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Chapter 1

Introduction

SHORT SUMMARY

Statistical ill-posed inverse problems are becoming increasingly important in a diverse range
of disciplines, including geophysics, astronomy, medicine and economics. Roughly speaking,
in all of these applications the observable signal g = T'f is a transformation of the functional
parameter of interest f under a linear operator 7'. Statistical inference on f based on an esti-
mation of g which usually requires an inversion of 7' is thus called an inverse problem. The
lecture course focuses on statistical ill-posed inverse problems with noise in the operator where
neither the signal g nor the linear operator 7' are known in advance, although they can be es-
timated from the data. Our objective in this context is the construction of minimax-optimal
fully data-driven estimation procedures of the unknown function f. Special attention is given to
four models and their extensions, namely Gaussian inverse regression, density deconvolution,
functional linear regression and non-parametric instrumental regression, which lead naturally
to statistical ill-posed inverse problems with noise in the operator.

APPLICATIONS

Density deconvolution with unknown error distribution. The biologist who is interested in
the density f of a gene-expression intensity X, can record in a cDNA microarray the expressed
gene intensity X only corrupted by the intensity of a background noise ¢, thatis Y = X +¢. If
the additive measurement error ¢ is independent of X then the density g = f % ¢ of Y equals
the convolution of f and the error density ¢. Consequently, recovering f from the estimated
density ¢ = C, f of Y is an inverse problem where C, is the convolution operator defined by
the error density ¢. In this situation, the density f of the random variable X has to be estimated
non-parametrically based on an iid. sample from a noisy observation Y of X which is called
a density deconvolution problem. There is a vast literature on deconvolution with known error
density which leads to a statistical ill-posed inverse problem with known operator. On the other
hand, if the error density ¢ is estimated from an additional calibration sample of the error € then
the deconvolution problem corresponds to a statistical ill-posed inverse problem with noise in
the operator.

Functional linear regression. In climatology, prediction of level of ozone pollution based on
continuous measurements of pollutant indicators is often modelled by a functional linear model.
In this context a scalar response Y (i.e. the ozone concentration) is modelled in dependence of
a random function X (i.e. the daily concentration curve of a pollutant indicator). Typically
the dependence is assumed to be linear which finds its expression in a linear normal equation
g = I'f where g is the cross-correlation between Y and X, and I' is the covariance operator
associated to the indicator X. Note that both the cross-correlation function g and the covariance
operator " need to be estimated in practice. Consequently, the non-parametric estimation of the
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functional slope parameter f based on an iid. sample from (Y, X) leads to a statistical ill-posed
inverse problem with noise in the operator.

Non-parametric instrumental regression. An econometrician who wants to analyse an eco-
nomic relation between a response Y and an endogenous vector X of explanatory variables,
might incorporate a vector of exogenous instruments Z. This situation is usually treated by
considering a conditional moment equation g = K f where g = Ey | is the conditional ex-
pectation function of Y given Z and K is the conditional expectation operator of X given Z.
As these are unknown in practice, inference on f based on an iid. sample from (Y, X, Z) is a
statistical ill-posed inverse problem with noise in the operator.

STATISTICAL ILL-POSED INVERSE PROBLEMS

We study non-parametric estimation of the functional parameter of interest f in an inverse
problem, that is, its reconstruction based on an estimation of a linear transformation g = 7' f. It
is important to note that in all the applications discussed above both the signal g and the inherent
transformation 7" are unknown in practice, although they can be estimated from the data. The
estimated signal g and operator T respectively given by

G=Tf++vnW and T=T+/mB. (1.1)

are noisy versions of g and 7" contaminated by additive random errors IV and B with respective
noise levels n and m. Consequently, a statistical inference on the functional parameter of inter-
est f has to take into account that a random noise is present in both the estimated signal W and
the estimated operator B.

Gaussian inverse regression with noise in the operator. A particularly interesting situation
is given by model (1.1) where the random error W and B are independent Gaussian white
noises. This model is particularly useful to characterise the influence of an a priori knowledge
of the operator 7. To this end we will compare three cases: First, the operator 7' is fully known
in advance, i.e., the noise level m is equal to zero. Second, it is partially known, that is, the
eigenfunctions of 7" are known in advance but the “observed” eigenvalues of 1" are contaminated
with an additive Gaussian error. Third, the operator 1" is unknown.

MINIMAX-OPTIMAL ESTIMATION

Typical questions in this context are the non-parametric estimation of the functional param-
eter f on an interval or in a given point, referred to as global or local estimation, respectively.
However, these are special cases in a general framework where the accuracy of an estimator
f of f given the estimations (1.1) is measured by a distance ?_(f, f). A suitable choice of
the distance covers than the global as well as the local estimation problem. Moreover, denot-
ing by B/ o, (f, f)|? (or Ef [0, (f, f)|?) its expectation w.r.t. the probability measure P7;"

associated with the observable quantities (1.1) we call the quantity Py 10._(f, f)|? risk of the

estimator J?of f. It is well-known that in terms of its risk the attainable accuracy of an esti-
mation procedure is essentially determined by the conditions imposed on f and the operator 7.
Typically, these conditions are expressed in the form f € F and 7' € T for suitable chosen
classes F and 7. The class F reflects prior information on the solution f, e.g., its level of
smoothness, and the class 7 imposes among others conditions on the decay of the eigenvalues

N
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Chapter 1 Introduction

of the operator 7". Consequently, let us introduce the associated family of probability measures
P27 . The accuracy of f is hence measured by its maximal risk over the classes F and 7T, that
is,

o [ Br] = sup {Br o (F, £)I%, B € Br ).

Moreover, fis called minimax-optimal up to a finite positive constant C' if R, [ﬂ T } <
C'inf 79, [ f | 77" | where the infimum is taken over all possible estimators of f. Consequently,
minimax-optimality of an estimator f based on observations (1.1) is usually shown by estab-

lishing both an upper and a lower bound. More precisely, we search a finite positive quantity
Ry ™ depending only on the noise levels and the classes such that

Ro[fIB27] < CyRy™ and Ry™ < Coinf 9% [ PRy

where (', (5 are finite positive constants independent of the noise levels. Moreover, the quan-
tity Ry™ is called the minimax-optimal rate of convergence over the family P , := {P77 , n,m €
(0,1)} if it tends to zero as n and m tend to zero.

ADAPTIVE ESTIMATION

In many cases the proposed estimation procedures rely on the choice of at least one tuning pa-
rameter, which in turn, crucially influences the attainable accuracy of the constructed estimator.
In other words, these estimation procedures can attain the minimax rate Ry over the family
P- - only if the inherent tuning parameters are chosen optimally. This optimal choice, how-
ever, follows often from a classical squared-bias-variance compromise and requires a a priori
knowledge about the classes F and 7, which is usually inaccessible in practice. This motivates
its data-driven choice in the context of non-parametric statistics since its very beginning in the
fifties of the last century. A demanding challenge is then a fully data driven method to select
the tuning parameters in such a way that the resulting data-driven estimator of f still attains
the minimax-rate up to a constant over a variety of classes F and 7. The fully data driven
estimation procedure is then called adaptive.
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Chapter 2

Theoretical basics and terminologies

2.1 Hilbert space

For a detailed and extensive survey on functional analysis we refer the reader, for example,
to Werner [2011] or the series of textbooks by Dunford and Schwartz [1988a,b,c].

§2.1.1 Definition. A normed vector space (H, ||-||m) over K € {R,C} that is complete (in a
Cauchy-sense) is called a (real or complex) Hilbert space if there exists an inner product (-, -)g
on H x H with |(h, h)u|*/? = ||| for all b € H. 0

§2.1.2 Property. Let (H, ||-||1) and (H, ||-||2) be complete normed vector spaces. If there exists
a constant K > 0 such that ||h||, < K ||h||, forany h € Hthen, ||-||; and ||-||2 are equivalent. ©

§2.1.3 Property.
(Cauchy-Schwarz inequality) |(hy, ho)u| < ||h1|lg - || h2l|lg for all hy, he € HL. O

§2.1.4 Examples.

(i) For k € N the Euclidean space K* endowed with the Euclidean inner product (z, ) := 'z
and the induced Euclidean norm ||z|| = (Z'x)/? for all 2,y € K* is a Hilbert space. More
generally, given a strictly positive definite (k x k)-matrix W, K* endowed with the weighted
inner product (z, y)w := y'Wax for all z, y € K* is also a Hilbert space.

(ii) Given J C Z, denote by K7 the vector space of all K-valued sequences over J where
we refer to any sequence (z;);es € K7 as a whole by omitting its index as for example
in «the sequence x» and arithmetic operations on sequences are defined element-wise, i.e.,
zy = (z;y;)jes. Inthe sequel, let ||z, := (Zjej |mj|p)1/p, forp € [1,00), and ||z| )0 :=

sup,c 7 |7;]. Thereby, for p € [1, oc], consider £7(J) := {(a:j)jej e K7, ||z, < oo}, or

¢? for short, endowed with the norm ||-||¢». In particular, ¢*(7) is the usual Hilbert space of
square summable sequences over J endowed with the inner product (z, y)s.2 1= ) ic7 TiY;
forall z,y € *(J).

(ii1) For a strictly positive sequence v consider the weighted norm HZEHZZ =Y ies Vil ) We
define ¢2(J), or £2 for short, as the completion of £(7) w.r.t. ||-||, which is a Hilbert space
endowed with the inner product (z,y) ;2 := (0x,0y)2 = > ; vix;7; forall z,y € L.

(iv) Let % be the Borel-o-algebra on K. Given a measure space (£2,.¢7, i) denote by K the
vector space of all K-valued functions f : 2 — K. Recall that || f|| = (p|fIP)VP =

([ |f(w)|pu(dw))1/p, for p € [1,00), and ||f||Lg° = inf{c : u(|f] > ¢) = 0}, where
for p € [1,00], we write LP(Q, o/, p) = {f € K%, &/-B-measurable , || f||,, < oo},
L7 (€2) or Lk for short, which is endowed with the norm ||-|| .z for short. In case p is the
Lebesgue measure, then we may write LF(2, .«7), LP(Q2), L? and ||-|| .» for short. Moreover,
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Chapter 2 Theoretical basics and terminologies 2.1 Hilbert space

L*(Q, o/, ), L2(Q) or L2 for short, is the usual Hilbert space of square p-integrable, <7 -
PB-measurable functions on () endowed with the inner product (f, g) Lz = w(fg) for all
frge L.

(v) Let X be a random variable (r.v.) on a probability space ({2, o7, P) taking its values in a
measurable space (X, %). We denote by PX := P o X ! the image probability measure of
P under X on (X, %). For p € [1, 00] we set L% := LP(X, %, PX) where L% is a Hilbert
space endowed with (f, g) ;2 = P*(fg) forall f,g € L%. O

§2.1.5 Definition. A subset U/ of a Hilbert space (H, (-, -)g) is called orthogonal if
YVuy,ug € U, uy # ug : (ug, ug)g =0

and orthonormal system (ONS) if in addition |ul|y = 1, Vu € U. We say U is an orthonormal
basis (ONB) if U C U" and U’ is ONS, then U = U, i.e., if it is a complete ONS.

§2.1.6 Examples.

(i) Consider the real Hilbert space L?([0, 1]) w.r.t. the Lebesgue measure. The trigonometric
basis {1;,7 € N} given for ¢ € [0, 1] by

Y (t) := 1, Yop(t) == V2 cos(2mkt), opsr(t) == V2sin(2rkt), k=1,2,...,

is orthonormal and complete, i.e. an ONB.

(ii) Consider the complex Hilbert space L?([0, 1)), then the exponential basis {e;, j € Z} with
e;(t) == exp(—2mjt) fort € [0,1) and j € Z,
is orthonormal and complete, i.e. an ONB. O

§2.1.7 Properties.
(Pythagorean formula) If ha, ..., h, € H are orthogonal, then ||Z;1:1 hilld = 27:1 ||hj||§}1-

(Bessel’s inequality) — IfU C H is an ONS, then ||h||7 > > wer | (s wml? for all b € H.

(Parseval’s formula) — An ONS U C H is complete if and only if ||h||3, = > wer | (s wyml? for
all h € H. O

§2.1.8 Definition. Let U be a subset of a Hilbert space (H, (-, -);). Denote by U := lin(i) the
closure of the linear subspace spanned by the elements of ¢/ and its orthogonal complement in
(H, (-, )u) by U+ := {h € H: (h,u)u = 0,Vu € lin(U) } where H = U & U*. O

§_2.l.9 ReEark. If 4/ C H is an ONS, then there exists an ONS V C H such that H =
lin(U) @ lin(V) and for all h € Hitholds h = 3", ., ,(h, u)wu+ Y, o\, (h, v)mv (in a H-sense).
In particular, if ¢/ is an ONB then h =~ (h,u)gu for all h € H. O

§2.1.10 Definition. Given J C Z, a sequence (u;);es in H is said to be orthonormal and
complete (i.e. orthonormal basis) if the subset U/ = {u;,j € J} is a complete ONS (i.e. ONB).
The Hilbert space H is called separable, if there exists a complete orthonormal sequence. m

§2.1.11 Examples. The Hilbert space (R*, (-,-)ar), (€3, (,)¢z) and (L2(), (-, -)rz) with o-
finite measure p are separable. On the contrary, given A € R define the function f, : R — C
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2.1 Hilbert space Chapter 2 Theoretical basics and terminologies

with f(z) := e and set H = lin { f, A € R}. Observe that (f, g) = lim;_c 5 fft f(s)g(s)ds
defines an inner product on . The completion of 7 w.r.t. the induced norm || f|| = |{f, f)|*/2
is a Hilbert space which is not separable, since || fy — fv| = v/2 forall A # X. O

§2.1.12 Definition. Given J C Z we call a (possibly finite) sequence (J,,)merm, M C N, a
nested sieve in J, if (i) T, C Jm, forany k € [I,m] N M and m € M, (ii) |Tn| < oo,
m € M, and (i) UpemTm = J. We write J¢ := J\Tm, m € M. Denoting [a,b] :=
[a, b] N Z (analogously, ||a, b] :=]a,b] N Z, [a,b] := [a, b]|NZ, etc.) we use typically the nested
sieve ([1,m])men and ([—m,m])meny in J = N and J = Z, respectively. Analogously,
given an ONS U = {u;,j € J} and setting U,,, := %{uj,j € Im}, m € M, for a nested
sieve (Jm)mem in J we call the (possibly finite) sequence (U, )menr a nested sieve in U =
lin {u;,j € J}. We write U}, := lin {u;,j € J¢} where U = U,, ® U.. For convenient
notations we set further 17, = (17, (j))jes With1 (j) = 1if j € Jpand 15, (j) =0
otherwise, and analogously 1 7. := (1 7¢ (j)) e O

§2.1.13 Definition. We call an ONS U = {u;,j € J} in L, (respectively, in £7)

(i) regular w.rt. a nested sieve (J)mem in J and a weight sequence v if there is a finite
constant 7, > 1 satisfying [|3°.c , 03[u;|*[|Lee < 73557, 07 forallm € M;

(i1) regular w.rt. a weight sequence a if there exists a finite constant 7,, > 1 such that
20, |2 2
||Zjej as|u;| ”Lﬁo S Toor U

§2.1.14 Remark. According to Lemma 6 of Birgé and Massart [1997] assuming in L? a regular
ONS {u;,j € N} w.r.t. the nested sieve ([1,m])nen and v = 1 is exactly equivalent to follow-
ing property: there exists a finite constant 7, > 1 such that for any A belonging to the subspace
U,,, spanned by the first m functions {u;}7,, holds ||A|| « < 7u/m||h]| > Typical example
are bounded basis, such as the trigonometric basis, or basis satisfying the assertion, that there ex-

ists a positive constant C, such that for any (cy, ..., ;) € R™, 307 cjuj|ne < Cooy/mcla
where |c|o = max;<;<m ¢;. Birgé and Massart [1997] have shown that the last property is sat-
isfied for piece-wise polynomials, splines and wavelets. O

§2.1.15 Example (§2.1.6 (i) continued). Consider the trigonometric basis {1);,j € N} in the
real Hilbert space L*([0,1]). Since sup;cy [|¢]|, < V2 setting 72 := 2 the trigonometric
basis is regular w.r.t. any nested Sieve (7,,)menm and sequence v, i.e., §2.1.13 (i) holds with
1> 5e0, 031052l < 72 37 ¢ 7, 03 Inthe particular case of the nested sieve ([1, 1 4 2m])men

and v = 1, we have Z;:fm 5% = T + D072 {2 sin?(27rje) + 2cos?(2mje)} = 1+ 2m
and thus, the trigonometric basis is regular with 7;f := 1. Moreover, the trigonometric basis is

regular w.r.t. any square-summable weight sequence a, i.e., ||a||,» < cc. Indeed, in this situation
we have |37,y 03[ |le, < 2 lla]|7: and hence §2.1.13 holds with 72 = 2 ||a||%. O

2.1.1 Abstract smoothness condition

§2.1.16 Notations. Let U = {u;,j € J} be an ONS with U = lin {u;,j € J} C H. For
any h € H consider its associated sequence of generalised Fourier coefficients [h] := ([h];) cs
with generic elements [k, = (h,u;)m, j € J. Given a strictly positive sequence of weights
o = (0)), for h,g € H we define (. g)? := (o[h], olgl)e = 3,0, v2[h],[g], and [[h]]? ==
I[R] ”?g = Y ics B3l[Al;|*. Obviously, (-, -), and [|-||, restricted on U defines on U a (weighted)
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Chapter 2 Theoretical basics and terminologies 2.2 Linear operator between Hilbert spaces

inner product and its induced (weighted) norm, respectively. We denote by U, the completion
of Uw.rt. ||-||v. If (u;);es is complete in H then let H,, be the completion of H w.r.t. ||-|l,. ©

§2.1.17 Example (§2.1.15 continued). Consider the real Hilbert space L*([0, 1]) and the frigono-

metric basis {1;, j € N}. Define further a weighted norm ||-||, w.r.t. the trigonometric basis,

that is, [|All, := 3oy 03[(h, ;) 12| Denote by L3([0,1]) or Lg for short, the completion of

L2([0,1]) w.r.t. |||lo-

(P) If weset b; = 1, by, = by = jP, p € N, k € N, then L2(]0,1]) is a subset of the
Sobolev space of p-times differentiable periodic functions. Moreover, up to a constant, for

any function h € L2([0, 1)), the weighted norm ||A||> equals the L?-norm of its p-th weak
derivative h® (Tsybakov [2009]).

(E) If, on the contrary, v; = exp(—1+ j*), p > 1/2, j € N, then L2(]0,1]) is a class of
analytic functions (Kawata [1972]).

Note that, the trigonometric basis is regular w.r.t. the weight sequence 1/b = v~! = (Uj_l) as in

§2.1.13 (ii), i.e., ||1/v]| 2 < oo, in case (P) whenever p > 1/2 and in case (E) if p > 0. O

§2.1.18 Definition (Abstract smoothness condition). Given a strictly positive sequence of weights
a = (a;)jes and an ONS U = {u;,j € J} in H consider the associated weighted norm ||-||1/,
and the completion U, /, of U. Let r > 0 be a constant. We assume in the following that the
function of interest f belongs to the ellipsoid F” := {h € Uy, : ||A] o S r?} and hence,
HUJ_f = 0. |

§2.1.19 Lemma. Let ", be a class of functions w.rt. an ONSU = {u;,j € J} in LZ (or

analogously in (%) as given in §2.1.18. If the ONS is regular w.r.t. the weight sequence a as in

§2.1.13 (ii) for some finite constant 7,, > 1, then for each f € E;, holds || f| o < Tua [ f]];/q <
m

T Tyar

Proof of Lemma §2.1.19 is given in the lecture. O

§2.1.20 Example (§2.1.17 continued). Consider in L2([0, 1]) the trigonometric basis {1;,j € N}
and a weight sequence v satisfying either §2.1.17 (P) with p > 1/2 or §2.1.17 (E) with p > 0.
In both cases setting 72, = 2|1/ v||%. < oo the trigonometric basis is regular w.r.t. the weight
sequence 1/v. Consequently, setting a = 1/v and F/, = {h € L}([0,1]) : Ih]|2 < 72}, from
Lemma §2.1.19 follows || f||7 < 2||f]|Z[11/0]|% forall f € F. O

2.2 Linear operator between Hilbert spaces

§2.2.1 Definition. A map 7" : H — G between Hilbert spaces H and G is called linear operator
if T'(ahy + bhy) = aThy + bThy for all hy, hy € H,a,b € K. Its domain will be denoted by
D(T), its range by R(T') and its null space by N'(T). O

§2.2.2 Property. Let T' : H — G be a linear operator, then the following assertions are
equivalent: (i) T is continuous in zero. (i1) T' is bounded, i.e., there is M > 0 such that
|Th||o < M ||h||y for all h € H. (iii) T is uniformly continuous. O

§2.2.3 Definition. The class of all bounded linear operators T' : H — G is denoted by
Z(H,G), or £ and in case of H = G, .Z(H) for short. For ' € Z(H, G) define its (uniform)

8 Statistics of inverse problems



2.2 Linear operator between Hilbert spaces Chapter 2 Theoretical basics and terminologies

norm as |7 = | T s ) = sup{|Thllg : [hlly < L1 € H}. -

§2.2.4 Examples.
(i) Let M be a (m x k) matrix, then M € Z(R* R™). We write || M]||, := | M| & (s gomy for
short. (spectral norm)

(i) For finite (i.e., | J| < o0) sequences (h)jc7 in H and (g);c7 in G the linear operator
> jcs hi ®g; defined by f [Zjej hj®g;|f = > jes{fs hj)m g; belongs to £ (H, G)
with |32 7 by @ gille < 37 1Pl |95l g- Moreover, it has a finite range contained in
lin({gjvj S j})

(iii) Let U = {u;j,j € J} be an ONS in H and for any f € H consider its sequence of gen-
eralised Fourier coefficients [f] = ([f];);jes given by [f], := (f,u;)u, 7 € J. The

associated (generalised) Fourier series transform U defined by f — U f := [f] belongs to
L(H, (7)) with U] = 1.

(iv) For a sequence A = (\;)jes consider the multiplication operator M, : K7 — K7
given by x — M,z := ()\;z;);jes. For any bounded sequence ), i.e, ||Al|,.c < 00,
we have |[Mi[l4(») < [[All~ and hence, M, € Z(f) for any p € [1,00]. Analo-
gously, given a function A\ : Q — K the multiplication operator M, : K% — K%
is defined as f — M,f := fA where for any bounded (measurable) function A, i.e,
||>‘||L§i° < 00, holds ||M/\||,5Z(Lﬁ) < ”)‘HLE’:’ < oo and, hence M, € Z(L%). On the other
hand side, if A is real-valued (measurable), p-a.s. finite and non zero, then the subset
D(M,) := {f € L2 : \f € L2} is dense in L. In this situation the multiplication opera-
tor M, : LZ > D(M,) — LZ is densely defined (and self-adjoint).

(v) Given a (generalised) Fourier series transform U € 2 (H, (?) as in (iii) and a multiplication
operator M, € £ (¢?) for some bounded sequence A = ()\;);c7 as in (iv) the linear operator
Vi, : H — H given by N(U) = N(V,) and UV, = MU, i.e. UV,h = M\Uh =
(Aj[R];)jes belongs to .2 (H) with ||V,]|, < ||[A|lje < 00. We call V, diagonal w.rt. U
(or ).

(vi) The integral operator Ty, : L7, (€4) — L7, (€;) with kernel & : Q; x Q5 — K defined by

[ka]((UQ) Z:/ h(wl)k(wl,wQ)u(dwl), Wy € QQ, h e LIQM(Ql)’

951
belongs to £ (L2 (1), L2, (Q)) if || k]|7. = Jo, Jo, [k[?dpdps < occ.

(vii) Let X € LY(Q, «/,P) and . C & be a sub-c-algebra. There exists Y € L'(Q, .7, P)
such that E(X1r) = E(Y1p) for all F' € .#, moreover, Y is unique up to equality P-a.s..
Each version Y is called conditional expectation of X given ., symbolically, E[X|.%] :=
Y. For each p € [1,00] the linear map E[e|.#] : LP(Q), &/, P) — LP(Q,#,P) C
LP(Q), o7 | IP) given by X +— E[X|.Z] is a contraction, that is [|E[X|Z#]|,, < || X| s
and thus E[e|.Z] belongs to .Z(L?(€2, o7, P)) with |[E[e|.#]||, = 1 (keep in mind that
E[1|#] = 1). Given ar.v. Z on (Q, .o/, P) and the o-algebra o(Z) generated by Z we set
E[X|Z] := E[X|o(Z)]. The conditional expectation operator of X given Z defined by
Kh :=E[h(X)|Z] for h € L is then an element of .Z (L%, L%)) with || K|, = 1.

(viii) Let ¢ € L'(R) N L*(R), then the convolution operator C, : L*(R) — L?*(R) defined by

CLRI(E) = [hx (1) = / h(s)o(t — s)ds, t € R, h € IA(R),

R
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belongs to .Z(L*(R)) with ||C, |y <@l = fR |o(t)]dt.

(ix) Let¢ € L*([0,1)), hence, ¢ € L*([0,1)), and let | -] be the floor function, then the circular
convolution operator C, : L*([0,1)) — L*([0, 1)) defined by

(CLR)(E) = [h ® )(t) :—/ h(s)p(t — s — |t — s|)ds, t € [0,1), h € L([0,1)),

[0,1)
belongs to Z(L2([0, 1)) with [ Gyl , < [l6l],4 == Ji* [e(0)]d. e

§2.2.5 Definition. A (linear) map ¢ : H D D(®) — K is called (linear) functional and given
an ONS {u;, j € J} in H which belongs to D(®) we set [®] = ([®];) e with the slight abuse
of notations [®]; := ®(u;). In particular, if ® € Z(H, K) then D(®) = H. O

§2.2.6 Property. Let ® € Z(H, K).

(Fréchet-Riesz representation) There exists a function ¢ € H such that ®(h) = (¢, hyy for
all h € H, and hence, given an ONS {u;,j € J } in Hwe have [®|;, = [¢], forall j € J. ©

§2.2.7 Example. Consider an ONB U = {u;,j € J} in L*(Q) (or analogously in £*(7)).
By evaluation at a point t, € §) we mean the linear functional ®;, mapping h € L?(f2) to
h(to) == @4, (h) = >, 7[hlu;(t,). Obviously, a point evaluation of h at ¢, is well-defined, if
> jer [hlui(ts)| < oo. Observe that the point evaluation at ¢, is generally not bounded on the
subset {h € L*(Q) : >_. 7 |[Plu;(to)] < oo} O

§2.2.8 Definition (Regular linear functionals). Consider an ONS U = {u;,j € J} in H which
belongs to the domain D(P) of a linear functional ®. In order to guarantee that U/, and
hence the class E”. of functions of interest as in §2.1.18 are contained in D(®) and that ®(f) =

> jes|®L;[f]; holds for all f € E7, it is sufficient that ||[® ]Heg =Y ies |[®];]?aF < oo. Indeed,
[@(F)* < IF1I5q I[@][I7; for any f € Uy and hence @ € 2 (U, o, K) with H‘PHg ITP][lz-
We denote by L, the set of all linear functionals with ||[®] H?% < 00. O

§2.2.9 Remark. We may emphasise that we neither impose that the sequence [®] = ([®];) e
tends to zero nor that it is square summable. The assumption & € L£,, however, enables us in
specific cases to deal with more demanding functionals, such as in Example §2.2.7 above the
evaluation at a given point. O

§2.2.10 Example (§2.2.7 continued). Consider an ONB U = {u;,j € J} in L*(Q) and the
evaluation at a point t, € Q givenby @, (h) = > . ;[h];u;(t,). Let L%/G(Q) be the completion
of L*(Q) w.r.t. a weighted norm ||-| /, derived from ¢ and a strictly positive sequence a. Since
|, (h)]* < thﬁ/a > jeq 93lu;(t,)|* the point evaluation in ¢, is bounded on L7, () and,
thus, belongs to .2 (L 1/a( ), K), if dej j|uj( o)|* < oo. Consequently, if the ONS U is
regular w.r.t. the weight sequence a, i.e., §2.1.13 (ii) holds for some finite constant 7,, > 1,

then [[®y, || & (12,1 (2),5) < 7, uniformly for any ¢, € (). Revisiting the particular situation of
Example §2.1.17 and its continuation in §2.1.20, that is, L2([0, 1]) w.r.t. the trigonometric basis
{®;,7 € N} and weight sequence v satisfying either §2.1.17 (P) with p > 1/2 or §2.1.17 (E)
with p > 0, recall that the trigonometric basis is regular w.r.t. a = 1/b and hence, the point

evaluation ®;, belongs to £ (L2([0,1]),R), i.e., |Ps, | » < V2||1/0] 2 foreach t, € [0,1]. ©
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§2.2.11 Definition. If T € Z(H, G), then there exists a uniquely determined adjoint operator
T* € Z(G,H) satistfying (Th, g)c = (h,T*g)y forallh € H, g € G. O

§2.2.12 Properties. Let S,T € £ (H,,H,) and R € £ (H,, Hy). Then we have

(i) (S+T)* = 8* +T* (RS)* = S*R*.

(W) [15*11 = 151 198*11 2 = 115781 = I1SI1%-

(i) A(S) = R(SY)S M(S%) = R(S)S By = A(S) & R(S) and Hy = N(S*) & R(S)
where R(S) (respectively, R(S*)) denotes the closure of the range of S. In particular, S is
injective if and only if R(S*) is dense in H.

(iv) N(S*S) = N(S) and N'(SS*) = N(S¥). 0

§2.2.13 Examples (§2.2.4 continued,).
(i) The adjoint of a (k x m) matrix M is its (m x k) transpose matrix M®,
(ii) The adjoint U* € .Z((*(J), H) of the (generalised) Fourier series transform U € £ (H, (*(J))
satisfies v+ U*x := Y., wju; forx € 2(J).
(iii) For finite J the adjoint operator in (G, H) of > .., h; ® g; € Z(H,G) satisfies
2 i hi @ 959 = 225509, 95)06hy = 257 95 © hilg-
(iv) Let M, € Z(L?(€2)) (or analogously M, € Z(£?)) be a multiplication operator, then its

adjoint operator M} = M,. is a multiplication operator with \*(t) = A(¢), t € 2.

(v) Let T}, € Z(L7 (), L2, (Qs)) be an integral operator with kernel k, then its adjoint
Ty = Tir € ZL(L7,(Q), L7, ($41)) is again an integral operator satisfying

[Thg](wr) 3:/Q G(w2) k™ (wa, wr) pa(dws), wi €y, g € LiQ(Qz)a

with kernel k*(CUQ, wl) = k(wl, OJQ), w1 € Qq, wy € .

(vi) Let K € £ (L%, L%) be the conditional expectation of X given Z, then its adjoint operator
K* = K € Z(L%, L%) is the conditional expectation of Z given X satisfying Kg =
E[g(Z)|X] forall g € L%.

(vii) Let C, € Z(L*(R)) be a convolution operator, then its adjoint operator C* = C,x

v is a

convolution operator, i.e, C,-h = g* % h, with g*(t) = g(—t),t € R. O

§2.2.14 Definition.
(i) The identity in £ (H) is denoted by Idy.

(ii) LetT € Z(H,G). Obviously, T : N'(T)+ — R(T) is bijective and continuous whereas its
inverse T~1 : R(T) — N(T)* is continuous (i.e. bounded) if and only if R(7') is closed.
In particular, if 7 : H — G is bijective (invertible) then its inverse 7' € £(G,H)
satisfies [dg = 77 ' and Idy = T'7T..

(i) U € Z(H,G) is called unitary, if U is invertible with UU* = Idg and U*U = Idg.
(iv) V € Z(H,G) is called partial isometry,if V : N'(V)+ — R(V) is unitary.
(v) T € Z(H) is called self-adjoint, if T = T*, i.e., (Th, g)m = (h,T*g)y for all h, g € H.

(vi) T € Z(H) is called normal, if TT* = T*T, i.e., (Th,Tg)yg = (T*h,T*g)y for all
h,g € H.
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(vii) A self-adjoint 7' € .Z(H) is called positive semi-definite (non-negative definite) or T > 0
for short, if (T'h, h)y > 0 for all h € H and strictly positive definite or T' > 0 for short, if
(Th,h)g > 0 for all h € H\{0}.

(viii) IT € Z(H) is called projection if 11> = II. For IT # 0 are equivalent: (a) II is an

orthogonal projection (H = R(II) & A/(II)); (b) ||II]| , = 1; (c) IT is non-negative. O
§2.2.15 Property. Let T € Z(H). If T is invertible, then it is T*, where (T')* = (T*)~..
Moreover, if T' is normal, then ||T|| , = sup{|(Th, h)u| : [|h|y < 1,h € H}.

(Neumann series) If || T, < 1, then ||(Idg —=T) ||, < (1 = ||T]| &) " O

§2.2.16 Examples (§2.2.4 continued).

(1) The (generalised) Fourier series transform U is a partial isometry with adjoint operator
U =3crnju;forx € ?*(J). Moreover, the orthogonal projection ITy; onto U satisfies
lyf=UUf =7 cs[flu;forall f € H. IfU = {u;,j € J} is complete (i.e. ONB),
then U is invertible with UU* = Idy2 and U*U = Idy due to Parseval’s formula, and hence
U is unitary.

(ii) Let F € Z(L*(R)) denote the Fourier-Plancherel transform satisfying
[Fh](t) = / h(z)e *™dz, Vh e L*(R)N L*(R).
R

Then F is unitary with [F*h](¢t) = [ h(z)e*™'dz for all h € L'(R) N L*(R). We note
further for all h € L' that || Fh| ;. < ||k]|,., and that Fh is continuous and tends to zero in
infinity. Keeping in mind the convolution defined in Examples §2.2.4 (viii) the convolution
theorem states . (f * g) = F f - Fgforany f,g € L'(R).

(ii1) A multiplication operator M, € £ (Li) is normal. If )\ is in addition real, it is self-adjoint
and if \ is non-negative, then it is non-negative.

(iv) A diagonal operator V, € Z(H) w.r.t. a partial isometry U € Z(H, (?) satisfies V, =
U*M, U and it shares the properties of the multiplication operator M, € £ (¢?).

(v) A conditional expectation operator K € £ (L%, L%) is an orthogonal projection.

(vi) A convolution operator C, € £ (L*(R)) is normal and if g is in addition a real and even
(9(—t) = g(t)) function, then it is self-adjoint.

(vii) A circular convolution operator C, € £(L?*([0,1))) is normal and if ¢ is in addition a
real and even (g(t) = g(1 — t)) function, then it is self-adjoint. O

2.2.1 Compact, nuclear and Hilbert-Schmidt operator

§2.2.17 Definition. An operator K € .Z(H, G) is called compact, if { Kh : ||h||y < 1,h € H}
is relatively compact in G. We denote by 7 (H, G) the subset of all compact operator in
Z(H,G), and we write ¢ (H) = ¢ (H, H) for short. O

§2.2.18 Properties. Ler K € Z(H,G).

(Schauder’s theorem) K is compact, if and only if its adjoint K* € £ (G, H) is compact.

If there are K; € ZL(H,G) with finite dimensional range for each j € N such that
lim;, || K; — K||, = 0, then K is compact. If in addition G is separable, then the
converse holds also true. m
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§2.2.19 Examples (§2.2.4 continued).
(1) For finite 7 the operator Zjej h; ® g; € Z(H,G) is compact.
(i1) A multiplication operator M, € £ (¢*) is compact, if \ has either only a finite number of
entries not equal to zero or zero is the only accumulation point.

(iii) A diagonal operator ¥V, = UM,\U € Z(H) w.rt. a partial isometry U € Z(H, (?) is
compact if the multiplication operator M, € .#(¢?) is compact.

(iv) A convolution operator C, € £ (L?*(R)) is not compact.

(v) A circular convolution operator C, € £(L*([0,1))) is compact. O

§2.2.20 Remark. Every finite linear combination of compact operators is compact, and hence
 (H, G) is a vector space. O

§2.2.21 Definition. An operator I' € .Z(H, G) is called nuclear, if there are sequences (h;) jen
in H and (g;)jen in G with 3~ (|7l [|95]l¢ < oo such that lim,, o[> 7 hj®@g; =T 2 =
0,0orT =} . h; ® g; for short. We denote by .4 (I, G) the subset of all nuclear operator in
Z(H,G), and we write .4 (H) := .4 (H, H). Furthermore, let (f;) ey be any ONB in H and
T € A (H), then tr(T') := >, (T'fj, fj)m denotes the trace of T'. O

§2.2.22 Remark. We have A4 (H,G) C # (H,G) C Z(H, G). The trace does not depend on
the choice of the ONB and is a continuous linear functional on .4 (H) with ||tr||, = 1. O

§2.2.23 Properties. LetT € Z(H,G) and S € Z (G, H).
() T is nuclear, if and only if its adjoint T* € £ (G, H) is nuclear.
(i) If T is nuclear, then TS € A (H), ST € A (G) and tr(TS) = tr(ST). O

§2.2.24 Example. A multiplication operator M, € £(¢*) and, hence an associated diago-
nal operator U'NLU € £ (H), is nuclear, if X is absolute summable, i.e., [|[A||,, < oo, and

tr(M,) = tr(Vy) = 37 Aj- O

§2.2.25 Definition. An operator ' € Z(H, G) is called Hilbert-Schmidt, if there exists an
ONB (h;);en in H such that | 7>, = D jeN ||Thj||é < oo. The number |||, is called
Hilbert-Schmidt norm of 7" and satisfies ||7']| , < ||T|| ,,. We denote by JZ (H, G) the subset
of all Hilbert-Schmidt operator in £ (H, G), and we write 7 (H) := 5 (H, H). O

§2.2.26 Remark. We have 4 (H,G) c s#(H,G) C 2 (H,G). The number ||7|,, does
not depend on the choice of the ONB. The product 7'S of two Hilbert-Schmidt operator 7'
and S is nuclear. The space .7’ (H, G) endowed with the inner product (7', S) ,» := tr(S*T),
S,T € s (H,G) is a Hilbert space and ||-|| »» the induced norm. O

§2.2.27 Property. If '€ H(H,G) and S € ZL(G) then tr(T'ST*) < tr(TT*) ||S|| &- O

§2.2.28 Examples.
(i) Let T € Z(L% (), L2,()). The operator T is Hilbert-Schmidt if and only if it
is an integral operator T = T}, with square integrable kernel &k and it holds ||7° ”.2% =

le f92 |k (w1, wa) [P (dewr ) pra(dws).
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(i) A multiplication operator M, € Z(¢(J)) and, hence an associated diagonal operator
UM, U € Z(H), is Hilbert-Schmidt, if A = (\;),ecz is square summable and ||M, ||, =
IVille = Ml < o0

(iii) Consider the conditional expectation operator K € £ (L%,L%) of X given Z. Let in
addition px z, px and pz be, respectively, the joint and marginal densities of (X, Z), X
and Z w.r.t. a o-finite measure. In this situation, the operator K is Hilbert Schmidt if and

1 | (sz)‘z
only if E [%W} < 0. O

2.2.2 Spectral theory and functional calculus

§2.2.29 Definition. Consider T' € Z(H). The set p(T) = {A € K: (A Idyg —T)"! € Z(H)}
and its complement o(7") = K\p(7T') is called resolvent set and spectrum of T, respectively.
The subset 0,(1T") = {\ € K: AIdg —7 is not injective} of o(T’) is called point spectrum of T
An element A of 0,(7') and h € H\{0} with Th = Ah is called eigenvalue and eigenfunction
(eigenvector), respectively. m

§2.2.30 Properties. Consider T € ¢ (H).
(i) If T is self-adjoint, then o(T) C R.
(i1) IfH is infinite dimensional, then 0 € o(T).
(i) The (possibly empty) set o(T)\{0} is at most countable.

(iv) Any A € o(T)\{0} is an eigenvalue of T and its multiplicity is the (finite) dimension of the
associated eigenspace N'(\1dg —T).

(v) In o(T) the only possible accumulation point is zero. O

§2.2.31 Example. The spectrum of a multiplication operator M, € ¢ (£*) and its associated
diagonal operator V, = UM, U € J¢ (H) is given by o(M,) = 0(V,) = {};,j € T} C K.
O

§2.2.32 Definition. Let 7" € ¢ (H) be normal (K = C) or self-adjoint (K = R). There exist

(i) a sequence A = ();)jes in K\{0} with || T||, = sup;cs[A;| which has either a finite
number of entries or zero as accumulation point, and determines a multiplication operator
M, € Z(*(J)),

(i) an ONS {u;,j € J} in H with U := lin {u;, j € J} and associated generalised Fourier
series transform U € £ (H, ¢*(J)) as defined in §2.2.4,

suchthat H = A(T) & Uand T = Z].EJ Ajuj @u; =UMU =V, (see §2.2.4 (ii), (iv) and

(v)). For j € J, \; and u; are, respectively, a non-zero eigenvalue and associated eigenvector

of T respectively. {(\;,u;),j € J} is called an eigensystem of T'. O

§2.2.33 Properties. Let T' € J# (H) be self-adjoint with eigensystem {(\;,u;),j € J}, ie.,
o(T)\{0} = {);,7 € T} C R denotes the (possibly empty) countable point spectrum of T.
The sequence \ = (\;) e contains each eigenvalue of T repeated according to its multiplicity.

(i) If T'is nuclear, then X is absolute summable, i.e. ||A[[, < oo, and tr(T') = .. ;.
(i1) If T is Hilbert-Schmidt, then X is square summable and ||T| ,, = ||A]|,2 < oc. O
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§2.2.34 Definition (Class of operators with given eigenfunctions). Given an ONS {u;,j € J}inH
let & (H) or &, for short be the subset of % (H) containing all compact, normal (self-adjoint), lin-
ear operators having for some 7' C 7, {u;,j € J'} as eigenfunctions, i.e., for each T’ € & (H)
there exist 7' C J and a sequence (\;) ez in K\{0} such that 7" admits {(\;,u;),j € J'} as
eigensystem, i.e., & (H) C {V,, A € K7}, O

§2.2.35 Example. Let C, € ¢ (L*([0,1))) be a circular convolution operator. Consider as
in §2.1.6 (i) the exponential basis {e;},., in L*([0,1)) and for f € L?*([0,1)) the associ-
ated Fourier coefficients [f], = (f,e;)12, j € Z. Keep in mind that C, is normal and for all
f € L*([0,1)) the convolution theorem states [g ® f], = [g];[f]; for all ; € Z. Thereby,
{(lgl;,€j), j € Z} is an eigensystem of the circular convolution operator C,. In other words,
for each g € L([0,1)) we have C, € &(L*([0,1))). O

§2.2.36 Property. Let T' € J¢ (H) be strictly positive definite and let ()\;)jen be a strictly
positive, monotonically non-increasing sequence containing each eigenvalue of T' repeated ac-
cording to its multiplicity. For m € N let H,, be the set of all m-dimensional subspaces U,, in
H, and denote by U the orthogonal complement of U,,, in H. Furthermore, let By, = {h €
Uy, : ||hlly = 1} and By be the unit ball in U, and U,,, respectively.

(Courant’s max-min-principle) A\p, = max min (Th, h)g,
Um€ Hm hEBUm

(Courant’s min-max-principle) A, = min max (Th, h)y. O
Umn—1€Hm—1 hE]BUJ_

m—1

§2.2.37 Definition. Let 7" € J# (H, G). There exist

(i) a sequence 5 := (s;);c7 in K\{0} with [|T|, = sup,c;|s;| which has either a finite
number of entries or zero as only accumulation point, and determines a multiplication
operator M, € .Z((*(J)),

(i) an (possibly finite) ONS {u;,j € J} in H with U := lin {u;,j € J} and associated gen-
eralised Fourier series transform U € Z(H, ¢*(7)) (a partial isometry),

(iii) an (possibly finite) ONS {v;,7 € J} in G with V := lin {v;, j € J} and associated gen-
eralised Fourier series transform V € Z(G, (*(J)) (a partial isometry),

suchthat HH = V(7))@ U,G = N(T*)@&Vand T = V*"MU =3, ,5; u;®@v;. In particular,

{(|s;|*,u;j),j € J} and {(|s;]*,v;),j € J} are an eigensystem of 7*T and TT* respectively.

The numbers {s;,j € J} and triplets {(s;,u;,v;),j € J} are, respectively, called singular

values and singular system of T'. O

§2.2.38 Properties. Let T' € J# (H,G) with singular system {(s;,u;,v;),j € J} where the
(possibly empty) countable point spectrum of T*T (respectively, TT*) is given by o(T*T)\{0} =
{Is;1?,7 € T} C R. The sequence (|s;|?)jc.7 contains each eigenvalue of T*T repeated accord-
ing to its multiplicity.

(i) If T is nuclear, then s is absolute summable, i.e. ||s||,, < oc.

(i1) If T is Hilbert-Schmidt, then s is square summable and ||T| ,, = ||5]| . < oo. O

§2.2.39 Definition (Class of operators with known eigenfunctions). Given an ONS {u;,j € J}
and {v;,j € J} in H and G, respectively, let S,,(H,G) or §,, for short, be the subset of
2 (H,G) containing all compact, linear operators having for some J' C 7, {u;,j € J'}
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and {u;,j € J'} as eigenfunctions, i.e., for each T' € §,,(H, G) there exist 7' C J and a
sequence (5;);e7 in K\{0} such that 7" admits {(s;, u;,v;),j € J'} as singular system. O

§2.2.40 Property (Spectral theorem). If T € £ (H) is self-adjoint, then T is isometrically equiv-
alent to a multiplication operator, i.e., there exist

(1) a measurable space (), ) (o-finite, if H is separable),
(i1) a bounded (measurable) and ji-a.s. non zero function X : 2 — R with associated multipli-
cation operator My € Z(L>(Q2)), and
(i) a partial isometry U € £ (H, L?,(12)),
such that'T' = U* MU. O

§2.2.41 Example. Letg € L'(R) N L?*(R) be a real and even function. Consider the associated
self-adjoint convolution operator C; € £ (L*(R)). Recall that the convolution theorem states
F(gxf) = Fg-Ffforall f € L?(R) where F denotes the Fourier-Plancherel transform. Con-
sequently, the operator C,, is unitarily equivalent to the multiplication operator M, € .Z(L*(R))
with A = [Fyg], thatis C;, = F M, F. O

§2.2.42 Property (Spectral theorem Halmos [1963]). Let T' : H D D(T) — H be a densely-
defined self-adjoint operator. There exist

(1) a measurable space (2, 1) (o-finite, if H is separable),
(ii) an unitary operatorU € Z(H, L (Q)),
(ii1) a (measurable) function A : () — R (u-a.s. finite and non zero ) and an associated multipli-
cation operator M, : L2(Q) D D(M,) = L2(Q) withD(M,) = {f € L2(Q) : \f € L2(Q)}
such that D(T) ={h € H: Uh € D(M))} and
(a) forall f € D(M,) we have M, f = \- f =UTU*f,
(b) forall h € D(T) it holds Th = U*M,Uh,
i.e., T is unitarily equivalent to the multiplication operator M. O

§2.2.43 Example. Let 7' € J# (H) be an injective and self-adjoint operator with eigenvalue
decomposition T' = U*M,U where U € £ (H, ?) is unitary, M, € .Z(¢?) is a multiplication
operator and A a sequence in R\{0} of eigenvalues repeated according to their multiplicities. If
H is not finite dimensional then the range R(7") of T" is dense in H but not closed. Therefore,
there exists an inverse 7' : R(T) — H of T which is densely-defined and self-adjoint but
not continuous. In particular, we have D(T1) = R(T) = {h : \"'Uh € (*} (which is called
Picard’s condition). Consider the multiplication operator M, ,, : * D D(M,,,) — ¢ with
DM, ) ={z €l :x/ € P}, thenD(T')={heH: Uhez)( 1/») + and

(a) forall z € D(M,,,) we have M, @ = z/\ = UT ' U*x,

(b) forall h € D(T') itholds T~'h = U*M, ,\UUh,

i.e. T~ is unitarily equivalent to the multiplication operator M, ,,. We shall emphasise that
h € D(T™') = R(T) if and only if ||[A]/ N5 = > ieq N /)\jP < 00. On the other hand,
forany k € Nwehave 7% = T--- T = UMl = Zjej ; u;j ® u; which motivates for a
function g : R — R to define the operator

g(T)h = UM, Uh =Y g(\;) u; @ u;, forall b € Hwith [|g(A)[h]]|> < oc.
JjeJ
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If g is bounded then ¢(T) € Z(H) and [|g(T)| 5 = sup{lg(X;)l.j € T} < llgllpw- In
particular, it allows to define 7* for all s € R. O

§2.2.44 Definition (Functional calculus). Let T' € £ (H) be self-adjoint and hence isometrically
equivalent with multiplication by a bounded function A in some LZ(Q), that is, 7' = U*M,U.
Given a (measurable) function g : R — R define the multiplication operator

My t Ly () O D(Mgu)) — L (9)
with D(M, ) = {f € L2(Q) : g(\)f € L%(€2) } and an unitarily equivalent operator
g(TYh :=U"M,\Uh, YheD(g(T)) :={hcH:UhecDM,u)}

where ¢(T) : Z(H) D D(9(T)) — Z(H). Moreover, if g is bounded then ¢(T") € .Z(H) with
l9(T) & = sup{lg(M)], A € o(T)} < llgll - =

§2.2.45 Property. Let T € Z(H,G). Then R(T) = R((T*T)'/?).

§2.2.46 Remark. Considering an ONB {u;, j € N} in H, the associated generalised Fourier
series transform U € % (H, ¢*) and for a sequence b the associated multiplication and diagonal
operator M, : /2 D D(M,) — *and V, = U*M, U : H D D(V,) — H defined as in §2.2.4 (iv)
and (v), respectively. If v is strictly positive then applying the functional calculus we observe
that for any s € R we have V] = U*M,: U = V.. Moreover, recall that H,s denotes the
completion of H w.r.t.. the weighted norm ||-|os = > ien 971 uj)m|? where
obviously [|h]l,s = [[Vesh|ly = [[VEh|y for all b € D(Vns) = H,s. Introduce further the
Hilbert space (Hys, (-, -)ys) inner product (-, -)ys = (Vys+, Vos ). O

§2.2.47 Definition. Let V, : H D D(V,) — H be diagonal for an unitary operator U €
Z(U, £?) and a monotonically increasing, unbounded sequence v with b; > 0. For each s € R
consider the inner product (-, -)ps = (Vs+, Vi=-)g and the norm |[|-||,s = [|V?®:||. The family
{(Uys, (-, )us), s € R} of Hilbert space is called a Hilbert scale (see Krein and Petunin [1966]
for a rather complete theory). O

§2.2.48 Properties. Let {(Uys, (-, )ys),s € R} be a Hilbert scale as introduced in Definition
§2.2.47. Then the following assertions hold true:

(1) Forany —o0 < s <t < oo < the space U, is densely and continuously embedded in U,s.
(ii) Fors,t € R holds V=% = V!N."%, and in particular, V,;! = V,-..
(i) For s = 0 holds Uys = D(V,:) and U,-s is the dual space of Uys.

(iv) Considering —oo < r < s < t < oo for any h € U,y the interpolation inequality
Ao < NRNE RS holds true. i

§2.2.49 Example. LetT € . (H, G) be injective with singular system {(s;, u;,v;), j € N} for
some ONB {u; € N} in H and strictly positive, monotonically non-increasing sequence (s;)en
containing each singular value of 71" repeated according to its multiplicity. Setting v = 52 the
strictly positive definite operator 7*7" admits the spectral representation 7*7" = U*M,- U =
V,-1. Obviously, v is a monotonically increasing, unbounded sequence with v; > 0. Consider-
ing the associated Hilbert scale { (H,s, (-, -)ps), s € R} it is then an immediate consequence that
Hye = D((T*T)") is dense in Hys = D((7T*T)*) for 0 < s < t. We say, a function f satisfies a
source condition, if f € D((T*T)*) for some s > 0, i.e., f = (T*T)*h for some h € H. O
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2.2.3 Abstract smoothing condition

§2.2.50 Definition (Link condition). Denote by T (H) or 7 for short, the set of all strictly positive
definite operator in % (H). Given an ONB {u;,j € J} in H and a strictly positive sequence
(t;)je consider the weighted norm ||-||7 = > jes El(-,u)ul*. Forall d > 1 define the subset

T! = T (H) = {T €T :d"||hl|, < ||Thlly < d|h||, forall h € H}. We say, T satisfies

ut ut

the link condition T, if T € T . Define further the subset £ = {Te&: (T"1)'? e Td}

ut ?
and S, = {T €8, : (T"T)"? €T} of § = §(H) and S, = S.(H,G) (see §2.2.34 and
§2.2.39), respectively, containing any diagonal operator 7 in & and &S, such that (7*T)'/2
satisfies the link condition 7;1 O

§2.2.51 Remark. We shall emphasise that for T € # (H,G) the condition (T*T)Y2 e T
is equivalent to d~' ||h]|, < ||Th|y < d]|h||, forall h € H. Observe further that 7' € §,,
admitting a singular system {(5j,u3,v]) j e J'} with J' C J satisfies the link condition
S? if and only if 7' = J and d~' < |s;|/t; < d forall j € J. Thereby, we have that

Test (H,G) if and only if T* € §¢, (G, H). We shall emphasise, that there are operators

uvt

satisfying the link condition 7;1 which do not belong to &, (respectively, S.,), i.e., are not equal
to V), for some sequence A (not diagonal w.r.t. {f), that is admitting eigenfunctions which are
not contained in the ONS {u;,j € J}. Let us briefly give a construction of those. We consider
a small perturbation of Vi, that is, 7" = V, + VAV, where A € Z(H) is a non-negative
definite operator with spectral norm ¢ := ||V{A|| , strictly smaller than one. Obviously, 7" is
strictly positive definite, and HThHH < HIdH —|—VtAH$ IVib|lg < (1 + ¢)||h]/,. On the other
hand, we have ||(Idg +V;A) 7| o = W — by the Neumann series argument §2.2.15,

which in turn implies ||h||, = || Vih|lg = ||(Idx —i—Vt )"y I TRy < 1= ||ITh|ly. Combining

both bounds the operator T satisfies the link condition 7 for all d > max(l + ¢, 1) and is
obviously not diagonal w.r.t. /. m

§2.2.52 Property. LetT € T..
(Inequality of Heinz [1951]) For all |s| < 1 holds —

< T hlly < d*][All.. -

§2.2.53 Example (Example §2.2.49 continued). Consider the Hilbert scale {(Hys, (-, -)ys), s € R}
associated with the source condition, i.e., Hys = D((7T*7")°) and ||-||ps = ||(T*T")~*:|| for s >
0. Suppose further that (7*7)"/? € 7;?, i.e., T' satisfies a link condition for some weighted norm
|| |l¢ defined w.r.t. an ONB ¢/ in H and a strictly positive sequence t. Note that in general the two
norms ||-||¢ and ||-||ys are defined w.r.t. to different orthonormal basis in H. However, rewriting
the 1nequahty of Heinz §2.2.52 accordingly it holds —— H (T*T)*/?. ||H < d¥l|- || or

< [ llg=sr2 < d®!||-||s. In other words the two norms ||-||¢s and ||-||,-s/2

equivalently —--

are equivalent for any |s| < 1. Recall that v~'/? = s equals the sequence of singular values of
T. We shall emphasise that the equivalence of ||-||¢s and ||-||,-/> under a link condition holds
generally for all |s| < 1 only. However, if the ONB used to construct the norm || || for the link
condition coincides with the eigenfunctions of 7*7 then the |-||¢= and ||-||,-s/> are equivalent
forall s € R. O

§2.2.54 Corollary. Let T € 7;d and suppose that [ € E' (see Definition §2.1.18) where the

t
two norms ||-||¢ and ||-||1/ are constructed w.r.t. the same ONB in H. Assume in addition that

there are constants a,p > 0 and a sequence v such that t = v* and a = vP. If p < 2a then
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for any f € E, holds f = (T*T)?/C9h with ||h|ly < dP/° 17l and conversely for any
f = (T*T)P/ )k with ||h||y < oo we have f € E,, with 1Rlly)e < dP/ || R -

Proof of Corollary §2.2.54 is given in the lecture. O

§2.2.55 Lemma. Given an ONB {u;,j € N} in H and a strictly positive non-increasing se-
quence (;);en consider the link condition T,.. Let T € T(H) admit {(\;,1;),7 € N} as
eigensystem where the strictly positive, monotonically non-increasing sequence (\;);en con-
tains each eigenvalue of T' repeated according to its multiplicity and the associated eigenbasis
{1, 5 € N} does eventually not correspond to the ONB {u;,j € N}. If T € 7: then we have
d~' < N/t < dforall j €N

Proof of Lemma §2.2.55 is given in the lecture. O
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Chapter 3

Regularisation of ill-posed inverse problems

3.1 lll-posed inverse problems
Let T € Z(H, G) be a linear bounded operator between separable Hilbert spaces H and G.

§3.1.1 Definition. Given g € G the reconstruction of a solution f € H of the equation g = T'f
is called inverse problem. O

§3.1.2 Definition (Hadamard [1932]). An inverse problem g = T'f is called well-posed if (i) a
solution f exists, (ii) the solution f is unique, and (iii) the solution depends continuously on g.
An inverse problem which is not well-posed is called ill-posed. O

For a broader overview on inverse problems we refer the reader to the monograph by Kress
[1989] or Engl et al. [2000].

§3.1.3 Property (Existence and identification).
There exists an unique solution of the equation g = T'f if and only if

(existence) g belongs to the range R(T) of T,
(identification) The operator T is injective, i.e., its null space N'(T') = {0} is trivial. O

§3.1.4 Remark. If there does not exist a solution typically one might consider a least-square
solution which exists if and only if g € R(T) & N(T™). A least-square solution with minimal
norm, if it exists, could be recovered, in case the solution is not unique. Nevertheless, the
main issue is often the stability of the inverse problem. More precisely, if the solution does
not depend continuously on g, i.e., the inverse 7! of 71" is not continuous, a reconstruction
fn = T~'q given a noisy version g of g may be far from the solution f even if the noisy version
g is closed to g. O

§3.1.5 Property. Denote by llz ) the orthogonal projection onto the closure R(T) of the
range of T. For each g € G the following assertions are equivalent (1) f minimises h
lg — Thl (least square solution); (i) Tz pyg = T f; (iii) T*g = T*T f (normal equation). ©

§3.1.6 Remark. We note that g € R(T) @ R(T)" implies Iz ;g € R(T) and hence the
preimage T*I(Hﬁm g) is not empty. More precisely, due to the last assertion Tfl(Hﬁ(T) g) =
{f e H:T*g =T*Tf} is the set of least square solutions associated to g. O

In the sequel keep in mind that for each T' € .Z(H, G) its restriction T : A/(T)*+ — R(T) is
bijective and thus has an inverse 771 : R(T') — N (T)*.

§3.1.7 Definition. For 7" € Z(H, G) the Moore-Penrose inverse (generalised or pseudo in-
verse) T is the unique linear extension of 77! : R(T) — AN(T)* to the domain D(T) :=
R(T) ® R(T)* with N(TT) = R(T)™ satistying T*g := T~z g forany g € D(T). ©
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§3.1.8 Remark. We note that 77T = T, TTTTT =T, TTT = )+ and TTtg =
Iz )9 for any g € D(T"). If T is injective, and hence T*T', then T*T : H — R(T™*T) is
invertible, which in turn, for any g € R(T) & R(T)*, implies that (T*T)~*T*g is the unique
solution of the normal equation, and thus 7~ (Ilz 1y g) = {T*g} = {(T*T)"'T*g}. More
generally, we have T = (T*T)™T* and, if T is invertible then 7" = T~ 1. O

§3.1.9 Property. For each g € D(T™), T"g belongs to T‘l(Hﬁ(T)g) and, hence is a least
square solution. Moreover, T g is the unique least square solution with minimal ||-||g-norm,
that is, ||T* gl = inf{[|2|ly : h € T~ (Tzer)9)}- O

§3.1.10 Property. If H and G are infinite dimensional and T € % (H,G) is injective, then
inf{||Thllg : ||hllg = 1,h € H} = 0, which in turn implies that T~ : R(T) — H and, hence
T is not continuous. O

3.2 Spectral regularisation

In the sequel, given an infinite dimensional Hlet 7' € Z(H, G) and let T its Moore-Penrose
inverse as in Definition §3.1.7.

§3.2.1 Definition. A family {R, € .-Z(G,H),« € (0,1)} of operators is called regularisation
of Tt if for any g € D(T") holds |Rag — T gl — 0 as a — 0. O

§3.2.2 Remark. Note that, if 7'* is not bounded, then ||R,||, — 0o as & — 0. On the other
hand side, if (g, )nen is a sequence in G such that ||g, — g||o < n~' forall n € N, then there
exists a sequence (v, )nen in (0, 1) such that | Ry, g, — T gl — 0as n — oc. O

§3.2.3 Definition. The family {(T*T+a/Idg)~'T* € Z(G,H),a € (0,1)} is called Tikhonov
regularisation of T™. O

§3.2.4 Remark. Given T € Z(H, G) consider for each o € (0, 1) the strictly positive definite
operator T, := T*T +a Idy € Z(H) where || Tuhl|y |hlly = (Tuh, h)u = o ||h||% > 0 for any
h € H\{0} by applying the Cauchy-Schwarz inequality §2.1.3 and, hence

inf{||Tahlly : |hlly =1, h € H} > a > 0. 3.1)

Consequently, 7y, is injective and moreover, its range is closed. Indeed, if a sequence (7, )nen
converges to g € G, then (h,),ey is a Cauchy sequence due to (3.1), and thus converges, say,
to h € H. Since T, is continuous, it follows T,,h,, — T,h and g = T,h. Exploiting that 7,
is injective with closed range follows R(7,,) = N(T,)* = {0}* = H which in turn implies
T, is invertible, and due to the open mapping theorem 7, ' € .Z(H) where [T, < a™*
employing (3.1) together || 7,'||, = sup{||hlly / |Tuhlly : b € H\{0}} since R(T,) = H.
Consequently, the family {(T*T + o Idg)'T* € £ (G, H),a € (0,1)} is well-defined. O

§3.2.5 Lemma. For each h € N'(T)* holds ||a(T*T + o Idy)~'hly; — 0 as o — 0. O

Proof of Lemma §3.2.5 1is given in the lecture. O
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§3.2.6 Remark. Let g € D(T™). Setting h = T g and f, = (T*T + aIdy) 'T*g we have

(T*T + aldu)(h — fo) = T"TT g+ ah — (T*T + aldg)(T*T + o 1dg) "' T*g
=T"g+ ah —T*g = ah.

Rewriting the last identity we obtain (T*T + aIdg)'T*g — Tg = —a(T*T + aldg) 'h.
Consequently, from Lemma §3.2.5 follows |[(T*T + aIdy) 'T*¢ — T g|ly — O as a — 0
since h = T ¢ € H. Thereby, the Tikhonov family as in §3.2.3 is indeed a regularisation in the
sense of Definition §3.2.1. O

§3.2.7 Lemma. For each C € Z(H, G) the following statements are equivalent:
(i) f minimises the generalised Tikhonov functional h — F,(h) := 1| g — Th||2 + £ ||Ch]||%
(i) f is solution of the normal equation: T*g = (T*T + aC*C) f.

Proof of Lemma §3.2.7 is given in the lecture. O

§3.2.8 Remark. Observe that N (7)) N N (C) = N(T*T + «C*C') which in turn implies,
that the solution of the generalised Tikhonov functional, if it exists, is unique if and only if
N(T)NN(C) = {0}. Keep in mind, that the existence of a solution is ensured, for example, if

(T*T + aC*(C') has a continuous inverse. O

§3.2.9 Corollary. Given the Tikhonov regularisation {(T*T + aIdy)™'T*} as in §3.2.3 for

each g € G, f, .= (T*T+aldy)~'T*g is the unique minimiser in H of the Tikhonov functional
2 an2

h 5 llg = Thllg + 5 12l .

§3.2.10 Definition. Given an operator C' € .Z(H, G) satisfying
(i) R(C) is closed and

(i1) there exists ¢ > 0 such that for any h € N(C) it holds ||T'hl[; = h ||h|y,

the family {(T*T + aC*C)~'T* € (G, H),« € (0,1)} is called generalised Tikhonov regu-
larisation of T, O

§3.2.11 Remark. Assumption (1) and (ii) ensure together that the generalised Tikhonov regu-
larisation is well-defined. More precisely, introduce inner products (h, '), = (Th,Th')¢ +
(Ch,Cl)g and (h,h')c := (h,h)g + (Ch,Ch')¢ on H with associated norms ||-||. and ||-||¢.
Since H is complete w.r.t. both norms (due to (i) and (i1)), it follows from §2.1.2 that ||| and
||| are equivalent (keeping in mind that ||h]|> < max(||T%, , 1) ||k]|2,). Consequently, there is
K > Osuchthat ||h||, > K ||h||. and thus | Th||% +[|Chll% > K2(||hll5+||Chl|%). Exploiting
the last inequality we obtain ||[7*Th 4+ aC*Ch|ly > K?min(1, «) ||h||y for any i € H. In anal-
ogy to the arguments exploiting (3.1) in Remark §3.2.4, T*T 4+ oC*C'is injective with closed
range and, thus it has a continuous inverse, i.e., (T*1T + aC*C )_1 € Z(H). Consequently,
the generalised Tikhonov regularisation { R, := (T*T + aC*C)™'T* € Z(G,H),a € (0,1)}
is well-defined. Moreover, keeping in mind Lemma §3.2.7 f, := R,g € H is obviously a
solution of the normal equation, and thus the unique minimiser of the generalised Tikhonov
functional. O

§3.2.12 Corollary. Consider the generalised Tikhonov regularisation as in §3.2.10. For each
g €G, fo:= (T*T + aC*C)~'T*g is the unique minimiser in H of the generalised Tikhonov
functional b — L ||lg — Thl|Z, + S |Chl|Z. O
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§3.2.13 Remark. Introduce further the adjoint 777 and C of 7" and C, respectively, w.r.t. the
inner product (-, )., i.e., (Th,g)c = (h,T}g). and (Ch,g)c = (h,C}g), for all h € H and
g € G. In particular, for each g € G and h € H we have

(a) Trg = (T*T 4+ C*C)"'T*g,

(b) Crg = (T*T + C*C)~'C*g and

() (TIT+ C:C)h=h (e, TIT + C:C = 1dy).

We note that A/(T*) = A (T*) and R(T*) = N(T)** where A/(T)** denotes the orthogonal
complement of A/(7') in (H, (-, -).). O

Consider the restriction of 7" as bijective map from A/(T)** to R(T') and denote its inverse
by T;' : R(T) — N(T)*. Given the orthogonal projection Ilz,, onto R(T) its associated
Moore-Penrose inverse 7. (see §3.1.7) defined on D(T.F) = R(T)®R(T)* = D(T) is given
by T} == T, .

§3.2.14 Proposition. Consider the generalised Tikhonov regularisation {(T*T +aC*C)~'T*}
as in §3.2.10. Under the conditions (i) and (ii) of Definition §3.2.10 for g € G and f, =
(T*T + aC*C)~YT*g the following statements are equivalent:

1) g € D(T) = R(T) & R(T)" = D(T);
(I1) thereis f, € H such that || f, — f,||, = 0 as o — 0.

Moreover, under the equivalent conditions holds f, = T."g.

Proof of Proposition §3.2.14 is given in the lecture. O

§3.2.15 Remark. Due to the last proposition the generalised Tikhonov family as in §3.2.10
is indeed a regularisation in the sense of Definition §3.2.1. Moreover, we shall emphasise
that || fo — fo||, — 0 if and only if | Tf, — T'fs||c — 0 and ||Cfo — Cfollc — 0, which
in turn implies || fo — fol/[y — 0. Keep further in mind that 777g = 777 f holds if and only if
T*g = T*T f is true, since T*T + C*C'is continuously invertible. Thereby, for each g € D(T")
the set of least squares solution 7' (Il g) satisfies T~ (llgpg) = {f € H: T*'Tf =
T*g} = {f € H: T/Tf = Trg} = {fo} + N(T) with f, = T;*g. Each f € T~'(Tlzy)9g)
can thus be written as f = f, + u for some u € A(T) with f, € (N(T))**, and hence,
Tf =Tf and [|f,|2 < [[follZ + lullZ = || f|I2, which together implies [|Cf,||& + |C'f |5 for
any f € T *1(H§(T) g). In other words, f, is the unique least squares solution with minimal
|Ce||s-norm. O

§3.2.16 Definition. Given a family {r,,a € (0, 1)} of real-valued (piecewise) continuous func-
tions defined on [0, ||T|%,] the family {r,(T*T)T* € .Z(G,H),a € (0,1)} of operators is
called spectral regularisation of T if

(i) forall A € (0, ||T]|%] holds |1 — Ara(\)| — 0 as a — 0, and

(i) there is K > 0 such that |Aro(\)| < K forall A € [0, ||T%] and a € (0, 1). O

§3.2.17 Remark. Given T' € Z(H, G) consider a spectral regularisation { R, = r,(T*T)T*}
as in Definition §3.2.16. The operator 7*T € .Z(H) is isometrically equivalent with mul-
tiplication in some L7 (€2) by a strictly positive function A bounded by ||T||iﬂ Applying the
functional calculus we have ||ro(T*T)T*||, < sup{|ra(M)VA|,X € [0,]|T|%]} < oo since
7, is piecewise continuous on the compact interval [0, ||T||%,]. Consequently, R, € .Z(G,H)
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for all & € (0,1), i.e., the family is well-defined. Moreover, ||(ro(T*T)T*T — Idg)h||5 =
UM, s - UR|% = (1 — Ara()\))UhHia = (|1 = Mo(N)2|URJ?) holds for h € N(T)*.
From §3.2.16 (ii) follows |1 — Ar(A)| < 1+ K for all a € (0,1). Since Uh € L, employing
the dominated convergence theorem from §3.2.16 (i) follows ||(7o(T*T)T*T — Idg)hl|Z, — 0
as a — O forall h € NV(T)*. Since for all g € D(TF) with h := T g € N(T)* holds
Rog —h = (ro(T*T)T*T — Idg)h we have ||Ro,g — Tt g/ — 0 as @ — 0, and a continuous
spectral regularisation as in §3.2.16 is indeed a regularisation in the sense of Definition §3.2.1.
We shall emphasise that for any g ¢ D(T'") it can be shown that ||r,(T*T)T*g|ly — oo as
a— 0. O

§3.2.18 Proposition. Let {r,(T*T)T* € £ (G,H),a € (0,1)} be a continuous spectral reg-
ularisation of T defined in Definition §3.2.16. Assume that in addition to §3.2.16 (i) and (ii)
forany s € [0, s,| for some s, > 0 there is a constant c¢; < oo such that

(iii) forall X € [0, ||T||%] and a € (0,1) holds X*|1 — Mro(\)| < cs0.

Consider f, == r,(T*T)T*g and let g € D(T) and, thus f :=T"g € H.

(a) If there are s € [0,s,] and h € H such that f € R ((IT*T)*) (source condition as in
Example §2.2.49), then for all o € (0,1) holds || fo — fllg < cs@® ||h||g-

(b) If T" € 7T, (link condition as in Definition §2.1.18) and f € E, (abstract smoothness
condition as in Definition §2.1.18) where t = v® and a = v? for some constants 0 < p < 2a
and a sequence v, then || fo — fllg < cs /% r o?/ forall a € (0,1).

Proof of Proposition §3.2.18 is given in the lecture. O

§3.2.19 Examples. Let us discuss certain special continuous regularisation methods satisfying
in addition §3.2.18 (iii).
(i) Tikhonov regularisation as defined in §3.2.3 is given by r,(\) = (X + «)~! and satisfies
§3.2.18 (iii) with s, = 1 and ¢, = s°(1 — s)' 7.

(i1) Spectral cut-off given by the piecewise continuous function r,(\) = %11{ A>a} 18 @ contin-
uous regularisation methods satisfying §3.2.16 (i) and (ii) with K = 1. Moreover, §3.2.18
(1i1) holds with s, = oo and ¢, = 1.

(ii1) A special iterative regularisation method is the Landweber iteration. This method is based
on a transformation of the normal equation into an equivalent fixed point equation f =
fH+wl*(g—Tf)with0 < w < ||T ||;ﬂ2 Then the corresponding fixed point operator
Idy —wT™T is nonexpansive and f may be approximated by fj determined by f, 1 =
fo+wT*(g—Tf,),n=1[0,k—1], fo = 0. Note, that without loss of generality, we can
assume ||7'|| , < 1 and drop the parameter w. By induction the iterate fj, can be expressed
non-recursively through f, = 327" (Idg —T*T)IT*g and thus ro(\) = SF_ (1 — \)J
where 1 — Ar,(A\) = (1 — A)*. Under the assumption || 7'|| , < 1, the Landweber iteration
is thus a continuous regularisation methods with o = 1/k satisfying §3.2.16 (i) and (ii)
with K’ = 1. Moreover, §3.2.18 (iii) holds with s, = oo and ¢, = s®e™°. O

3.3 Regularisation by dimension reduction

Here and subsequently, we consider a class of functions " C U/, as given in §2.1.18
w.rt. an ONS U = {u;,j € J} in H and a strictly positive sequence a = (a;);c7. We shall
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frequently exploit that {(Uss, (-, -)as), s € R} eventually forms a Hilbert scale w.r.t. V, which
is diagonal w.r.t.. the generalised Fourier transform U associated to /. Moreover, we assume
a nested sieve (J,,)mem in J and its associated nested sieve (U,,)men in U (see §2.1.12).
For f € U we introduce a theoretical approximation f,,, € U,,. On the one hand we consider
the orthogonal projection f,, = Iy, f = >_.c;([f];17,.(j))u; = U*([f|1z7,) of f onto Uy,
by using the sequence of indicators 17, := (1, (j))jes. On the other hand the construction
of f,, is motivated by a linear Galerkin approach introduced below. We shall measure the
accuracy of the approximation f,, of f by its distance 0 (f,,, f) where d_(-,-) is a certain
semi metric. Note that in general 9 ( f,,, f) is not monotone in m € M and hence we define
bias,,(f) := sup{d,(f, fr), k € M N [m,oo[} as the approximation error. We are particularly
interested in the following two cases.

§3.3.1 Definition. Let f,, € U,, be a theoretical approximation of f € U/, and hence
[Iy. f = 0. Keep in mind that U+ and UL denotes the orthogonal complement of U and

U,,, in H and U, respectively.
global) Given the ONS U and a strictly positive sequence v consider the completion U, of
U w.rt. the weighted norm ||-||,. If Uy/q C U,, then 07 (hy, ha) = ||h1 — hal|,,

st

hi,he € U, defines a global distance on U,. For f € F’" and m € M we denote
by bias?, (1) = [y, f — fll, = [Tluy £, = sup{04(f. fi). k € M [, oof} the

global approximation error.

(local) Let @ be a linear functional and Uy, C D(®), then 02 (hy, hy) = [D(hy — ho)l,
hi,he € D(®), defines a local distance. For f € E’ and m € M we denote by
bias® (f) = sup{|®(Ily. f)[, k € MN[m, o[} = sup{02(f, fr), k € Mn[m, o[}

the local approximation error. O

§3.3.2 Remark. We shall emphasise, if |[av||,.. = sup{a;v; : j € J} < oo, then ||h]|, <
[|av]| o [[2]], ) for all B € Uy /q, and hence Uy /o C Us. On the other hand side, if [[[®]]| 2 < oo,
ie,® e L, then Uy, C D(P). O

Keep in mind that in case of an orthogonal projection f,, = Ily,_f, m € M, we have
bias), (f) = |y, f — fll, = ||1_IIU#1fHn and biasf;(f) = sup{\CI)(HUif)\,k: e Mn[m,oof}
where U denotes the orthogonal complement of U, in H.

§3.3.3 Lemma. Consider the orthogonal projection f,, = Iy, f € U, as theoretical approx-

imation of [ € F.. Given ||av|,. < oo for each m € M let (av)u,) = |lavlge |l =
sup{a;v;,7 € 5} < |lav|[,c < 00, then bias),(f) < 7 (av) ). On the other hand if ® € L,
as in §2.2.5, then for each m € M, 3. ;. [@],17a% = [[[®]Lge]|7 < ||[(I)]H?§ < oo and
(bias;, (f))* < 72 [|[@]L |13

Proof of Lemma §3.3.3 1s given in the lecture. O

§3.3.4 Definition (Linear Galerkin approach). LetT € T (H), i.e., a compact and strictly positive
definite operator in .2 (H), and g € H. An element f,, € U,, satisfying

<fm7 Tfm>H — 2<fm, g>H < <h, Th>H — 2<]’L, g>H forall h € U,,

is called a Galerkin solution in U,,, of the equation g = T'f. m

§3.3.5 Notations.
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(i) For f € H considering the sequence of generalised Fourier coefficients [f] as in §2.1.16
introduce its sub-vector [f],. := ([f],)jez.. where [Ily,, fl.. = [f].-

(i) For T € .Z(H) denote by [T'] the (infinite) matrix with generic entries [T'],. ; := (uy, Tu;j)m.
For m € M, let [T], denote the (|7, X |Jn|)-sub-matrix of [T] given by [T, =
([Tx.;)jkes,- Note that [T*],, = [T]%,. Clearly, if we restrict [Ty, TTly,, to an operator
from U,), to itself, then it can be represented by the matrix [T],,.

(iii) Given the identity Id € Z(H) the | 7,,|-dimensional identity matrix is denoted by [Id],,.

(iv) Let V, = U*M,U : H D D(V,) — H be diagonal w.r.t. an unitary U € Z(H, ((7))
(e.g., §2.2.4 (iii)) and multiplication operator M, : K¥ — K. Denote by [V,],, the | J;.|-
dimensional diagonal matrix with diagonal entries (v;);c7, . Note that, [V,]5 = [V,
s e R.

(v) Keep in mind the Euclidean norm ||-|| of a vector and the weighted norm ||-||, w.r.t. an ONS
{uj.j € T} in H. Forall f € Uy, we have || f[|; = [f12,[Vaz ][/ = [V ]I

m

(vi) Given a matrix M, let |[M||, := sup{||Mz|| : ||z|| < 1} be its spectral norm then

§3.3.6 Lemma. Let T' € T (H). (i) For all m € N the matrix [T),, is strictly positive definite.

(ii) The Galerkin solution f,, € U, is uniquely determined by [ fm),, = [T, (9] and [f1n]; =

0 for all j € J¢. (iii) The Galerkin solution f,, minimises in U, the functional F(h) =
T'V2(h - f)|:

T4 2(h = )l

Proof of Lemma §3.3.6 1is given in the lecture. O

§3.3.7 Remark. Consider the orthogonal projection Ily,, f and Iy f of f onto the subspace
U,, and U3, respectively, then the approximation error ||IIy,, f — f|l; = HHU# f HH converges
to zero as m — oo by Lebesgue’s dominated convergence theorem. On the other hand, the
Galerkin solution f,, € U, satisfies [Ily,, f — finln = —[T],,' [Ty f], and, hence does
generally not correspond to the orthogonal projection IIy, f. Moreover, the approximation
error sup{|| fn, — fllg : m € [n,o0] N M} does generally not converge to zero as n — 0.
However, if C':= {||[T] [Ty flu|| : If]lg =1, f € Hym € M} < oo, then || f, — [l <
(1+0C) |HU#Lf||H which in turn implies lim,,_,oo sup{|| f, — fllg : m € [n,00[ N M} = 0.
Here and subsequently, we will restrict ourselves to classes IF and T of solutions and operators
respectively which ensure the convergence. Obviously, this is a minimal regularity condition
for us if we aim to estimate the Galerkin solution. O

§3.3.8 Lemma. Given an ONB {u;,j € J} in H, a nested sieve (J.,)mem in J and a strictly
positive sequence t consider the link condition T' € 7;:1 as in §2.2.50. Let t be monotonically
non-increasing, that is, min{t;, j € J,} = sup{t;,j € J5} =: t(m) for all m € M, then
forall 0 < s < 1 we have (i) sup {tfm) H[T];HS m e ./\/l} < {d(d + 2)} < {3d%}*,
(i) sup{ [T+ m e MY < {dld + 2} < {3} and Gii) supd|[T15V05°],
me M} < dv.

Proof of Lemma §3.3.8 is given in the lecture. O

§3.3.9 Lemma (Bias of the Galerkin solution). Given a strictly positive, monotonically non-in-
creasing sequence t consider'l' € 7:1 as in Lemma §3.3.8. Let in addition f € F" with strictly
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positive, monotonically non-increasing sequence a, i.e., min{a;,j € J,} = sup{a;,j €
T5} =t agy for allm € M. If f,, denotes a Galerkin solution of g = T f then for each strictly
positive sequence v such that av is monotonically non-increasing, that is, min{a;v;,j € J,} >
sup{a;v;,j € J5} =: (av)(m) for all m € M, we obtain for any m € M and 0 < s < 1,

1f = finlly < 4d° (08) oy max (1, (£/0) ) max{0;/t;, 5 € Tn}) [[Mus f],,
1 fllija < 38° W fllija  and  NT*(f = fu)lly < 447 (@) gy [T £, - (32)

Furthermore, for any ® € L, ,, we have

Bf = NP < (PP gy £ max { 3 18] P, (€a,y Y (18] P52 53

JETS JETS
Proof of Lemma §3.3.9 is given in the lecture. O

§3.3.10 Notations. Let {u;,j € J},and {v;,j € J} be an ONS in H and G, respectively, and
let (jm)meM be a nested sieve in J.
(i) ForT € Z(H, G) denote by [T'] the (infinite) matrix with generic entries [T, ; := (vi, Tu;)G.
Form € M, let [T],, := ([T]x;)k ez, denote the (|T,,| X |J:|)-sub-matrix of [T']. Note
that [T*],, = [T]%.

m

(i) Let Uy, := lin{u;,j € Jn} and V,,, := lin {v;,j € J;,} denote the linear subspaces of
H and G spanned by the functions {u;}, , and {v;},_, ., respectively. Clearly, if we
restrict [Ty, TTly,  to an operator from U, to V,,, then it can be represented by the matrix
[T],. O

§3.3.11 Definition (Generalised linear Galerkin approach). Given an ONS {u;,j € J} in H, an
ONS {v;,7 € J} in G, and a nested sieve (J,,)merm in J consider T' € # (H,G) and g € G.
Any element f,,, € U, satisfying [T],.[fin].. = [9]... is called a generalised Galerkin solution in
U,,, of the equation g = T'f. i

§3.3.12 Remark. Throughout this note [T],, is assumed to be non-singular for each m € M, so
that [T] ! always exists. We shall emphasise that it is a non-trivial problem to determine when
such aniassumption holds (cf. Efromovich and Koltchinskii [2001] and references therein).
However, if [T],, is non-singular, then the generalised Galerkin solution in Uy, of the equation
g = T'f is unique and given by [f,.]. = [T [9].- O

§3.3.13 Definition (Generalised link condition). Given an ONB {u;,j € J} in H and a strictly
positive sequence (t;);c7 consider the weighted norm ||-|| = ||Vi+||y in H. For all d > 1

define the subset /Cit(H, G) = {T e X (H,G): (T*T)"? e 7:1( )} Given in addition an
ONS {v; ,j € j} in G and a nested Sieve (J, )men in J for D > d we define K9P (H, G) :=

uvt

{T e K¢ (H,G) : ||[V]nlT],]] <DforallmeM}or/Cudv?forshort Wesay T € ¢ (H,G)
satisfies the generalzsea’ lznk condition KD if T € KD, O

§3.3.14 Remark. We shall emphasise that K?2 contains the subset S¢, of all diagonal operator
S.. satisfying the link condition ¢ (see §2.2.50), i.e., §¢ = §.,NK¢, C KP(H, G). Keeping
in mind Remark §2.2.51 an operator T" € S,, admitting smgular values (s;);c s satisfies the link

condition 8¢, if and only if d~! < |s;|/t; < d for all j € J. Thereby, for any m € M we have
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|[VnIT] | = sup{t;/|s;|,j € Tn} < d < D and hence §%,(H,G) C KP(H, G). More-
over, there are operators in lCit(]HL G) which do not belong to S? , i.e., they are not not diagonal
w.r.t. i and V (see Remark §2.2.51). Furthermore, for each pre-specified ONB (u;);c 7 in H and
T € K¢ ,(H,G) we can theoretically construct an ONS (v;) e such that ||[V].[T].!|| < D
holds for all m € M and sufficiently large constant D. To be more precise, if T € Kﬁ’t(H, G),
which involves only the ONB (u;);c7, then the fundamental inequality of Heinz [1951] as
given in §2.2.52 implies ||(T*T)~"/?u;|,, < dt;' < oo for each j € J. Thereby, the func-
tion (T*T)~2u; is an element of H and, hence v; := T(T*T)"'/%u;, j € J belongs to G.
Then it is easily checked that (v;);c 7 is an ONB of the closure of the range of 7" which may
be completed to an ONB of G. Keeping in mind that (Tw;,v))¢ = ((T*T)Y?u;,u;)y for all
J,l € J it is obvious, that [T],, is symmetric and moreover, strictly positive definite. Since

(T*T)'? € T (H) from Lemma §3.3.8 (i) it follows ||[Vi][T].}||. = [|[[T);![Vil.]|, < 3d?
for each m € M, which implies T € K42 (H, G) for all D > 3d>. O

§3.3.15 Lemma (Bias of the generalised Galerkin solution). Given an ONB {u;,j € J} in H, an
ONS {Uj,j € J} in G, a nested sieve (Jm)mem in J, and a strictly positive, monotonically
non-increasing sequence t consider T' € K2 asin §3.3.13. Let in addition f € F", with strictly
positive, monotonically non-increasing sequence a, i.e., min{a;,j € J,} > sup{a;,j €
J5} =t au) for allm € M. If f,, denotes a generalised Galerkin solution of g = T f
then for each strictly positive sequence v such that av is monotonically non-increasing, that
is, min{a;v;,5 € Jn} = sup{a;v;,j € J5} =: (av) gy for all m € M, we obtain for any
me Mand 0 < s <1,

1f = fully < 2Dd (00) gy max (1, (t/0) ) max{v;/t;, j € T} [[Mus f, -

1 fllija < DA I fllyya, and [(TT)2(f = fun) |y < 2Dd"**(at") (||t £ -
(3.4)

Furthermore, for any ® € L/, we have

[©(f = )P < (2dD) [Ty £} max { D~ [[@)Pa?, (Fa)?,) D [[BL124G>}.3.5)

yISVAS VISV

Proof of Lemma §3.3.15 1is given in the lecture. O
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Chapter 4
Statistical inverse problem

Throughout this note we consider the reconstruction of a functional parameter of interest f
satsifying an equation g = 7'f based on noisy versions of g and 7". In the sequel we formalise
the meaning of a noisy version. First we consider the direct problem, that is, 7" = Idy. Secondly,
we assume the operator 7" is known in advance. In the last subsection the operator 7" is unknown
and we introduce its noisy version.

4.1 Stochastic process on Hilbert spaces

In the sequel, (2, .o/, P) is a probability space, where Q2 will be interpreted as the set of
elementary random events, .o is a o-algebra of subsets of € and P is a probability measure over
</ . Here and subsequently, (H, (-, -)x) and &/ denotes a separable Hilbert space and a subset of
H, respectively. Considering the product spaces K = X}, K and KY = X, K the mapping
I, : K¥ — KY givenby y = (yn, h € H) > (y,,u € U) =: [y is called canonical projection
and for each h € H in particular IT;, : K¥ — K given by y = (yu, /' € H) — y, =: Iy is
called coordinate map. Moreover, % denotes the Borel-c-algebra on K and K" is equipped with
the product Borel-o-algebra 2" := ), .y . Recall that 2™ equals the smallest o-algebra
such that all coordinate maps I, h € H are measurable. i.e., Z°" = o(II;,, h € H).

§4.1.1 Definition (Stochastic process on H). Let {Y},, h € H} be a family of K-valued r.v.’s on a
common probability space (€2, o7, P), that is, Y, : Q@ — K is a o/-Z-measurable mapping for
each h € H. Consider the K®-valued r.v. Y := (Y}, h € H) where Y : Q — K" is a .o7-#B%H-
measurable mapping given by w — (Y (w),h € H) =: Y (w). Y is called a stochastic process
on H. Its distribution PY := [P o Y ! is the image probability measure of P under the map Y.
Further, denote by P'Y the distribution of the stochastic process II,;Y = (Y,,u € U) on U.
The family {P"«¥ ¢/ C H finite} is called family of the finite-dimensional distributions of ¥’
or PY. In particular, P¥» := P denotes the distribution of Y, = I1,Y. We write E(Y},) and
Var(Yy) := E((Ys — E(Ya))(Ya —E(Y3))), if it is exists, for the expectation and the variance
of Y;, wr.t. P+, respectively. If Y}, has mean zero and variance then write Y, ~ £(0,1) for
short. Furthermore, let Cov (Y}, Vi) := E((Ys, — E(Y3)) (Y — E(Y3))), if it is exists, for the
covariance of Y}, and Yy, w.r.t. Pl Y, O

§4.1.2 Definition. Let Y := (Y}, h € H) be a stochastic process on H. If E|Y}| < oo for each
h € H then the functional x : H — K with h — E(Y},) =: u(h) is called mean function of Y.
If the mean function y is in addition linear and bounded, that is, i € .Z(H, K), then due to the
Fréchet-Riesz representation theorem §2.2.6 there exists py € H such that u(h) = (uy, h)g for
all h € H. The element E(Y) := py is called mean or expectation of Y or PY. If E|Y}|? < oo
for each h € H then the mapping cov : H x H — K with (h, h’) — Cov (Y}, Yy ) =: cov(h, I)
is called covariance function of Y. If the covariance function cov is in addition a bounded
bilinear form, then there is I, € Z(H) such that cov(h,h’) = (I h, W)y = (h, I, h')g for
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all h, ' € H. The operator I} is called covariance operator of Y or PY. If Y admits a mean
function p and a covariance function cov then we write shortly Y ~ £(u, cov). Analogously,
Y ~ £(uy,T) if there is an expectation py € H and a covariance operator [, € .Z(H). O

§4.1.3 Property. A covariance operator I\, € £ (H) associated with a stochastic process Y
on H is self-adjoint and non-negative definite. O

§4.1.4 Example (Non-parametric density estimation). Let X be a r.v. taking its values in the
interval [0, 1] with distribution P, c.d.f. F and admitting a Lebesgue-density p = dP/dA.
Given h € L% as introduced in §2.1.4 (v) denote by E,, (h(X)) = Ph = A(hp) the expectation
of h(X) w..t. P. For convenience we suppose that the density p is square integrable, i.e.,
p belongs to the real Hilbert space L? := L*([0,1]) equipped with its usual inner product
(-,-)12 (compare §2.1.4 (iv)). Thereby, for any h € L? we have (p,h)r2 = A(ph) = Ph =
E, (h(X)). Assuming an i.i.d. sample X; ~ p, i € [1,n] we denote by P®" its joint product
probability measure. Let Y = (Y, h € L?) be the stochastic process on L? defined for each
h € L?by Y, = P,h := 137" h(X;). Obviously, the mean function p of Y satisfies
p(h) = E(Ys) = P#"(P,h) = Ph = (p,h) 2 and hence, Yi, = (b, h) 2 + =W, with W, :=
n!/?(P,h — Ph). Moreover, the stochastic process W := (W}, h € L?) of error terms admits
a covariance function given for all b, ' € L? by Cov(W),, W) = P(hh') — PhPH = P((h —
Ph)(h' —=Ph')) = Cov(h(X), h(X")). Observe that PhPh = (M, h, Ljo.1) z2{Lj0,1), Mp A') 12 =
(W) My b My ') 12 and P(RR') —BRPR = (T,h, ') 12 with T, = M, —M, II;; M, , and
thus, T/ ~ £(0,T;,) and consequently, Y = p + W ~ £(p, 1T,). O

§4.1.5 Example (Non-parametric regression). Let (X, Z) obey a non-parametric regression model
Ef(X|Z) = f(Z) satistying the Assumptions: (i) the regressor Z is uniformly distributed
on the interval [0,1], i.e., Z ~ #[0,1]; (i) the centred error term ¢ = X — f(Z), i.e.,
Es(¢) = 0, has a finite second moment o2 := E;(¢?) < oo; (iii) € and Z are indepen-
dent; (iv) the regression function f is square integrable, i.e., f € L* := L?([0,1]). Given
h € L? denote by E¢(Xh(Z)) = P [Id®h] with [Id®h|(X, Z) := Xh(Z) the expectation of
Xh(Z) ={f(Z) 4+ e}h(Z) w.r.t. the joint distribution P, of (X, Z), where E;[ch(Z)] = 0 and
hence, E;[Xh(Z)] = Ef[f(Z)h(Z)] = A(fh) = (f, h) 2. Assuming an i.i.d. sample (X;, Z;),
i € [1,n], from P, we denote by P*" its joint product probability measure. Let Y = (V},),cr2 be
the stochastic process on L? given for each h € L? by Y}, := P, [Id®h] := n~1 3" | X;h(Z;).
Obviously, the mean function p of Y satisfies u(h) = E(Y},) = Ef[Xh(Z)] = (f, h)r2 and
hence, Y}, = (f, h>L2—|—\/LﬁWh where W), := n'/?( P, [Id®h]—P, [Id®h)]) is centred. The stochas-

tic process 474 = (Wh, h € L?) of error terms admits a covariance function given for h, h/ € L?
by Cov(Wy, W) = B ([ld@h][Id®h]) — B [IdeA|B [Idoh’] = Cov(Xh(Z), XKW (Z)) =
0'2 <h, h/>L2+<th7 th,>L2 - <H{1[0,1]}th, th/>L2 = 0'52<h, h,>L2+<MfHJ_ ]}th, h/>L2 =

{101

(Tyh, W) p2 with Ty = o21d —|—Mfl'[{ﬁl[0 1]}Mf, and hence, W ~ £(0,I}) and consequently,

Y = f+iW ~ £(f, 11)). O

§4.1.6 Definition (White noise process on H). Let Y := (Y}, h € H) be a stochastic process on
H. If {Y,,u € U} for an ONS U/ in H is a family of K-valued, independent and identically
£(0,1)-distributed r.v.’s, i.e., PV = @,4,P" = ®,c,£(0,1) =: £54(0,1), then we write
shortly IT,;Y ~ £%4(0,1) and call II,;Y a white noise process on U. If I1;;Y for any ONS U is
a white noise process on U then we call Y a white noise process on H. i
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§4.1.7 Remark. Considering in example §4.1.4 or §4.1.5 the centred stochastic process W=
(Wh, h € L?) of error terms we note that generally there does not exists an ONB I/ in L? such
that I;,J/ is a white noise process on U{. O

§4.1.8 Property. Let Y := (Y}, h € H) be a stochastic process on H admitting an expectation
pwy € H and a covariance operator I' € £ (H), ie., Y ~ L(uy, ). If there exists an ONB
U in H such that 11,;Y is a white noise process on U, i.e., IlyY ~ £54(0,1). Then we have
py =0 € Hand I' = Idy since py = Y, (v, wuu = Y,y EVu)u = 0 and (I, )y =
Zu,u/euWa'>H<FU>U,>H<U,7'>H = Zum,eu(u,)H(u,u’)H(u’, Yy = (-, )m. Consequently, for
each ONBV in H the rv.’s {Y,,v € V} are pairwise uncorrelated. m

§4.1.9 Definition (Gaussian process on H). A stochastic process Y = (Y}, h € H) on H with
mean function p and covariance function cov is called a Gaussian process on I, if the family
of finite-dimensional distributions {IP’H“Y, UcCH ﬁnite} of Y consists of normal distributions,
that is, II;;Y = (Y, )uecy is normally distributed with mean vector (1(u)),es and covariance
matrix (cov(u,u’))ywey. We write shortly Y ~ D(u, cov) or Y ~ 9N(uy,I), if in addition
there exist an expectation py € H and a covariance operator I' € Z(H) associated with Y.
The Gaussian process Y ~ 91(0, (-, -)m), or equivalently Y ~ 91(0, Idy), with mean 0 € H and
covariance operator Idy is called iso-Gaussian process or Gaussian white noise process on H.

O

§4.1.10 Property. LetY := (Y}, h € H) be a Gaussian process on H admitting an expectation
wy € Hand a covariance operator I' € L (H), i.e., Y ~ N(py, ). If there exists an ONB U in
H such that 11,;Y is a Gaussian white noise process on U, i.e., ;Y ~ N®U(0, 1), then due to
§4.1.8we have Y ~ (0, 1dy) and for each ONS 'V in H the standard normally distributed r.v.’s
{Y,,v € V} are pairwise uncorrelated, and hence, independent, i.e., I1,)Y ~ NV (0, 1). O

§4.1.11 Definition (Random function in H). Let (H, (-, -)i) be an Hilbert space equipped with its
Borel-o-algebra %y, which is induced by its topology. An .o7-Z%y-measurable map Y : 2 — H
is called an H-valued r.v. or a random function in H. O

§4.1.12 Lemma. LetU = {u;,j € N} be an ONS in H. There does not exist a random function
Y in H such that 11,,Y is a Gaussian white noise process on U.

Proof of Lemma §4.1.12 is given in the lecture. O

§4.1.13 Properties. Let Y be a random function in H.

(i) For each h € H, the map (-, h)y : H — K is continuous and hence, (Y, h)y a K-valued
rv.. Thereby, (Y, )y := {(Y, h)g, h € H} is a stochastic process on H. If (Y, @)y admits a
mean function . and a covariance function cov, then it is, respectively, linear, i.e., p(ah +
h')y =E({Y,ah+h)m) = au(h)+u(h'), and bilinear. If in addition y and cov are bounded,
then there exists an expectation E(Y') € H and a covariance operator I € £ (H)) such that
E(Y, h)n) = (E(Y), h)ym and Cov((Y, h)u, (Y, )u) = (Th, h)m for all h, ' € H.

(i) FE(|Y|lg) < oo, then E|(Y, h)u| < ||h||g E(|Y |lg) for each h € H due to the Cauchy-
Schwarz-inequality §2.1.3, which in turn implies, that (Y, )y admits a bounded linear
mean function |1 and hence, there exists an expectation E(Y) € H.

(i) IFE(|Y %) < oo, then Var((Y, h)u) < E|(Y, h)u|> < ||b||% E(||Y||) which in turn im-
plies | Cov((Y, Az, (Y, W)m)| < [Var((Y, Ays) Var((Y, 2)m)] "> < [Allg (1| ECNY l1z)-
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Thereby, (Y, )y admits a bounded, bilinear covariance function cov and hence, there ex-
ists a covariance operator I' € L (H). Moreover, I' € A (H) since for any ONB U
in H we have Y, o, (Tu,uym = Y, Var((Y,u)ym) = EX o/ (Y —E(Y), wul* =
E|Y —E(Y)|g D

§4.1.14 Notation. LetY be a random function in H. If the associated stochastic process (Y, @)y
admits an expectation py € H and a covariance operator I' € Z(H), then we write Y ~
£(uy, I') with a slight abuse of notations. O

§4.1.15 Example. Let X be a random function in a real Hilbert space (H, (-, -)i) having a finite
second moment, i.e., E | X% < oo. We say that X is centred if for all h € H the real valued
random variable (X, h)y has mean zero. Moreover, the linear operator I' : H — H defined by
(Thy, ho)m == E[(h1, X)m (X, ho)g] for all hy, hy € H belongs to .4 (H) and satisfies tr(I') =
E || X||?. Obviously, if the random function X is centred then X ~ £(0,T), i.., I'is the
covariance operator associated with X. In this situation the eigenvectors {u;,j € J} of T
associated with the strictly positive eigenvalues {);, j € J} form an ONB in H, and hence the
corresponding generalised Fourier series transform U f = [f] is unitary. Furthermore, given the
ONB of eigenfunctions the (infinite) matrix representation [I'] = [V,] is diagonal, i.e., for all
m e M, [I',, = [V\].. is a | J;,|-dimensional diagonal matrix with entries (\;) e, O

§4.1.16 Notation. Let Y = (Y(h,g),h € H,g € G) be a stochastic process on H x G,
that is, a family {Y(h,g), h € H,g € G} of K-valued r.v.’s on a common probability space
(2, o/, P). We call Y centred if E(Y;,4) = 0 forall h € Hand g € G. Moreover, if
Y admits a covariance function, i.e., cov((hi, g1), (h2,92)) = Cov(Y(n, g:): Y(ho.gs))> for all
hi,hy € Hand gy, g» € G, then we write Y ~ £(0, cov), for short. Furthermore, if IL/,1)Y =
(Y(w), hel,g e V) for an ONS U/ and V in H and G, respectively, consists of K-valued,
independent and identically £(0, 1)-distributed r.v.’s, i.e., PPy = @,y ®@,cp PV =
Ruer Ovey £(0,1) =: £2UI) (0, 1), then we write shortly yx))Y ~ £2¢)(0,1) and
call Ilgxy)Y a white noise process on U x V. If Ilyxy)Y for any ONS U in H and V
in G is a white noise process on U x V then we call Y a white noise process on H x G.
Note that for a white noise process Y ~ £(0,cov) on H x G holds cov((hy, g1), (h2,g2)) =
> ieq 2nerc (s wi)mluy, ha)m(gr, vi)e vk, g2)c = (1, ha)u(g1, g2)c for any hy, hy € H and
g1, 92 € G and we write Y ~ £(0, (-, -)u (-, -)g). A centred stochastic process Y ~ £(0, cov) on
H x G is called a Gaussian process on H x G, if the family of finite-dimensional distributions
{IPHW Y YCH,VCG ﬁnite} of Y consists of normal distributions, that is, 11/ x1)Y =
(Y(w), u € U,v € V) is normally distributed with mean vector zero and covariance ma-
trix (cov((u,v), (v, v")))uweuvey. We write shortly Y ~ 91(0, cov). If in addition cov =
(-, )m(-, )g, then Y is a white noise process and we call Y ~ (0, (-, Yu (-, )c) a Gaussian
white noise process on H x G. O

4.2 Statistical direct problem

Given a pre-specified ONS &/ = {u;,j € J} in H we base our estimation procedure on
the expansion of the function of interest f € U = lin(U). The choice of an adequate ONS
is determined by the presumed information on the function of interest f formalised by the
abstract smoothness conditions given in §2.1.18. However, the statistical selection of a basis
from a family of bases (c.f. Birgé and Massart [1997]) is complicated, and its discussion is far
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beyond the scope of this lecture.

§4.2.1 Definition (Sequence space model (SSM)). Let W = (Wh, h € H) be a centred stochastlc
process on H, and let n € N be a sample size. The stochastic process f = f+ W on

H is called a noisy version of f € H and we denote by P its distribution. If W admlts a
covariance operator (possibly depending on f), say I, then we eventually write f £(f,11)),

n

or f £7 for short. Given the pre-specified ONS U = {u;, j € J } in H considering the family
of K-valued r.v.’s {[W]j = Wuj JeJ } the observable quantities take the form

= (fu)e+ =W, = [, + 2V, jed. 4.1)

We denote by B7, or £([f], £[I}]), the distribution of the observable stochastic process [f] =

(I71,) jez on U which obviously is determined by the distribution B, or £(f, £T}), of . The
reconstruction of the sequence [f] = ([f];);es and whence the function f = U*[f] € U from

the noisy version [f] ~ R, is called a (direct) sequence space model (SSM). O

§4.2.2 Example (Gaussian sequence space model (GSSM)). Given a Gaussian white noise process
W= _ (Wh, h € H) ~ 9%(0,1dy) on H as defined in §4.1.9 consider a noisy version F=f+
\%W ~ N(f, +Idy) = N7 of a function f EAH. Given a pre-specified ONS U = {u;,j € J}
in H the observable quantities take the form [f], = [f], + \/%7 [W1;, 7 € J, where the error terms
[W1,,j € J, are independent and (0, 1)-distributed, i.e., [W] = ([W],);es ~ NET(0,1) =
N(0,1dy), and thus, [f] = ([f];)jes is a sequence of independent Gaussian random variables
having mean [f], and variance n~", i.e., [f] ~ 9N([f], 2 Ids) = 9N". The reconstruction of the

sequence |[f] and whence the function f = U*[f] € U from a noisy version [ﬂ ~ N7}, is called
a Gaussian (direct) sequence space model (GSSM). O

§4.2.3 Example (Non-parametric density estimation §4.1.4 continued). Forn € N consider ani.i.d.
sample X; ~ P, i € [1,n], where P admits a Lebesgue-density p € L? = L?([0, 1]) and P*"
denotes the associated joint product distribution. Consider the centred stochastic process W =
(Wi, h € L?) ~ £(0,T.) of error terms with T, = M, — M, gy, 3 M, as introduced in §4.1.4.
The non-parametric estimation of a density p € L? from an i.i.d. sample of size n may thus be
based on the noisy version p = p + — W 2(]p, L7 [;,) of the density of interest p. In other

words, given a pre-specified ONS {uj, J € J} the observable quantity [p| = ([p],)jes ~ By

takes for each j € J with [W], := W, the form [p], = [p], + \/%—l[W] = P,u;. Consequently,
non-parametric estimation of a den31ty can be covered by a sequence space model, where the
eITor process W, however, is generally not a white noise process. For convenient notations let
{11} U {u;,j € N} be an ONB of L? for some ONS U = {u;,j € N}. Keeping in mind
that p is a density, it admits an expansion p = g1 + U*[p] = L1 + > cn[Pliu; where
[p] = Up = ([p);)jen With [p]; = Ej, (u;(X)) for j € Nis a sequence of unknown coefficients,
and hence, [ := Ilyp = U*[p] is the function of interest. Given the pre-specified ONS U/ the
observable quantity D] = ([D];)jen ~ P takes for each j € N the form [p], = P,u;. Note
that the distribution P} of the observable quantlty [p] is determined by the distribution P®" of

the sample X1,..., X,,. O

§4.2.4 Example (Non-parametric regression §4.1.5 continued). Consider (X, Z) ~ P, obeying
E;(X|Z) = f(Z)and Z ~ U0, 1] with f € L* = L*([0, 1]). Given an i.i.d.. sample (X;, Z;) ~
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Py, i € [1, n], their joint distribution is denoted by ]P’;‘?". Consider the centred stochastic process

W = (Wh, h € L?) ~ £(0,T}) of error terms as introduced in $4.1.5. The non-parametric
estimation of a regress10n function f € L? from an i.i.d. sample of size n may thus be based

on the noisy version f = f + fW £(f, 2T}) of the regression function f. In other words,
given a pre-specified ONS U/ = {u;,j € J} the observable quantity [ﬂ = ([ﬂj)je g ~ By

takes for each j € J the form [f]] = P,[Id®u,]. Consequently, non-parametric regression can
also be covered by a sequence space model, where the error process W, however, is generally
not a white noise process. O

4.3 Statistical inverse problem: known operator

Consider the reconstruction of a solution f € H of an equation g = T'f where the linear
operator ' € Z(H, G) is known in advance. For ease of presentation we restrict ourselves
to two cases only. First, we suppose 7" € T(H) C Z(H), i.e., T is compact and strictly
positive definite, which is a rather mild assumption keeping in mind that f is a solution of
the normal equation 7*g = T™*7T'f and that 7T is strictly positive definite and compact if
T is injective and compact. Secondly, we assume 7' € S,,(H,G) ¢ Z(H,G) admitting a
singular system {(s;,u;,v;),7 € J} with eigenfunctions given by an ONS U = {u;,j € J}
and V = {v;,j € J} in H and G, respectively. In both cases the same pre-specified ONS
U = {uj,j € J} in H is used to formalise the smoothing properties of the known operator
T and the presumed information on the function of interest f given by an abstract smoothness
condition, f € F’ as in Definition §2.1.18. In the first case the smoothing properties of the
known operator 1" are characterised by a link condition, T € 7;?, as in Definition §2.2.50.
We shall stress, that in this case 7' is generally not diagonal w.r.t. U, in other words, 7" does
generally not belong to & (see Definition §2.2.34). In the second case the choice of the ONS U/
and V is determined by the spectral decomposition of 7' € §¢ , as in Definition §2.2.50.

§4.3.1 Definition. Given 7" € T (H) consider the reconstruction of a solution f € H from
g=Tf € H. Let W = (W, h € H) be a centred stochastlc process on H, and let n € N
be a sample size. The stochastic process g = T'f + W on M is called a noisy version of
g =T f € H and we denote by B/’ its distribution. Keeplng in mind that 7" is known in advance
we may suppress the dependence of P, on 7" and write P, for short. If W admits a covarlance
operator (possibly depending on g = T'f), say L';;, then we eventually write g ~ £(T'f, - 1),

or g ~ £7, for short. The reconstruction of f € H from a noisy version g ~ Ef} is called a
statistical inverse problem. Given the pre- spec1ﬁed ONS U = {u;,j € J} in H considering

the family of K-valued random variables { = Wu RV } the observable quantities take
the form

9), = (Tf.uhs + =W, = [Tf], + =[], jeJ. 42)
We denote by B, or £([g], £[T}]), the distribution of the observable stochastic process 9] =

([9];)jes on U Wthh 0bV10usly is determined by the distribution B, or £(T'f, 1), of g. O

§4.3.2 Example (Non-parametric inverse regression). Given T € T (L*([0,1])) let the depen-
dence of a real r.v. X on the variation of an explanatory random variable Z be characterised
by X = [T'f](Z) + ¢, where f is an unknown function of interest and ¢ is an error term. The
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reconstruction of f from a sample of (X, Z) is called non-parametric inverse regression. For
convenience, we assume that (i) the regressor Z is uniformly distributed on the interval [0, 1],
ie., Z ~ 40, 1]; (11) the centred error term ¢ := X — [T'f|(Z), i.e., Ers(e) = 0, has a finite
second moment Ua = IEZTf( 2) < oo (111) € and Z are independent; (iv) the inverse regres-
sion function f is square integrable, i.e., f € L? := L*([0,1]), and hence g := T'f € L2
Given h € L? denote by E,(Xh(Z)) = B, [Id®h] with [Id®h](X,Z) := Xh(Z) the ex-
pectation of Xh(Z) = {[Tf|(Z) + e}h(Z) w.rt. the joint distribution B, of (X, Z), where
E,[h(Z)] = 0 and hence, E,[XA(Z)] = E,[g(Z)h(Z)] = A(gh) = (g, h)z2 = (Tf.h) .
Assuming an i.i.d. sample (X;,Z;), i € [1,n], from B, we denote by BS" its joint product
probability measure. Consider as noisy version of g = T f the stochastic process g on L? given
for each h € L? by gj, := B [Id®h] := n™' 37| X;h(Z;). Obviously, the mean function p
of g satisfies pu(h) = E(gn) = E([Xh(2)] = (T'f, h)> and hence, g, = (T'f, h)r2 + \%Wh
where W), := n!/ 2(IP’ [[d®h] — B, [Id®h]) is centred. Keeping in mind Example §4.1.5 the
stochastic process T : (Wh, h € L?) of error terms admits a covariance function given
for h,h' € L? by Cov(Wh,Wh/) = (Tpph, )2 with T, = 021dge —i—MTfH{]l[0 My, e,

W ~ £(0,I;,) and consequently, § = T'f + EW ~ &(Tf,iL;,) = £7,. Note that the er-
ror terms {Wh, h € L?} are centred, and generally not identically distributed. In other words,
the reconstruction of f leads to a statistical inverse problem, where the error process W is
generally not a white noise process. Given a pre-specified ONB U/ in L? and the R-valued ran-
dom variables [W] = Wy,5 € J, the observable quantities take for each j € J the form
9], = (T'f,uj)2 + —= f Wy, = [T'f]; + [ |, = P, [Id®u;] and we denote by £([T'f], 1[T,])
the joint distribution of the observable quantlty [g] which is obviously determined by the distri-
bution B of the i.i.d. sample (X;, Z;), i € [1,n]. o

§4.3.3 Example (Gaussian non-parametric inverse regression). Consider a Gaussian white noise
process W = (Wj,,h € H) ~ 9N(0,1dy) on H as defined in §4.1 9 Given T' € T( ) the
reconstruction of a function f € H based on a noisy versiong = T'f+—= W ~ (T f = Idy) =

N7, is called Gaussian non-parametric inverse regression. C0n51der1ng the prOJectlon onto
an ONB U = {u;,j € J} of H the observable quantities take consequently the form [g], =
Tf], + \/LH[W]J, j € J, where the error terms [W],,j € J, are independent and 91(0, 1)-
distributed, i.e., [W] = ([W],)jes ~ MNM®7(0,1) = N(0,1dy), and thus, [g] = ([7],);cs is a
sequence of independent Gaussian random variables having mean [T'f], and variance n 1, i.e.,
9] ~ My = NATS), ; 1dg). O

§4.3.4 Definition. Given T" € §,,(H, G) admitting a s1ngular system {(sj, u;,v;),j € J} con-
sider the reconstruction of f € H from a noisy version g = T'f + \FW ~ P, which is a
statistical inverse problem as in Definition §4.3.1. A projection onto the ONS of eigenfunc-
tions U = {uj,j€ T} and V = {v;,j € J} allows to write [g], = [T'f], = (T'f,v;)c =
s;(f,uj)m = s;[f]; for all j € J. Considering the family of K-valued random variables
{[W], :== W,,,j € J} the observable quantities take the form

G, = s5[f) + HW), jed. (4.3)

We denote by B, or £(s[f], £[I}]), the distribution of the observable stochastic process [g]

([9],)je7 on V = Tin(V) Wthh obviously is determined by the distribution B, or £(T'f, £I;,),
of g. The reconstruction of the sequence [f] = ([f];)jes and whence the function f = U*[f ] €
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U = lin(U) from a noisy version [g] ~ B, is called an indirect sequence space model (iSSM).
Recall that it is called a (direct) sequence space model (see $§4.2.1), if the sequence of singular
values s is equal to one, i.e., 5; = 1, for all j € J. In particular, if T" € §,,(H, G) then the
sequence s has zero as an accumulation point and hence, the indirect sequence space model is
ill-posed. O

§4.3.5 Example (Gaussian indirect sequence space model (GiSSM)). Given a Gaussian white noise
process W = (Wg, g € G) ~ 9(0,1dg) on G as defined in §4.1.9 consider a noisy version
=Tf+ nW ~ NTf,L1dg) = NP, of g = Tf € G. Given T € §,(H,G) the
reconstruction of the sequence [ f1 = ([f];)jes and whence the function f = U*[f] € U from
observable quantities (4.3), where the error terms {[W] JedJ } are independent and (0, 1)-
distributed, i.e., [W] = ([W],)jes ~ N®7(0, 1), is called a Gaussian indirect sequence space
model (GiSSM). Recall that it is called a Gaussian (direct) sequence space model (GSSM) (see
Example §4.2.2), if the sequence of singular values s is equal to one, i.e., s; = 1, forall j € J.
O

§4.3.6 Example (Circular deconvolution with known error density). Let X be a circular random
variable whose density p we are interested in, and ¢ an independent additive circular error with
known density ¢. Denote by Y = X +¢ the contaminated observation of X and by g its density.
We will identify the circle with the unit interval [0, 1), for notational convenience. Thus, X and
¢ take their values in [0, 1). Let |- | be the floor function. Taking into account the circular nature
of the data, the model can be written as Y = X + ¢ — | X + ¢| or equivalently Y = X + ¢
mod [0,1). Then, we have g = p ® ¢ where ® denotes circular convolution as in Examples
§2.2.4 (ix) and, hence g = C,p where the convolution operator C, € &(L?*([0,1))) is compact
(see §2.2.35). If the error density ¢ and thus the operator C, are known in advance then the
reconstruction of the density p given a sample from g is called circular deconvolution with
known error density. Consider the exponential basis {e;},, in L*([0, 1)) introduced in §2.1.6
(ii) and let [h]; = (h,e;)12, j € Z, denote the Fourier coefficients of h € L*([0,1)). Applying
the convolution theorem (see §2.2.35) we have [g], = [¢];[p], with [g];, = E.e;(=Y), [¢], =
Esej(—¢) and [p]; = Epe;(—X) forall j € Z. Assumlng an iid. sample Y; ~ g, i = 1,...,n,
as in Example §4.2.3 consider a noisy version g = g + WW £(g, - 1T) of the density g Wlth

[, =M, — M,II{1 1M, as introduced in §4.1.4 where g;, = P'h=21%", h(Y;) for any h €
L?. Given an arb1trary ONS {u;, j € J} the observable quantity [g] = ([§] )jeq ~ B takes for
each j € J with [W]; := W, the form [g], = [g], + W[W] =P'u;. Consequently, given the

pre-specified exponential ONB {ej,J € Z} and the noisy version g of g = C,p the observable
quantities are of the form [g], = [¢],[p]; + \/Lﬁ [W1, forall j € Z, and thus, the reconstruction of p

is an ill-posed indirect sequence space model where the error process W, however, is generally
not a white noise process. For convenient notatations let Z, := Z\{0} and U = {e;,j € Z,}
where {eg = L1} U {e;,j € Z,} is the exponential ONB in L*. Keeping in mind, that p
is a density, it admits an expansion p = 1joy + U*[p] = 11 + >,z [Plse; where [p] =
Up = ([pl;)jez, with [p]; = Epe;j(—X) for j € Z, is a sequence of unknown coefficients,
and hence, f := Ilyp = U*[p] is the function of interest. Given the pre-specified ONS U/ the
observable quantity [g] = ([g],)jez, ~ B takes for each j € Z, the form [g], = P€;. Note
that the distribution I?) of the observable quantity [g] is determined by the distribution B*" of
the sample Y7, ..., Y. However, if the error density ¢ is known in advance, then If}; and Ben
are uniquely determined by p. O
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4.4 Statistical inverse problems: partially known operator

Consider the reconstruction of a solution f € H of an equation g = T'f where the linear
operator 7" belongs to §,,(H,G) € Z(H, G) for some pre-specified ONS of eigenfunctions
U={u;,j € J}andV = {v;,j € J}inH and G, respectively. In other words the operator T’
admitts a singular system {(s;, u;, v;), j € J } where the eigenfunctions are known in advanced.
However, there is only a noisy version s = (5;);c of the sequence of the singular values s
available, and hence, the operator 7' is called partially known. In this situation the same pre-
specified ONS U = {u;,j € J} in H is again used to formalise the smoothing properties of
the known operator 7" by a link condition, 7" € §% , as in Definition §2.2.50, and the presumed

information on the function of interest f given by an abstract smoothness condition, f € F" as
in Definition §2.1.18.

§4.4.1 Definition. Assume a statistical inverse problem g = T'f + \/iﬁW for some centred
stochastic process W = (Wh,h € H) on H, and sample size n € N, ie., g ~ B or g ~
£(Tf, %I’T ;) if W admits a covariance operator I;. Suppose further that T € S,,(H,G) C
Z(H, G) for some pre-specified ONS of eigenfunctionst/ = {u;,j € J}andV = {v;,j € J}
in H and G, respectively. Given a centred stochastic process [B] = ([B],);e on £>(J) and a
sample size m € N for T' € §,,(H, G) admitting a sequence of singular values s the stochastic

process’s = (§;)jes = 6+ \/Lﬁ [B] ~ B™ is called a noisy version of s. If [ B] admits a covariance
function (possibly depending on s), say cov,, then we eventually write 5 ~ £(s, % covy), or
5 ~ £ for short. The reconstruction of a solution f € H from ¢ = Tf € G given a noisy
version g ~ " and s ~ B™ of ¢ and of the singular values s of T' € §,,(H, G), respectively, is
called statistical inverse problem with partially known operator. Projecting the inverse problem
onto the pre-specified ONS U/ and V and hence obtaining K-valued random variables {[W] p =
W, k€ K} the observable quantities take the form

9L, = 5[/, + G5V, and 5, =s;+ S5[Bl,, jeJ. (4.4)
We denote by B, or £(s[f], =[I},,]), the distribution of the observable stochastic process [g] =
([9];)je7 on V which obviously is determined by the distribution PY;. The reconstruction of the
sequence [f] = ([f];)jes and whence the function f = U*[f] € U = lin(U) from the noisy

versions [g] ~ Bf. and § ~ ™ is called an indirect sequence space model with noise in the
operator. O

§4.4.2 Example. Consider as in §4.1.9 Gaussian white noise processes W = (Wga g€ G)~
N0, (-,-)¢) and [B] = ([B],,j € J) ~ N®7(0,1) on G and ?, respectively. Given T €
§..(H) the reconstruction of a function f = U*[f] € U = lin(U) based on observable quantities
9] = s[f] + W] ~ Ns[f], 1 Idy) = N and s = s + (W] ~ N(s, - 1dy) = M is

called Gaussian indirect sequence space model with noise in the operator. |

§4.4.3 Example (Circular deconvolution with unknown error density). Consider a circular decon-
volution problem §4.3.6 where neither the density ¢ = C,p = ¢ ® p of the contaminated
observations, nor the error density ¢ is known in advance. The reconstruction of the density
P based on two independent samples of independent and identically distributed random vari-
ables Y; ~ g, i € [1,n], and g; ~ ¢, i € [1,m], of size n € N and m € N, respectively, is
called a circular deconvolution problem with unknown error density. Consider a noisy version
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g ~ £(g,2T,) of g = C,p as defined in §4.3.6, where g, = B'h = 137" h(Y;) for any
h e L? In addmon given the i.i.d. sample ¢; ~ ¢, i € [1,m], 1ntroduce as in Example §4.2.3
a noisy version gb o+ \ﬁB ~ £(¢, =T,) of the density ¢ with I, = M, — M oIn 01 My

as introduced in §4.1.4 where ¢h = ]P; h = # > Wsl) for any h € L?. Keeping Example
§2.2.35 in mind the convolution operator C, belongs to &(L?([0,1))) w.r.t. the exponential
basis {e;,j € Z} in L*([0,1)) introduced in §2.1.6 (ii). In other words, any convolution op-
erator C, has an eigen system {([¢];,e;),7 € Z} and for j € Z we denote by [, = Pe;,
the noisy version of [¢]; = Ese;(—¢) associated with o. Consequently, given the pre-specified
exponential ONB {e;, j € Z} and the noisy version g and ¢ of g=C s and ¢, respectively,
the observable quantities are of the form [g], = [¢];[p], + \}E[W] and [¢], = [¢], + \ﬁ[B]
for all j € Z, and thus, the reconstruction of p is an ill-posed indirect sequence space model
with partially known operator, where the error processes W and B, however, are generally
not white noise processes. For convenient notatations let Z, := Z\{0} and U = {e;,j € Z,}
where {eg = 1)} U {e;,j € Z,} is the exponential ONB in L?. Keeping in mind, that p
and ¢ are densities, they admit an expansion p = 1j1) + U*[p] = 1p1) + >,y [Plie; and
¢ = Lo + U*[¢] where [p] = Up = ([p];)jez, with [p], = Epe;(—X) for j € Z, is a
sequence of unknown coefficients, and hence, f := Iyp = U*[p] = U*([g]/[¢]) is the func-
tion of interest. Given the pre-specified ONS U/ the observable quantity [g] = ([g],)jez, ~ By

g]
and [¢] = ([¢];)jez, ~ B, respectively, takes for each j € Z, the form [g], = P"¢; and

[;b\]j = PP"¢;. Note that the distribution I} and B} of the observable quantity [g ] and [(b]
is determined, respectively, by the distribution B*" and B®™ of the sample Yi,...,Y, and

€1y Em. m

4.5 Statistical inverse problems: unknown operator

Given a linear operator 7" belonging to .Z(H, G) consider the reconstruction of a solution
f € H of an equation ¢ = T'f based on a noisy version g and T of g and T, repsectively, which
we formalise next. In this situation the same pre-specified ONS U/ = {u;,j € J} in H is again
used to characterise the smoothing properties of the unknown operator 7' by a link condition,
T € Zf as in Definition §2.2.50, or its generalisation, 7' € Iij, as in Definition §3.3.13,

and the presumed information on the function of interest f given by an abstract smoothness
condition, f € " as in Definition §2.1.18.

§4.5.1 Definition. Given a centred stochastic process B = (B hg),h € H,g € G) on H x G
and a sample size m € N the stochastic process on H X G for h € H and g € G satis-
fying T(h o = (9. Th)g + \FB(h g)» OF T =T+ fB for short, is called a noisy ver-
sion of T € Z(H,G). We denote its distribution by B”. If B admits a covariance func-
tion (possibly depending on 7T'), say covy, then we eventually write T ~ £(T, % covr), or
T ~ L% for short. The reconstruction of a solution f € H from g = T'f € G given a
noisy version g = g + TW PF of g and a noisy version T="T+ TB ~ B of
T is called statistical inverse problem with unknown operator. Given a pre-specified ONS

={uj,jeJ}inHand V = {v,k € lC} 1n G con51der1ng the families of K-valued ran-
dom variables {[W] va, k e IC} and { = B (o) kB €K, € J} the observable
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quantities take the form

Gl = (Tf, o) + J=Wo, = [Tfli+ =[W],  and
[1s.; = (os, Tuj)e + F=Buywy = T, + =[Bley, j€T ke o (45)
We denote by B?,,, or £([T'f], £[[;,]), and B, or 2([T ], %[COVT]) the distribution of the ob-

([9])kexc on V and [T] = ([lekyj)jelke,c on U x V which
obviously is determined by the distribution P, and Bf™ of g and 7', respectively. O

servable stochastic process [¢]

§4.5.2 Example. Let T € 7 (H) and {u;, j € N} be an ONB in H not necessarily correspond-
ing to the eigenfunctions of 7". The reconstruction of a function f € H based on noisy ver-
sions g = Tf + \/LEW and 7' =T + \/LEB of g = Tf € H and T, respectively, where
W ~ N0, (-,-)g) and B ~ N(0, (-, )u(-, -)¢) are Gaussian white noise processes on H and
H x H, is called Gaussian non-parametric inverse regression with unknown operator. Pro-
jecting onto {u;,j € J} the observable quantities take the form [g], = [g]; + \/%;[W]J and

1], = [T, + \/LH[B]J-,,C, for j,k € J, where the error terms {[W}j, [Bl, .. j, k € N} are
independent and 91(0, 1)-distributed. O

§4.5.3 Example (Non-parametric functional linear regression). Let X be a random function taking
its values in a separable Hilbert space (H, (-,-)g). For convenient notations we assume that
X ~ £(0,) with tr(I') = E ||X||]%I < oo (see Example §4.1.15). The linear relationship
between a real random variable Y and the variation of X is expressed by the equation ¥ =
(f, X)m + &, with an unknown slope function f € H and a real-valued and centred error term .
The reconstruction of the slope parameter f given a sample of (Y, X) is called non-parametric
Junctional linear regression. We suppose that the regressor X is uncorrelated to the random
error ¢ in the sense that E(e(X, h)y) = 0 for all ~ € H. Multiplying both sides in the model
equation by X and taking the expectation leads for any ~ € H to the normal equation (g, h)y :=
E(Y(X, hu) = E((f, X)u(X, hju) = (I'f, )u, or g = E(YX) = E((f, X)uX) = E(X ®
X)f = I'f, for short, where the cross-correlation function g belongs to H. Let us denote by
F.r the distribution of (Y, X). Assuming an iid. sample {(Y;, X;),i=1,...,n} of (Y, X), it
is natural to consider the estimators § := =+ Zl 1YX and [’ := L S 1X ® X, of g and
I respectlvely Note that g = g + fW Wlth W = f o 1(YX g) and [ =T+ fB
with B = \/ﬁ S (X; ® X; — T) is a noisy version of g and I, where 1/ and B are centred

but generally not white noise processes. We denote by £, and £ the distribution of g and f,

respectively. Given the noisy versions g of g = I' f and T of I the reconstruction of f is hence
a statistical inverse problem with unknown operator where the observable quantities given an

ONB {u;,j € J} in H take the form [g], = [['f], + =[], and e, = [, + (Bl
Wl/.tch [j] T i AVilXili = [Df)} and [Bl; = o 30, {[X][XG]e — [T} for all
J k€ O

§4.5.4 Example. A structural function f characterises the dependency of a real response Y on
the variation of an RP-valued endogenous explanatory random variable X by Y = f(X) + U
where E[U|X] # 0 for some error term U. In other words, the structural function equals not the
conditional mean function of Y given X. In non-parametric instrumental regression, however,
a sample from (Y, X, Z) is available, where Z is an additional R?-valued random vector of
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exogenous instruments such that E[U|Z] = 0. It is convenient to rewrite the model equations
in terms of an operator between Hilbert spaces. Therefore, let us first recall the Hilbert spaces
(L%, (-,-) 12) and (L%, (-, 12) defined in §2.1.4 (v). Taking the conditional expectation w.r.t.
the instrument Z on both sides in the model equation yields g := E[Y'|Z] = E[f(X)|Z] =:
K f where the regression function g belongs to L% and K is the conditional expectation of
X given Z assumed to be an element of ¢ (L%, L%) (compare §2.2.4 (vii)). Keep in mind
that for u € L% and v € L7 we have (g,v)2 = E(Yv(Z)) = B, [Id®v] and (v, Ku) 2 =
E(u(X)v(Z)) = Bc[u ® v] where [u ® v|(X,Z) := u(X)v(Z). Assuming an iid. sample
{(Y;, X;,Z;),i=1,...,n} of (Y, X, Z), it is natural to consider a noisy version g and K of g
and K, respectively, for u € L% and v € L% given by g, = B, [ld®v] :=n~' Y1 Yiv(Z;) =
(Kf,v)p + F=Woand (K)u, = Bl [u@v] i=n"' 0 u(X)o(Z) = (v, Kury + 2=Bu,
where W, := n'/2(P, [Id®v] — B, [Id®v]) and B, , := n'/?(B; [u®v] — B [u®v]) are centred.
Note that W and B are centred but generally not white noise processes. Given the noisy versions
gof g = Kf and K of K only the reconstruction of f is a statistical inverse problem with
unknown operator where the observable quantities given an ONB U = {u;, j € N} in L} and

V = {v;,j € N} in L% take the form [g], = [K f], + J=[W], and [K],, = [K],, + 2=[B],

with [, = W, and [B], , = By, forall j,k € N. 0
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