇA
˘

for a
conditional expectation of fpXZě0

q given A . In particular, we use the notation PXZě0

Xm
“ κpXm, ‚q,

that is, we understand Xm as the initial value of a second Markov chain with the same family of
probability measures pPxqxPX

. ˝

§17.07 Remark. The existence of the family pκzqzPZě0

of Markov kernels implies the existence of the
Markov kernel κ (cf. Klenke (2020, Theorem 17.8, p.391)). Thus, a time-homogeneous Markov
chain is simply a stochastic process with the Markov property and for which the transition prob-
abilities are time-homogeneous. ˝

End LE19
2026/06/19

§17.08 Reminder. For every z P Zě0,

ϑz : X
Zě0

Q xZě0
“ px

m
q
mPZě0

ÞÑ ϑz
pxZě0

q :“ pxm`zqmPZě0

P X
Zě0

is called shift(-operator) (see Definition §09.08). ˝

§17.09 Theorem. A stochastic process XZě0
“ pXnqnPZě0

is a time-homogeneous Markov chain if and
only if for every z P Zě0 and x P X,

P
ϑzpXZě0

q

x

`

‚
ˇ

ˇσzpXZě0
q
˘

“ P
XZě0

Xz
Px-a.e.

if and only if there exists a Markov kernel κ : X ˆ 2X
Zě0

Ñ r0, 1s such that, for every bounded
2X

Zě0

-measurable function f P Mp2X
Zě0

q and for every z P Zě0 and x P X, we have

Ex

`

fpϑz
pXZě0

qq
ˇ

ˇσzpXZě0
q
˘

“ EXz
rfpXZě0

qs :“

ż

fpxZě0
qκpXz , dxZě0

q Px-a.e.
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§17.10 Proof of Theorem §17.09. Klenke (2020, Theorem 17.9, p.392 and Corollary 17.10, p.393) ˝

§17.11 Definition. A time-homogeneous Markov chain XZě0
“ pXzqzPZě0

with family of probability mea-
sures pPxqxPX

has the strong Markov property if, for every x P X, and every Px-a.e. finite σZě0
pXZě0

q-
stopping time τ we have

P
ϑτ pXZě0

q

x

`

‚
ˇ

ˇστpXZě0
q
˘

“ P
XZě0

Xτ
:“ κpXτ , ‚q Px-a.e.

or equivalently for every bounded 2X
Zě0

-measurable function f P Mp2X
Zě0

q we have

Ex

`

fpϑτ
pXZě0

qq
ˇ

ˇστpXZě0
q
˘

“ EXτ
pfpXZě0

qq “

ż

fpxZě0
mqκpXτ , dxZě0

q Px-a.e. ˝

§17.12 Lemma. Every time-homogeneous Markov chain XZě0
“ pXzqzPZě0

has the strong Markov prop-
erty.

§17.13 Proof of Lemma §17.12. is given in the lecture. ˝

§18 Recurrence and transience

In the sequel, let XZě0
“ pXzqzPZě0

be a time-homogeneous Markov chain with values in a count-
able state space pX, 2Xq, family of probability measures pPxqxPX

on pΩ,A q and n-step transition
matrix Pn

‚,‚ :“ pPn
x,yqx,yPX

for n P N.

§18.01 Definition. For y P X, z P Zě0 introduce for xZě0
P X

Zě0 the z-th time τ z
y pxZě0

q P Zě0 of return to
y recursively by

τ
z`1

y pxZě0
q :“ inf tn P Nąτ

z
y pxZě0

q: xn “ yu and τ
0

y pxZě0
q :“ 0

(where inf H “ 8). We set τy :“ τ 1
y and for x P X, ρ

x,y
:“ P

XZě0

x pτy P Nq “ PxpτypXZě0
q P Nq. ˝

§18.02 Remark. Evidently, ρ
x,y

“ Pxp there is an k P N with Xk “ yq is the probability of ever going from x
to y . In particular, if ρ

x,y
P p0, 1s then there is an k P N with PxpXk “ yq “ Pk

x,y P p0, 1s.
Moreover, ρ

x,x
is the return probability (after the first jump) from x to x where τxpxZě0

q P N even
if the chain xZě0

starts at x0 “ x. ˝

§18.03 Definition. A state x P X is called

recurrent if ρ
x,x

“ 1,

positive recurrent if PXZě0

x pτxq P Rě0,

null recurrent if x is recurrent but not positive recurrent,

transient if ρ
x,x

P r0, 1q, and

absorbing if Px,x “ 1.

The Markov chain XZě0
is called (positive, null) recurrent if every state x P X is (positive, null)

recurrent and is called transient if every recurrent state is absorbing. ˝

§18.04 Remark. Clearly, we have: “absorbing” ñ “positive recurrent” ñ “recurrent”. ˝

§18.05 Lemma. For k P N and x, y P X we have PXZě0

x pτ k
y P Nq “ ρ

x,y
ρk´1

y,y
.

§18.06 Proof of Lemma §18.05. is given in the lecture. ˝
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§18.07 Definition. For y P X and xZě0
P X

Zě0 denote by NypxZě0
q :“

ř

nPZě0
1txn“yu the total number of

visits of xZě0
to state y and by G‚,‚ :“ pGx,yqx,yPX

given by

Gx,y “ P
XZě0

x pNyq “ PxpNypXZě0
qq “

ÿ

nPZě0

PxpXn “ yq “
ÿ

nPZě0

P
n

x,y P Zě0

the Green function of XZě0
. ˝

§18.08 Lemma.
(i) A state x P X is recurrent if and only if Gx,x “ 8;

(ii) If a state x P X is transient then for all y P X, Gy,x P Rě0 with

Gy,x “

$

’

&

’

%

ρ
y,x

1 ´ ρ
x,x

, if x ‰ y

1

1 ´ ρ⃗
,x

, otherwise

,

/

.

/

-

“
ρ
y,x

1 ´ ρ
x,x

` 1tx“yu.

§18.09 Proof of Lemma §18.08. is given in the lecture. ˝

§18.10 Proposition. If a state x P X is recurrent and ρ
x,y

P p0, 1s for some y P X, then the state y is
also recurrent, and ρ

x,y
“ ρ

y,x
“ 1.

§18.11 Proof of Proposition §18.10. is given in the lecture. ˝

§18.12 Definition. A subset B Ď X of states is called

closed, if ρ
x,y

“ 0 for all x P B and y P B
c

“ XzB ,

irreducible, if ρ
x,y

P p0, 1s for all x, y P B .

If the state space X is irreducible, then the Markov chain is called irreducible. ˝

§18.13 Corollary. An irreducible Markov chain is either recurrent or transient. If in addition |X| P

Ně2, then there is no absorbing state.

§18.14 Proof of Corollary §18.13. The result is an immediate consequence of Proposition §18.10. ˝

§18.15 Proposition. For an irreducible Markov chain on a finite state space X all states are recurrent.

§18.16 Proof of Proposition §18.15. is given in the lecture. ˝

§19 Invariant distribution

In the following, let P‚,‚ “ pPx,yqx,yPX
be a transition matrix on a countable state space X, and

let XZě0
“ pXnqnPZě0

be a Markov chain with with one step transition matrix P‚,‚. Then P‚,‚ζX
is a

Markov kernel from pX, 2Xq to pX, 2Xq with

pX, 2Xq Q px,Bq ÞÑ Px,‚ζX
pBq “ ζ

X
p1BPx,‚q “

ż

B

Px,‚dζX
“

ÿ

yPB

Px,y P r0, 1s

(compare Notation §04.61 and Remark §17.04).

Probability theory 75

https://creativecommons.org/licenses/by-nc/4.0/deed.de


Chapter 5 Markov chains §19 Invariant distribution

§19.01 Definition. Let µ P Mp2Xq be a measure on pX, 2Xq and let f : X Ñ R be a map. We define the
measure µP‚,‚ζX

P Mp2Xq given by

2X Q A ÞÑ pµP‚,‚ζX
qpAq :“

ż

P‚,‚ζX
pAqdµ “

ÿ

xPX

µptxuqPx,‚ζX
pAq “

ÿ

xPX

µptxuq

ÿ

yPA

Px,y P Rě0.

If f is Px,‚ζX
-quasiintegrable for any x P X, or P‚,‚ζX

-quasiintegrable for short, we define the
function P‚,‚ζX

pf q P Mp2Xq given by

X Q x ÞÑ pP‚,‚ζX
pf qqpxq :“ Px,‚ζX

pf q “

ż

Px,‚fdζX
“

ÿ

yPX

Px,yfpyq

(compare Notation §04.61 and Remark §17.04). ˝

§19.02 Definition.
(a) A σ-finite measure µ P Mσp2Xq on pX, 2Xq is called invariant measure, if µP‚,‚ζX

“ µ. A
probability measure that is an invariant measure is called an invariant distribution. Denote
by I the set of invariant distributions.

(b) A P‚,‚ζX
-quasiintegrable function f : X Ñ R is called subharmonic if f ď P‚,‚ζX

pf q that is
fpxq ď pP‚,‚ζX

pf qqpxq “ Px,‚ζX
pf q for all x P X. f is called superharmonic, if f ě P‚,‚ζX

pf q and
harmonic if f “ P‚,‚ζX

pf q. ˝

§19.03 Remark. In the terminology of linear algebra, an invariant measure is a left eigenvector of P‚,‚

corresponding to the eigenvalue 1. A harmonic function is a right eigenvector corresponding to
the eigenvalue 1. ˝

§19.04 Comment.
(a) If X is finite then any invariant measure can be normalised to an invariant distribution.

(b) Any invariant measure µ for P‚,‚ζX
is also an invariant measure for Pn

‚,‚ζX
for every n P N.

(c) If XZě0
is irreducible and µ ‰ 0 an invariant measure for P‚,‚ζX

then µptxuq P Rą0 for every
x P X. Since µ P Mσp2Xq is σ-finite we have µptxuq P Rě0 for every x P X. Let x P X with
µptxuq P Rą0 (since µ ‰ 0) and y P X is arbitrary, then there exists n P N with Pn

x,y P p0, 1s

(since XZě0
is irreducible and hence ρ

x,y
P p0, 1s) and

µptyuq “ pµP
n

‚,‚ζX
qptyuq “

ÿ

rxPX

µptrxuqP
n

rx,y ě µptxuqP
n

x,y P Rą0.

(d) If π is an invariant distribution, then for every n P Zě0 and y P X

PπpXn “ yq “ pπP
n

‚,‚ζX
qptyuq “ pπP‚,‚ζX

qptyuq “
ÿ

xPX

πptxuqPx,y “ πptyuq.

The chain started with distribution π has the same marginal distribution π at every point n
in time. ˝

End LE20
2026/06/24

§19.05 Lemma. If f : X Ñ R is bounded and (sub-, super-) harmonic, then for every x P X on
pΩ,A ,Px, σZě0

pXZě0
qq, the stochastic process pfpXnqqnPZě0

is a (sub-, super-) martingale with respect
to the natural filtration σZě0

pXZě0
q generated by XZě0

.

§19.06 Proof of Lemma §19.05. is given in the lecture. ˝
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§19.07 Theorem. Let XZě0
be irreducible and recurrent, x P X, τx :“ inftn P N : Xn “ xu and

µ
x
ptyuq :“ Pxp

ÿ

nPJτxK

1tXn“yuq for all y P X.

Then the following three statements hold true
(i) µ

x
“ µ

x
P‚,‚ζX

(ii) µ
x
ptyuq P Rą0 for all y P X,

(iii) µ
x

is the unique invariant measure with value µ
x
ptxuq “ 1.

§19.08 Proof of Theorem §19.07. is given in the lecture. ˝

§19.09 Theorem. Let XZě0
be irreducible, then the following three statements are equivalent:

(iD1) There exists an invariant distribution π P Mprp2
Xq.

(iD2) There exists a positive recurrent state in X.

(iD3) All states in X are positive recurrent.
If one of the equivalent statements is satisfied, then the invariant distribution π is uniquely de-
termined by πptxuq “ 1

Expτxq
for all x P X.

§19.10 Proof of Theorem §19.09. is given in the lecture. ˝

§19.11 Remark. An irreducible Markov chain belongs to exactly one of the following three cases:
transient: The chain is transient, i.e., for all x P X it holds that Pxpτx P Nq P r0, 1q, and there is no

invariant measure.

null recurrent: The chain is null recurrent, i.e., for all x P X it holds that Pxpτx P Nq “ 1 and
Expτxq “ 8, and there is an invariant measure but not an invariant distribution.

positive recurrent: The chain is positive recurrent, i.e., for all x P X it holds that Expτxq P Rě0,
and there is an invariant distribution.

If the state space is finite, only the positive recurrent case occurs. ˝

We investigate under which conditions a positive recurrent Markov chain XZě0
“ pXzqzPZě0

with
values in a countable state space X and with family of probability measures pPxqxPX

on pΩ,A q,
started at any point x P X, converges to its invariant distribution π P Mprp2

Xq as the runtime
diverges, i.e., PXn

x ptyuq “ PxpXn “ yq converges to πptyuq as n Ñ 8 for every y P X.

§19.12 Remark. If PXn

x ptyuq
nÑ8
ÝÝÝÑ πptyuq for all x, y P X, then it follows for all µ P Mprp2

Xq by
dominated convergence that PXn

µ ptyuq
nÑ8
ÝÝÝÑ πptyuq for all y P X, as well as PXn

µ phq
nÑ8
ÝÝÝÑ πphq for

every bounded function h : X Ñ R. ˝

§19.13 Comment. In the lecture course EWS (Beispiel §30.24 (b)) we have shown (keep in mind that
X is countable), that PXn

µ ptyuq
nÑ8
ÝÝÝÑ πptyuq holds for all y P X if and only if

2∥PXn

µ ´ π∥TV “
ÿ

yPX

|P
Xn

µ ptyuq ´ πptyuq|
nÑ8
ÝÝÝÑ 0

(∥PXn

µ ´π∥TV :“ sup t|P
Xn

µ pAq ´ πpAq|: A Ď Xu is called total variation distance). Both statements
hold if and only if PXn

µ converges in distribution to π . ˝

§19.14 Notation. We denote by gcdpMq the greatest common divisor of all n P M Ď N. ˝
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§19.15 Definition. For any x P X, dx :“ gcdptn P N: Pn
x,x P p0, 1suq is called the period of the state x. If

dx “ dy for all x, y P X, then d “ dx is called the period of XZě0
and XZě0

is called aperiodic, if
d “ 1. ˝

§19.16 Lemma. If XZě0
is irreducible, then d :“ dx “ dy for all x, y P X. If XZě0

is in addition aperiodic,
i.e., d “ 1, then for all x, y P X, there exists nx,y P N such that Pn

x,y P p0, 1s for all n P Něnx,y
.

§19.17 Proof of Lemma §19.16. Klenke (2020, Lemma 18.3, p.433) ˝

We apply a coupling argument. To this end, a bivariate Markov chain ppYz , Xzqq
zPZě0

with values
in a countable state space X

2
“ X ˆ X and with family of probability measures pPpy,xqqpy,xqPX

2 on
pΩ,A q is called a coupling if YZě0

“ pYzqzPZě0

and XZě0
“ pXzqzPZě0

are Markov chains, each with
transition matrix P‚,‚ “ pPx,yqx,yPX

on X.

§19.18 Lemma. Let ppYz , Xzqq
zPZě0

be a coupling with family of probability measures pPpy,xqqpy,xqPX
2 on

pΩ,A q where each Markov chain, YZě0
“ pYzqzPZě0

and XZě0
“ pXzqzPZě0

, is irreducible, posi-
tive recurrent and aperiodic with transition matrix P‚,‚ “ pPx,x̃qx,x̃PX

on a countable state space X

and with invariant distribution π P Mprp2
Xq. If XZě0

and YZě0
are independent, then the bivari-

ate Markov chain ppYz , Xzqq
zPZě0

is irreducible, positive recurrent and aperiodic with transition
matrix

Pp‚,‚q,p‚,‚q “ pPpy1,x1q,py2,x2q :“ Py1,y2Px1,x2
q

py1,x1q,py2,x2qPX
2

and with product probability measure π b π P Mprp2
X

2

q as invariant distribution. Moreover, for
all y P X the hitting time τ “ inf tn P Zě0: Xn “ Ynu is Pδybπ-a.e. finite.

§19.19 Proof of Lemma §19.18. is given in the lecture. ˝

§19.20 Theorem. Let XZě0
“ pXzqzPZě0

be an irreducible, positive recurrent and aperiodic Markov chain
with countable state space X, family of probability measures pPxqxPX

on pΩ,A q, and invariant
distribution π P Mprp2

Xq. For all x, x̃ P X we have

lim
nÑ8

PxpXn “ x̃q “ πptx̃uq.

§19.21 Proof of Theorem §19.20. is given in the lecture. ˝
End LE21
2026/06/29

§19.22 Theorem. Let XZě0
“ pXzqzPZě0

be an irreducible and positive recurrent Markov chain with
countable state space X, family of probability measures pPxqxPX

on pΩ,A q, and invariant dis-
tribution π P Mprp2

Xq. Then the following four statements are equivalent:
(C1) XZě0

is aperiodic;

(C2) ∥PXn

x ´ π∥TV

nÑ8
ÝÝÝÑ 0 for all x P X;

(C3) There exists x P X with ∥PXn

x ´ π∥TV

nÑ8
ÝÝÝÑ 0;

(C4) ∥PXn

µ ´ π∥TV

nÑ8
ÝÝÝÑ 0 for all µ P Mprp2

Xq.

§19.23 Proof of Theorem §19.22. is given in the lecture. ˝
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Chapter 6

Ergodic theory

§20 Stationary and ergodic processes

Ergodic theory is the study of laws of large numbers for possibly dependent, but stationary,
random variables.

§20.01 Reminder. Let T Ď R be closed under addition (e.g. T “ Zě0) and for s P T denote by

ϑs : X
T

Q xT “ px
t
q
tPT ÞÑ ϑs

pxT q :“ xT `s :“pxtqtPT `s
“ pxt`sqtPT P X

T

the shift (-operator). A stochastic process XT “ pXtqtPT with state space X is called

stationary, if XT and XT `s :“ϑs
pXT q are identically distributed (i.e. PXT “ P

XT `s), symbolically
XT

d
“ XT `s, for every s P T (see Definition §09.08).

In the sequel we write ϑs :“ ϑs and ϑ :“ ϑ1. For z P T “ Z we note that ϑz
˝ϑ´z

“ ϑ0
“ id

X
Z and

ϑ|z |
“ ϑ˝¨ ¨ ¨˝ϑ (|z |-times). Moreover, XZ

d
“ ϑzpXZq for all z P Z is equivalent to XZ

d
“ ϑpXZq. ˝

§20.02 Example.
(a) If tXt : t P T u are i.i.d. random variables, then XT “ pXtqtPT is stationary. Dismissing the

independence assumption, i.e., PXt

“ P
Xs holds for every t, s P T , in general XT is not

stationary. For example, consider i.d. random variables tXt : t P Zě0u where X1 “ Xn for all
n P N but X0 ‰ X1. Then XZě0

is not stationary.

(b) Let XZě0
“ pXzqzPZě0

be an irreducible and positive recurrent Markov chain with countable
state space, family of probability measures pPxqxPX

on pΩ,A q, and invariant distribution
π P Mprp2

Xq. If π is the initial distribution, i.e. PXZě0

π “
ř

xPX πptxuqP
XZě0

x is the distribution of

XZě0
, then XZě0

d
“ ϑpXZě0

q and hence XZě0
is stationary.

(c) Let tXz : z P Zu be i.i.d. real random variables, m P N, and ci P R for all JmK. Then
Yz :“

ř

iPJmK ciXz´i, z P Z, defines a stationary process YZ “ pYzqzPZ
, that is called the

moving average of XZ “ pXzqzPZ
with weights pciqiPJmK P R

m.

More general, let g P MpB
Z
q be real and Borel-measurable (e.g. gpxZq “

ř

iPJmK cix0´i for
xZ P R

Z). For z P Z we set

gz :“ g ˝ ϑ
z
: R

Z

Q xZ ÞÑ gzpxZq :“ gpϑ
z
pxZqq P R

(e.g. gzpxZq “
ř

iPJmK cixz´i for xZ P R
Z). Then YZ “ pYz :“ gzpXZqq

zPZ
defines a stationary

process . ˝

In the sequel pΩ,A ,Pq denotes a probability space and T : Ω Ñ Ω a measurable map, i.e.
T P MpA ,A q.

§20.03 Definition. T P MpA ,A q is called measure preserving (maßerhaltend) or P-preserving if

P
T
pAq “ PpT

´1
pAqq “ PpAq for all A P A .

In this case pΩ,A ,P, T q is called a (measure preserving) dynamical system. ˝
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§20.04 Example. Let pX,BXq be a Polish space equipped with its Borel-σ-algebra.
(a) For a X-valued random variable f P MpB

Zě0

X ,BXq and a measure preserving map T on a
probability space pΩ,A ,Pq the process YZě0

:“ pYz :“ f ˝ T z
q
zPZě0

is stationary.

(b) Let ΠZě0
“ pΠzqzPZě0

be the coordinate process on pX
Zě0,B

Zě0

X ,Pq “ pΩ,A ,Pq (see Re-
mark §09.03) and ϑ the shift operator as recalled in Reminder §20.01. Then

(b1) Πz “ Π0 ˝ ϑz for all z P Zě0 and

(b2) ΠZě0
is a stationary process if and only if pX

Zě0,B
Zě0

X ,P, ϑq is a dynamical system.

(c) Let pX
Zě0,B

Zě0

X ,P, ϑq be a dynamical system and f P MpB
Zě0

X ,BXq a X-valued random variable
on pX

Zě0,B
Zě0

X ,Pq, then XZě0
“ pXz :“ f ˝ ϑz

q
zPZě0

is stationary and ϑ is PXZě0 -preserving, i.e.
pX

Zě0,B
Zě0

X ,PXZě0 , ϑq a dynamical system. ˝

§20.05 Example (§20.02 (b) continued). Let XZě0
be an irreducible and positive recurrent Markov chain

with countable state space pX, 2Xq, family of probability measures pPxqxPX
on pΩ,A q, and in-

variant distribution π P Mprp2
Xq. If π is the initial distribution, then ϑ is PXZě0

π -preserving, i.e.
pX

Zě0, 2X
Zě0

,PXZě0

π , ϑq a dynamical system. ˝

§20.06 Definition. An event A P A is called

invariant, if T ´1
pAq “ A (ô T ´1

pAq△A “ H),

P(-almost)-invariant, if PpT ´1
pAq△Aq “ 0 (ô 1

T
´1

pAq
“ 1A P-a.e.)

We denote by

IT :“ tA P A : T´1
pAq “ Au the σ-algebra of all invariant events,

I P

T :“ tA P A : PpT´1
pAq△Aq “ 0u the σ-algebra of all P-invariant events. ˝

§20.07 Remark. IT and I P

T are indeed σ-algebras (verify!) and evidently IT Ď I P

T .

For each A˝
P IT and A P A with PpA˝△Aq “ 0 we have A P I P

T . Conversely, for each A P I P

T

there exists A˝
P IT with PpA˝△Aq “ 0. ˝

§20.08 Reminder. T “ tH,Ωu and T P :“ tA P A : PpAq P t0, 1uu denotes, respectively, the trivial
and P-trivial σ-algebra. A sub-σ-algebra I Ď A is called P-trivial if PpAq P t0, 1u for all
A P I , i.e. I Ď T P. ˝

§20.09 Definition. A dynamical system pΩ,A ,P, T q is called

ergodic, if IT is P-trivial or in equal I P

T is P-trivial.

In this case we call T P-ergodic. ˝

§20.10 Lemma. Let pΩ,A ,P, T q be a dynamical system.
(i) For any real f P MpA q we have

(ia) f ˝ T “ f if and only if f is IT -measurable, i.e. f P MpIT q

(ib) f ˝ T “ f P-a.e. if and only if f is I P

T -measurable, i.e. f P MpI P

T q

(ii) pΩ,A ,P, T q is ergodic if and only if every f P MpI P

T q is P-a.s. constant.

§20.11 Proof of Lemma §20.10. is given in the lecture. ˝

§20.12 Example (§20.04 continued). Let ΠZě0
“ pΠzqzPZě0

be the coordinate process on pX
Zě0,B

Zě0

X ,Pq,
f P MpB

Zě0

X ,BXq and XZě0
“ pXz :“ f ˝ ϑz

q
zPZě0

.

80 Probability theory

https://creativecommons.org/licenses/by-nc/4.0/deed.de


§21 Ergodic theorems Chapter 6 Ergodic theory

(a) If ϑ is P-ergodic, then ϑ is also PXZě0 -ergodic, i.e. pX
Zě0,B

Zě0

X ,PXZě0 , ϑq an ergodic dynamical
system, since X

´1

Zě0
pIϑ q Ď Iϑ .

(b) If tΠz : z P Zě0u are i.i.d. random variables, then ϑ is P-ergodic by Kolmogorov’s 0-1 law
(lecture course EWS, Satz §16.15), since Iϑ Ď

Ź

nPZě0

Ž

mPZěn
σpΠmq “: AΠZě0

(tail-σ-
algebra). ˝

§20.13 Example (§20.05 continued). Let XZě0
be an irreducible and positive recurrent Markov chain

with countable state space pX, 2Xq, family of probability measures pPxqxPX
on pΩ,A q, and in-

variant distribution π P Mprp2
Xq. If π is the initial distribution, then ϑ is PXZě0

π -ergodic, i.e.
pX

Zě0, 2X
Zě0

,PXZě0

π , ϑq an ergodic dynamical system. ˝
End LE22
2026/07/01

§21 Ergodic theorems

In this section, pΩ,A ,P, T q always denotes a (measure preserving) dynamical system. Further
let X0 P MpA q be real, Borel-measurable and

Xm “ X0 ˝ T
m for all m P N.

Hence, XZě0
“ pXzqzPZě0

is a stationary, real-valued stochastic process. We consider the partial
sum prozess SZě0

:“ pSzqzPZě0

with S0 :“ 0 and

Sn :“
ÿ

mPJnK

Xm´1 “
ÿ

mPJ0,n´1K

Xm “
ÿ

mPJ0,n´1K

X0 ˝ T
m for all n P N,

Ergodic theorems are laws of large numbers for SZě0
“ pSzqzPZě0

.

§21.01 Lemma (Hopf’s maximal-ergodic lemma). Let X0 P L
1
pPq. Define Mz :“ max tSm: m P J0, zKu for

z P Zě0, and set M8 :“ sup tSz : z P Zě0u. Then EpX01Rą0

pMnqq P Rě0 for every n P N and by
dominated convergence EpX01Rą0

pM8qq P Rě0.

§21.02 Proof of Lemma §21.01. is given in the lecture. ˝

§21.03 Birkhoff’s ergodic Theorem. Let X0 P L
1
pPq. Then

(i) 1
n
Sn “ 1

n

ř

mPJnK Xm´1 “ 1
n

ř

mPJ0,n´1K X0 ˝ Tm P-a.e.
ÝÝÝÑ E

`

X0

ˇ

ˇIT

˘

.

(ii) if in addition T is P-ergodic, then 1
n

ř

mPJnK Xm´1

P-a.e.
ÝÝÝÑ EpX0q.

§21.04 Proof of Theorem §21.03. is given in the lecture. ˝

§21.05 Lemma. Let tYz : z P Zě0u be identically distributed, real random variables with Y0 P L
s
pPq for

s P Rě1. Define

Zn :“ | 1
n

ÿ

iPJnK

Yi´1|s for all n P N.

Then pZnqnPN
is uniformly P-integrable.

§21.06 Proof of Lemma §21.05. is given in the lecture. ˝

§21.07 von Neumann’s ergodic Theorem. Let s P Rě1 and X0 P L
s
pPq. Then

(i) 1
n
Sn “ 1

n

ř

mPJnK Xm´1 “ 1
n

ř

mPJ0,n´1K X0 ˝ Tm L
s
pPq

ÝÝÝÑ E
`

X0

ˇ

ˇIT

˘

.
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(ii) if in addition T is P-ergodic, then 1
n

ř

mPJnK Xm´1

L
s
pPq

ÝÝÝÑ EpX0q.

§21.08 Proof of Theorem §21.07. is given in the lecture. ˝

§21.09 Example (§20.13 continued). Let XZě0
“ pXzqzPZě0

be an irreducible and positive recurrent Markov
chain with countable state space, family of probability measures pPxqxPX

on pΩ,A q, and invariant

distribution π P Mprp2
Xq. Since pX

Zě0, 2X
Zě0

,PXZě0

π , ϑq is an ergodic dynamical system by applying
Birkhoff’s ergodic Theorem §21.03 for all x P X we have

1
n

ÿ

mPJ0,n´1K

1tXm“xu Ñ PπpX0 “ xq “ πptxuq Pπ-a.e. (21.01)

In this sense πptxuq is the average time XZě0
spends in the state x in the long run. Note that due

to von Neumann’s ergodic Theorem §21.07 the convergence in (21.01) holds also in L
s
pPπq for all

s P Rě1. Similarly, for each f P L
s
pπq we have

1
n

ÿ

mPJ0,n´1K

fpXmq Ñ PπpfpX0qq “ πpf q Pπ-a.e. and in L
s
pπq. (21.02)

The last results are the foundations for Markov Chain Monte Carlo (MCMC) methods which
eventually aim to generate a sample from a target distribution π P Mprp2

Xq or to calculate a value
πpf q for some f P L

s
pπq. ˝

§21.10 Example. Let pΩ,A ,P0 , T q and pΩ,A ,P1 , T q be ergodic. If P0 ‰ P1 then there exists f P MpA q

with |f | ď 1 and P0pf q ‰ P1pf q. By Birkhoff’s ergodic Theorem §21.03 we have

1
n

ÿ

mPJ0,n´1K

f ˝ T
m

Ñ

"

P0pf q P0 -a.e.
P1pf q P1 -a.e.

Set A :“ t
ř

mPJ0,n´1K f ˝ Tm
Ñ P0pf qu then P0pAq “ 1 and P1pAq “ 0. Therefore, P0 K P1 are

mutually singular (see Definition §03.01). Consequently, if T is P0 -ergodic and P1 -ergodic then
either P0 “ P1 or P0 K P1 . ˝

End LE23
2026/07/03
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Chapter 7

Exponential inequalities

§22 Exponential inequalities

In this section, all random variables are defined on a probability space pΩ,A ,Pq and we denote
by E the expectation with respect to P.

§22.01 Lemma (Birgé, 2000). Let X be a real random variable.
(i) If there exists a P Rą0 such that

logpEpexpptX qqq ď patq2 for all t P Rě0,

then for all x P Rě0 we have

PpX ě 2a
?
xq ď expp´xq and PpX ě xq ď expp´

x2

4a2
q.

(ii) If there exist a, b P Rą0 such that

logpEpexpptX qqq ď
patq2

1´bt
for all t P p0, b

´1
q,

then for all x P Rě0 we have

PpX ě 2a
?
x ` bxq ď expp´xq, PpX ě xq ď expp´min p

x2

8a2
, x
2b

qq

and PpX ě xq ď expp´
x2

4a2`2bx
q.

§22.02 Proof of Lemma §22.01. is given in the lecture. ˝

§22.03 Remark. A standard-normally distributed random variable X „ N
p0,1q

satisfies

EpexpptX qq “ 1?
2π

ż

expptx ´
x2

2
qdx “ expp

t2

2
q 1?

2π

ż

expp´
px´tq

2

2
qdx “ expp

t2

2
q.

Consequently, by applying Lemma §22.01 (i) we obtain N
p0,1q

pRěxq “ PpX ě xq ď expp´
x2

2
q. On

the other hand side, for x P Rą0 using
ż 8

x

p1 ` y´2
qexpp´

y2

2
qdy “ x´1expp´

x2

2
q and

ż 8

x

yexpp´
y2

2
qdy “ expp´

x2

2
q

we obtain

x2

1`x2 ď
?
2πxexpp

x2

2
qN

p0,1q
pRěxq ď 1

and hence PpX ě xq “
expp´

x2

2
q

?
2πx

p1 ` op1qq as x Ñ 8 where expp´
x2

2
q

x
“ expp´

x2

2
p1 `

logpx2q

x2 qq. ˝

§22.04 Corollary. Let pXiqiPJnK be independent real random variables.
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(i) If there exists aJnK “ paiqiPJnK P R
n

ą0 such that for all i P JnK

logpEpexpptXiqqq ď paitq
2 for all t P Rě0

and setting ∥aJnK∥2

2
:“

ř

iPJnK a
2
i then for all x P Rě0 we have

Pp
ÿ

iPJnK

Xi ě 2∥aJnK∥2
?
xq ď expp´xq and Pp

ÿ

iPJnK

Xi ě xq ď expp´
x2

4∥aJnK∥2

2

q.

(ii) If there exist aJnK, bJnK P R
n

ą0 such that for all i P JnK

logpEpexpptXiqqq ď
paitq2

1´bit
for all t P p0, b

´1

i q,

and setting ∥bJnK∥8
:“ max tbi : i P JnKu then for all x P Rě0 we have

Pp
ÿ

iPJnK

Xi ě 2∥aJnK∥2
?
x ` ∥bJnK∥8

xq ď expp´xq, Pp
ÿ

iPJnK

Xi ě xq ď expp´min p
x2

8∥aJnK∥2

2

, x
2∥bJnK∥8

qq

and Pp
ÿ

iPJnK

Xi ě xq ď expp´
x2

4∥aJnK∥2

2
`2∥bJnK∥8

x
q.

§22.05 Proof of Corollary §22.04. is given in the lecture. ˝

§22.06 Lemma (Hoeffding, 1963). Let X be a real random variable. If there exist a, b P R such that

EpX q “ 0 and a ď X ď b,

then we have

logpEpexpptX qqq ď t2 pb´aq
2

8
for all t P Rě0.

§22.07 Proof of Lemma §22.06. is given in the lecture. ˝

§22.08 Theorem (Hoeffding’s inequaltiy). Let pXiqiPJnK be independent real random variables. If there
exist aJnK, bJnK P R

n such that for all i P JnK

EpXiq “ 0 and ai ď Xi ď bi,

then for all x P Rě0 we have

Pp
ÿ

iPJnK

Xi ě xq ď expp´
2x2

∥bJnK´aJnK∥2

2

q.

§22.09 Proof of Theorem §22.08. is given in the lecture. ˝

§22.10 Corollary. Let pRiqiPJnK „ Un
t´1,1u be independent and uniformely on t´1, 1u-distributed random

variables (Rademacher) and cJnK “ pciqiPJnK P R
n, then for all x P Rě0 we have

Pp|
ÿ

iPJnK

ciRi| ě xq ď 2expp´
x2

2∥cJnK∥2

2

q.

Note that ∥cJnK∥2

2
equals the variance of

ř

iPJnK ciRi.

§22.11 Proof of Corollary §22.10. is given in the lecture. ˝
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§22.12 Lemma (Cramér condition). Let X be a real random variable. If there exist c, σ2 P Rą0 such that

EpX q “ 0 and Ep|X |mq ď m!
2
σ2cm´2 for all m P Ně2

then we have

logpEpexpptX qqq ď
σ2t2

2p1´ctq
for all t P p0, c´1

q.

§22.13 Proof of Lemma §22.12. is given in the lecture. ˝

§22.14 Theorem (Bernstein’s inequality). Let pXiqiPJnK be independent real random variables. If there
exist cJnK, σ

2
JnK P R

n

ą0 such that for all i P JnK

EpXiq “ 0 and Ep|Xi|mq ď m!
2
σ2
i c

m´2
i for all m P Ně2,

then for all x P Rě0 we have

Pp
ÿ

iPJnK

Xi ě xq ď expp´
x2

2∥σJnK∥2

2
`2∥cJnK∥8

x
q.

§22.15 Proof of Theorem §22.14. is given in the lecture. ˝

§22.16 Remark. For x P Rą´1 the supremum of the function

R Q t ÞÑ 1 ` tp1 ` xq ´ expptq P R

is achieved for t̋ “ logp1 ` xq and we set

ϕpxq :“ p1 ` xqlogp1 ` xq ´ x “ sup ttx ´ expptq ` 1 ` t: t P Rą0u (22.01)

for x P Rě0. ˝

§22.17 Lemma. Let X be a real random variable. If there exists a, c P Rą0 such that

logpEpexpptX qqq ď apexpptcq ´ 1 ´ tcq for all t P Rą0,

then for all x P Rě0 we have

PpX ě xq ď expp´aϕp
x
ac

qq ď expp´
3x
4c
logp1 `

2x
3ac

qq ď expp´
x2

2ac2`2cx{3
q and

PpX ě
a

2ac2x ` cx{3q ď expp´xq.

§22.18 Proof of Lemma §22.17. is given in the lecture. ˝

§22.19 Lemma. Let X be a real random variable satisfying

EpX q “ 0 and |X | ď c for c P Rą0.

Then setting σ2 :“ EpX
2
q we have

logpEpexpptX qqq ď
σ2

c2
pexpptcq ´ 1 ´ tcq for all t P Rě0.

§22.20 Proof of Lemma §22.19. is given in the lecture. ˝
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§22.21 Corollary. Let pXiqiPJnK be independent real random variables satisfying

EpXiq “ 0 and |Xi| ď c for all i P JnK and c P Rą0.

Then setting σ2
n :“ 1

n

ř

iPJnKEpX
2

i q and Sn :“
ř

iPJnK Xi we have

logpEpexpptSnqqq ď
nσ2

n

c2
pexpptcq ´ 1 ´ tcq for all t P Rě0

and the same inequality holds for ´Sn.

§22.22 Proof of Corollary §22.21. is given in the lecture. ˝

§22.23 Theorem (Inequalities of Bennet, Prohorov and Bernstein). Let pXiqiPJnK be independent real random
variables satisfying

EpXiq “ 0 and |Xi| ď c for all i P JnK and c P Rą0.

Then setting σ2
n :“ 1

n

ř

iPJnKEpX
2

i q and Sn :“
ř

iPJnK Xi for all x P Rě0 we have

PpSn ě xq ď expp´
nσ2

n

c2
ϕp

xc
nσ2

n
qq

ď expp´
3x
4c
logp1 `

2xc
3nσ2

n
qq

ď expp´
x2

2nσ2
n `2xc{3

q and

PpSn ě
a

2nσ2x ` cx{3q ď expp´xq,

where ϕ is defined in (22.01) and the same inequalities hold for PpSn ď ´xq.

§22.24 Proof of Theorem §22.23. is given in the lecture. ˝
End LE24
2026/07/08
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